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I 



INTEODUCTION. 



The Author has been induced to prepare this work by many 
considerations. In the first place, no general work upon the 
Stability of Ships e:^sts, so far as he is aware, in our language, 
although several authors have treated the subject satisfactorily as 
parts of more comprehensive works. In the next place, both the 
science and the practice of the subject have recently undergone 
great developments, at home and abroad, the results being scattered 
over many and various publications; and it was undoubtedly 
desirable to bring them together, and place them into due relation 
to each other. Again, during the present^ as during the last century, 
French investigators have taken a leading part in the extension of 
this branch of science, and it is essential to the sound education of 
English naval architects and others, that the results of their labours 
should he brought within easy reach. Finally, the number of 
persons who now are required, by their professional avocations in 
connection with ships, to obtain some knowledge of the doctrines 
of stability is so great, that this work may fairly be taken as a 
response, and a somewhat tardy response, to a demand which has 
long been felt for collected information on the subject, and which, 
during the last year, has become widespread and urgent. 

No degree of justice can be done to the feelings with which one 
surveys the wide field of this branch of naval science without express- 
ing almost boundless admiration of the genius which has been dis- 
played, and the labour which has been expended upon it, throughout 
the whole period of its cultivation, by men of science in France. The 
names of Bouguer and Dupin will probably excite greater and more 
enduring admiration throughout the world, in connection with this 
subject, than any other names whatever; and the author cannot 
but believe that the simple and beautiful manner in which M. Beech 
(aa will be seen hereafter in chapter xiii.) unfolded the system of 
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XIV INTRODUCTION. 

calculating the stability for various draughts of water and angles 
of inclination, by means of the co-ordinates of the successive centres 
of buoyancy, serves to prove that nothing of the mastery displayed 
by Bouguer and Dupin has been wanting in their successors. This 
volume will show that the names of Risbec, Leclert, Guyou, and that 
of the late MM. Dargnies and Ferranty, should not be without 
honour in this connection; while the very complete and practical 
system recently worked out by M. V. Daymard, of Marseilles,* has 
already commanded what it well deserved — ^the approbation and 
applause of the entire profession. Of M. Bertin's masterly work in 
connection with stability, this volume is not without illustrations, 
although his most important labours have been devoted to the still 
more difficult and complex study of the movements of ships at sea. 

The prime characteristic of the French writers on the doctrines 
of stability has been their comprehensive grasp of the subject. 
While on this side of the Channel the tendency has usually been to 
limit our investigations to the bounds which embrace the actual or 
expected requirements of those who build ships or command them 
at sea, on the other side of the Channel, French investigators have 
usually passed fax beyond these bounds, and have explored the 
whole theory of the stability of floating bodies, in all its geometrical 
breadth and completeness. Occasionally — as will hereafter be seen 
in our remarks upon Bouguer^s views of the MStacentrique, and 
in some of our observations upon Dupin's work — they have gone a 
little too fast and too far ; but their habit of dealing largely with 
the subject has secured to them great advantages in recent days, 
when the construction of ships-of-war of low fireeboard, and of 
merchant steamships of very small initial stability, combined with 
great variations of stability on the voyage (occasioned by a large 
consumption of fuel, shifting cargoes, &c.), has made it absolutely 
necessary to bring all the probable stability conditions of a ship 
into full view and under calculation. It was only in 1867 or 1868, 
when proposals for placing low-sided monitors imder canvas came 
officially before the author, at the Admiralty, that the necessity for 
extending stability calculations to large angles, came strongly under 
notice, and resulted in the construction of " Curves of Stability." 
It was later still when the practice of calculating stability at greatly 
different draughts of water, chiefly in the case of merchant steamers, 
came into vogue among us. But as long ago as 1863, M. O. Dargnies 

* See chapter xvi., commencing on page 311. 
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INTRODUCTION. XV 

was makiDg calculations at Marseilles for numerous angles of 
inclination, and for four or five draughts of water ; and in 1864^ M. 
Beech put forward his admirable system, to which reference has 
already been made. 

Both to Bouguer and to Dupin, and likewise to M. Reech, we 
have endeavoured to do justice in the course of this volume ; but, 
having just shown that the habit of cultivating large views of the 
subject has given to France much advantage and honour, we would 
here commend that habit, at least to younger students of the subject, 
as combining intellectual pleasure with professional advantage in 
a high degree. The mind that can clearly follow the movements of 
the centre of buoyancy of a ship, when inclined continuously in one 
direction, as it traces out a curve of buoyancy, can almost as 
readily conceive of the same centre, when the ship is inclined 
through all possible angles and in all possible directions, tracing 
out a complete surfece of buoyancy. When once this is clearly seen, 
and the part played by the gravity of the ship, acting through its 
centre of gravity, is likewise understood, there is opened up a 
beautiful domain of further study, which will delight the mind of 
any earnest student of geometrical science. In this domain, Dupin 
has developed much that is as important as it is attractive. Imagin- 
ing lines drawn in all directions from the centre of gravity to the 
surface of buoyancy, "normally," or at right angles to the surface, he 
shows that when these lines are miniTna, they indicate positions of 
stable equilibrium, and when mciccmia, unstable equilibrium. This, 
and other associated doctrines, he demonstrates by the charming 
device of conceiving spheres, which either just embrace the surface of 
buoyancy, or just touch its interior, with intermediate spheres 
situated between them, fulfilling certain conditions. This con- 
ception has been improved upon by M. Guyou (see chapter xv.), 
who imagines a moist sphere of variable diameter expanding within 
the surfEu^e of buoyancy, wetting it at various places as it expands, 
and thus forming a series of isles and lakelets, which define the 
limits of stable and unstable equilibrium. It cannot be doubted 
that where the intelligence is trained to pursue investigations of 
this nature^ in which pure imagination and pure science are brought 
equally into activity, the advantage to the student is very great 
indeed. At the same time it is highly satisfEustory to know that 
French investigators, who have achieved so much distinction in the 
highest parts of the science of stability, have likewise advanced 
practical systems of calculation in a very remarkable manner. 



Digitized by LjOOQIC 
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To M. Bisbec is due the credit of promptly and practically re- 
ducing M. Beech's system to tabular forms for calculation ; the late 
M. Ferranty expressly directed his labours to a like object; and 
M. Daymard held back his theoretical results until he was able to 
accompany them with appropriate practical tables.* 

The labours of English investigators, although directed to objects 
less attractive and brilliant than some of those developed by Dupin 
and other French writers, have not been deficient either in skill or 
in value. Atwood, with a simplicity and directness which are 
perhaps characteristic of most English scientific investigators, turned 
from Bouguer's somewhat hastily extended metacentric theory, and 
closely examined the measure of a ship's stability when inclined at 
a given finite angle. His method of investigation was perfectly 
sound; the fundamental formulae which he obtained were no less 
correct ; the abundant illustrations which he worked out were most 
instructive; and the practical methods of calculation which he 
employed — both such as were designed to be exact, and such ajs 
were avowedly approximate — were deserving of all confidence. 
Later English investigators have mainly followed in the same path, 
Mr. F. K Barnes, of the Admiralty, having distinguished himself 
more than any other Englishman, by the novel application of graphic 
and other eminently practical processes to the production of simple 
and trustworthy methods of calculating stability. 

It is a remarkable fact that, notwithstanding the extent to which 
French processes have anticipated ours in point of time, English 
systems of calculation suited to the requirements of the present 
day, and more especially to those of the mercantle marine, appear 
to have been quite independently developed in this country. Until 
the present year, no one here, to the best of the author's knowledge, 
had become acquainted with the real character of the investigations 
of M. Beech, with the exception of the author, and he only had come 
into possession of them through the private courtesy of M.V. Daymard. 
M. Daymard's own admirable Mimoire only became known to the 
author in consequence of, and some time after, the appearance of 
the report on the Daphne accident. But Mr. W. Denny and Mr. 
John Inglis, of the Clyde, had for some time past been at work upon 
those extended investigations of stability which the losses of cargo- 
carrying vessels had probably suggested, and which, as those 



* For translations of the tabular forms of MM. Risbec and Daymard, see the 
^d of this volume. 
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gentlemen were prompt to obBerve, were really essential to the 
safety of the mercantile marine. The subject has also for some 
time past been engaging the attention of Mr. Martell, Mr. White, 
Mr. John, and several other naval architects, while Professor Elgar, 
in the course of his practice, was giving dose attention to the 
subject Mr. White, in 1882, treated it well, and at considerable 
length in the third chapter of his excellent ManiLal of Naval 
Architecture. At the meeting of the Royal Society, held on the 
6th March, 1884, Professor Elgar produced a valuable Paper on the 
"Variation of Stability with Draught of Water/'* and a month later, 
at the meeting of the Institution of Naval Architects, several highly 
important English Papers upon Stability, all of them exhibiting an 
equally enlarged method of treatment, were produced simultaneously 
with the production there of M. Daymard's, and of another by a 
young German naval architect^ Mr. Benjamiaf 

In France first, therefore, and later (but^ as Would appear, quite 
independently) in this country also, the subject of the Stability of 
Ships has assumed at length its full importance, and received the 
comprehensive treatment which it has come practically to require. 
In the old days, when ships were mainly propelled by means of 
sails, and when large stability was necessary to enable them to stand 
up against the force of the wind, it was usual to give them a laige 
measure of righting force, and this enabled their constructors and 
those who sailed them to dispense with refined calculations. Even 
in those days, however, insufficient stability was a not uncommon 
fault, and such contrivances as excessive ballasting, and doubling 
the plank of the hull at and above the water-line, had not unfre- 
quently to be resorted to. With the abandonment of sail-power 
in so many ships, and in the belief that smallness of breadth, 
within reasonable limits, was favourable to speed, it became the 
general fashion to greatly reduce the stability of new vessels, and 
it has been placed beyond doubt that many ships have been lost at 
sea in consequence, including some sailing ships, in which the 
reduction of the righting force was carried too far. This volume 
will at least serve to show, it is believed, that there is nothing in 
the circumstances of either mercantile or war ships to hinder a 
complete knowledge of their stability, under all probable conditions, 
being ascertained and formulated. 

A highly satisfactory feature of the present condition of the 
stability question, is the very practical manner in which it is 

* S«e chapter x. hereafter, f See chapter yiil hereafter* 
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considered by naval constructors, and the eflforts they are exerting 
to make the results of their calculations intelligible and clear to 
naval officers, both of the Boyal and Mercantile Marine. Professor 
Elgar, who has the highest and most mathematical branches 
of the subject well within his grasp, has shown a praiseworthy 
disposition to assist those who cannot be expected at present to 
comprehend readily either formulae, or diagrams, or even the 
technical terms of the naval architects. He has also done good 
service by bringing into clear view the fact that when we speak of 
the stability of a ship, we do not usually refer to some intrinsic 
quality which she possesses of herself, apart from what she carries ; 
but to the stability of the stowed ship, or of the ship and all she 
carries; and the measure of her stability, therefore, can only be 
ascertained by taking all the weights on board her into account, 
both as to their amounts and as to their positions. It is no doubt 
trite to say that the stability of the ship, thus viewed, varies with 
every change in the weights on board her, and with every change of 
position of every weight on board her ; but, familiar as the fact may 
be, its effective force is much too often neglected, and many a ship 
and many scores of lives have been sacrificed in consequence. 

" It often diverts attention from the main cause of loss," says Professor 
Elgar, " to say that it occurred because the ship was unstable. The fact 
is, that the ship has frequently so little to do with the matter, and the 
stowage so much, that it is t]ie latter which should be blamed for the 
instability, and not the ship herself. "When a ship is built for a particular 
trade, and for the purpose of carrying certain specific cargoes, she may 
then, of course, be so designed as to be quite stable, in all conditions, 
while thus employed ; but when vessels are built, as they often are, to 
dimensions fixed by owners, for general trading purposes, it is seldom 
possible for the designer to provide against instability arising in some 
possible or conceivable circumstances of loading. The due preservation 
of stability in such cases requires to be watched and provided for by 
those who control the loading. It is erroneous to suppose, as appears to 
be sometimes done, that a cargo-carrying steamer should be so constructed 
and proportioned as to run no risk of becoming unstable, however she 
may be laden. If this idea were acted upon, such a mode of preventing 
instability, however easy and plausible it may at first sight appear to be, 
would only defeat the desired object of promoting safety at sea, because 
it would make many vessels dangerously stiff when laden with some 
classes of cargo. The true and reasonable mode of procedure is not to 
attempt to construct a ship so that she will be stable however she may be 
laden, but to see that any tendency she may have towards instability — 
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if any such exists— is understood by those in charge of her, and that she 
is always laden with careftil reference to it. There are no steamers afloat> 
whatever tendency they may have towards instability as sometimes laden, 
that might not be kept peifectly safe if treated with full knowledge of 
what their stability is, and their stowage regulated accordingly. One 
great problem that the mercantile naval architect has just now ^to solve 
is, how any dangerous features of a ship's stability are to be made clearly 
known to those in charge of her, and in what manner they can be best 
taught to regulate the loading in cases where special care may be 
required." 

And Professor Elgar's mode of attempting the solution of this 
problem is the following : — 

" In advising upon how a steamer should be treated and loaded so as 
to be kept safe in respect of stability, I state, Ist, the quantity of ballast, 
if any, that is required to enable her to stand up when quite empty, 
without water in boilers or tanks, coal in bunkers, and with a clean-swept 
hold, and to be stiff enough for all working requirements in dock or river; 
2nd, if she is to be employed in carrying homogeneous cargoes, what 
proportion of the space in the 'tween-decks it is safe to fill with such 
cargo, after the holds are full, and what weight of ballast is required in 
the bottom to enable the vessel to be loaded to her maximum draught 
with such cargo ; 3rd, if required to carry two or more kinds of homo- 
geneous cargo, such as grain and cotton, grain and wool, grain, meat, and 
wool, &&, the best mode of stowage, and whether or not the space in the 
'tween-decks can be filled with the lightest of the cargoes, and in what 
drcumstances ballast, and how much of it will be required ; 4th, if not 
intended for homogeneous cargoes, but for general cargoes, or partly 
homogeneous and partly general, the average densities of the general 
goods for various ports is arrived at after a little experience, and the 
same system adopted. The main point is, to state what space, if any, 
must be left unfilled in the 'tween-deck cargo spaces, with the different 
descriptions of cargo, and what ballast, if any, is necessary if the vessel 
is to be loaded to her maximum draught ; 5th, if the consumption of the 
coal diminishes the stability materially, as is often the case in some 
classes of steamers, to call prominent attention to this fact, in order that 
the captain may not be misled by finding his ship appear to be rather 
stiff on commencing a voyage. The possible consumption of coal is, of 
course, taken into account in fixing upon the limits that should be 
imposed upon the stowage in all the conditions named ; and, 6th, if there 
appear to be any circumstances in which a tendency towards instability 
may arise they are described."* 

* Professor Elgar's Paper on "The Use of Stability Calculations in Regulating 
the Loading of Steamers.*'— rran«ae^7u o/ImtUution of Naval ArchUecU for 188i. 
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While adducing this as a laudable ezimple of the maimer in 
which the scientific investigator can assist the sailor, the stevedore, 
the agent, and others, we are not without hope that the time is 
approaching when the education of the officers of the mercantile 
marine, will be so far improved as to enable the greater part of 
them to understand perfectly all the conditions of the stability of 
their ships when these are reflected in suitable diagrams. Even the 
smaller classes of merchant steamers are valuable pieces of property, 
and carry each a few lives that ought not to be thrown away 
because the man in command is ignorant of some of the conditions 
of their safety; while, as regards the larger classes of ships, in which 
many scores, sometimes hundreds, of lives are embarked, it is in- 
tolerable that persons who are fully competent to. master, in any 
and every practical form, the conditions of their safety should not 
be found to command them. 

And this consideration leads to an expression of the author's 
regret that, simple as are the fundamental principles of stability, 
it is impossible to carry an exposition of them to any great length 
without the resort to mathematical expressions. Than the primary 
principles upon which all such expressions and all stability diagrams 
depend, nothing can be simpler. The whole weight of the ship 
and all on board tends downwards under the attraction of gravita- 
tion, virtually acting through its centre of gravity; the whole 
buoyancy of the ship acts upwards through its centre of buoyancy. 
If tiliese two great aggregate forces act in the same vertical line 
there will be equilibrium; if they act in different vertical lines 
motion must ensue, and will continue until the two lines come 
together and coincide; the distance between these two lines, 
when they do not coincide, is the measure of the leverage with 
which the ship tends to upright herself or further incline; and, 
whether she will continue to incline or will return to the upright 
depends upon the direction in which the two forces tend to turn 
her, which direction is always pretty obvious : these are really and 
truly the only essential doctrines of the stability of ships. It is 
when you come to measure the separation of the two lines aforesaid, 
for any given position of the ship, that all the difficulty and com- 
plication enters, because then you have to take into account the 
varying form of the ship, which changes more or less from point to 
point, and is comprised within rounded or curved surfaces, the 
volumes of which it is difficult to measure. 

In writing this work the author has endeavoured to make the 



Digitized by LjOOQIC 



IVTBOBUCnOK. XXI 

earlier chapters intelligible even to those who do not understand 
mathematics, and in those earlier chapters will be found all that 
many persons who are concerned with ships require to know. But 
non-mathematical readers should not be readily deterred from 
pressing on with their study of the subject by the occasional intru- 
sion of a sign of integration, or other mathematical symbol The 
general sense and purpose may often be easily mastered even by 
those who cannot interpret the mathematical expressions. 

I have considered it desirable to do all that was possible in the 
body of this work to clear up certain ambiguities that have arisen, 
touching the uses of such terms as '^metacentre/' " curves of meta- 
centres," '* metacentric curves," &c., and have attempted to employ 
them for single and definite purposes. I trust that my attempt will 
be supported and furthered by future writers on the subject. It 
is unnecessary to refer here to more than one ground of ambiguity, 
to which Professor Osborne Beynolds made serviceable reference 
at the British Association in 1883, After referring to a proposal 
previously made to define stability, in a quantitative sense, as 
measuring *'the greatest angular disturbance from which a ship 
would recover/' and to substitute the term '' stiffiiess " to ^ measure 
the righting moment in any position,'' Professor Beynolds said — 
""My object was to call attention to the importance of such a 
system. In recent literature on naval architecture the term stability 
occurs over and over again in the sense of righting moment, and 
this under circumstances where the context shows the meaning to 
be incompatible with any meaning that can be given to the word, 
for stability must refer to some position in which the ship is stable; 
so that when it is said that a ship has initial stability, and has 
some stability at a heel of 90 degrees, it would seem that the ship 
would be stable (i.6., tend to hold its position) in either of the 
positions ; but as this is clearly not what is meant, then it would 
seem that some stability at 90 degrees means that a ship is stable 
about the erect position for angular disturbances of 90 degrees. 
This, however, it appears, is not the sense in which the words are 
to be understood, some stability meaning that the ship tends to 
return ixywarda^ not necessarily &>, its erect position, and has some 
positive righting moment" Although there is nothing in this state- 
ment of the case which, in any way, corrects or conflicts with the 
well-understood science of the subject, it deserves careful attention, 
because it well points out an instance of the looseness with which 
the word ''stability" — ^like the word '' metacentre/' as we shall 



Digitized by LjOOQIC 



XXii INTRODUCJTION. 

see — ^has come sometimes to be employed.* In its most general 
sense, the stability of a floating body is nothing more than its 
tendency to remain in, or return to, a given position of equilibrium. 
But wherever this tendency exists, it so exists by virtue of the 
" righting force," which is called into play upon the disturbance of 
the body from that given position. Nothing can be more natural, 
and nothing more convenient, than to identify this righting force 
with the stability which it produces, and thus to designate the 
righting force at any angle of inclination (within the range of its 
operation) the " stability " at that angle. It is of no consequence 
whether the angle of inclination be small or great, provided the 
tendency throughout the inclination always is to restore the body 
to the given original position of equilibrium. Thus far all is clear, 
and no objection need, we think, be taken to the current use of the 
word stability to signify the righting force throughout this range. 
Supposing, however, the inclination of the body to be carried so 
far that the righting force disappears, and then continued farther 
still until a new position of stable equilibrium is reached, we shall 
now have a new righting force coming into play, of the same kind, 
and acting in the same direction as before ; but it is manifest that 
we can no longer speak of this force as representing the " stability," 
except on the clear condition that we now refer the word, and the 
thing, to the second position of equilibrium, and not to the first 
position. Now Professor Osborne Eeynolds is perfectly correct in 
pointing out that this most essential distinction has not been always 
observed, and that, in speaking of ships, mere righting force acting 
in a given direction, has been spoken of as stability without any 
plain and rigid reference to the position of equilibrium, to which, 
and to which alone, it has relation. It is easy to see how this has 
been brought about. The practice of investigating the stability of 
ships at large angles of inclination has sprung up in quite recent 
years; and in ships of ordinary type, and in ordinary conditions, 
the positive righting force, or stability, which has been found to 
exist, has always had reference to the upright position of the ship, 
and the word stability has been, therefore, freely used to express the 
force turning the ship towards that upright position. Recent events 
have, however, brought to light the fact — ^which had not previously 
been observed — that actual ships (no less than such piismatic bodies 
as Atwood and other writers have considered) sometimes, in some 

* The f oUowing observations are taken mainly from an article contributed by the 
Author to the Contemporary Review for Noveuiber, 1883. 
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exceptional conditions, are characterised by the fact that the righting 
force, tending to return the body " towards " its upright position, 
either did not exist, or else disappeared at comparatively small 
angles of inclination; and, after a phase of instability had been 
passed through, reappeared again while the angle of inclination was 
still within reasonable limits. In the case of a prismatic body 
25 feet square in section, immersed 5 feet, and having its centre of 
gravity 1 foot above its centre of form, very small instability exists 
up to about 20 degrees of angle, a series of capsizing forces operating 
up to that inclination ; then a position of stable equilibrium is 
reached, and there commences (as the body is further inclined) a 
righting force of small amount, acting, of course, in the opposite 
direction to those which have been capsizing the body, and, there- 
fore, tending to return the body towards the upright position, but 
only so far towards it as to reach the second position of equilibrium 
— ^viz.,- that at which the body floats inclined at an angle of 
20 degrees from the upright ; thus it is very easy to see how these 
later righting forces happen to have been spoken of as so much 
stability, seeing that they oppose and overcome the fui*ther cap- 
sizing of the body ; but it is equally easy to see that, as Professor 
Reynolds has pointed out, the stability so spoken of is not stability 
at all in the sense of restoring the body to its erect position, but is 
so only in the sense of restoring the body towards that position. 
That which is true of the prism spoken of may be, under suitable 
conditions, equally true of a ship ; and^ we have now to add, is true 
(not quantitatively, but characteristically) of very many large and 
fine ships of modem type ; and, being true, gives rise to some grave 
accidents, and to many more anxieties and apprehensions. Such 
vessels, when in the condition described^ refuse to float upright, but 
loll over, if allowed, to whatever angle it happens to be at which 
they find a position of stable equilibrium. 

It becomes important to point out that no danger is necessarily 
involved in a ship, under some conditions, having to lie over to even 
a considerable angle in search of a position of rest. A ship may lie 
in harbour or in dock just as safely at 12 or 15 or 20 degrees from 
the upright as in an upright position ; nay, if the inclined position 
be one beyond which the righting forces become great, she may 
even be safer than some other vessel which has stability in the 
upright position, but the stability of which may be small in 
amount or in range. We may even go further than this, and state 
with perfect confidence, that some ships which have little or no 
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stability in the upright position, bat which gather large stability 
as they incline^ and go on increasing it up to very large inclinations^ 
may be safer, veiy much safer, in storms at sea than some other 
ships which have considerable stability near the upright, but lose it 
as the inclination becomes great. On the other hand, it requires no 
special skill or judgment to see that when ships are, in any given 
condition of stowage, incapable of standing upright or nearly so, 
and are liable to loU about with small changes of weight, they are, 
in fact, exposed to classes of risk from which they would otherwise 
be free. We had a striking instance of this some time ago, in the 
case of the Austral. In the state of her cargo, stowage, &a, on the 
night of her sinking, she was exposed to a danger from which a 
ship endowed with large initial stability under like stowage would 
have been free. A moderate quantity of coal put on board through 
her starboard ports sufficed to bring one of her coaling ports under 
water. The sea poured in, and, further inclining her, brought 
another and somewhat higher port under the surface ; and a com- 
paratively short time sufficed to sink, in this manner, a splendid 
ship. It is perfectly true that there were many ways of preventing 
the catastrophe. Water-ballast might have been let in to increase 
the stability; the coaling ports might have been closed as they 
came near the water's surface ; the coaling-lighter might have been 
shifted in good time to the opposite side of the ship. But none of 
these things was done, and the ship was sunk. The owners appear 
to have been very careful and painstaking in framing their orders, 
and to have understood their ship quite well. The probability is 
that had their orders been strictly obeyed the accident would not 
have happened. But the £a.ct remains that the ship was sunk, and 
that she was so sunk from those in charge of her either not under- 
standing how to handle her, or not taking all the means necessary 
for handling her properly. The case is mentioned here only because 
it seems to illustrate in a remarkable manner the fact that the care 
in handling which modem ships receive is not equal to their 
requirements; and that one of two things, probably both, ought 
to happen — either ships should be built so as to possess greater 
stability, when discharging and loading, than some of the finest of 
them now possess, or else the competence of those who have charge 
of them should be better seen to. 
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Page 19. Last line, for G Zj*, read G Z.j. 

31. Line 4 from top, /or Fig. 21, read Fig. 24}. 
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„ 42. Line 3 from bottom, for immediately, read at once. 
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CHAPTER I. 



Primary Conditions of Flotation and Stability — Stability of Submarine Vesaebi— 
Stable and Unstable Equilibrium— Stability of Partially-Inmiersed Bodies- 
Indifferent or Neutral Equilibrium— The Metaoentre— Stability of a Homo- 
geneous Cylinder with its Axis Horizontal — Curve of Flotation— Surface of 
Flotation — Curve of Buoyancy— Surface of Buoyancy— Stability of a Cylinder 
which is not Homogeneous— Curves of Stability— Double Branch Curves of 
Stability— Stability of Homogeneous Prisms of Square Section. 

Any body placed freely in still water, or in any other fluid at rest, 
will sink if its weight exceed the weight of the fluid which it 
displaces. If its weight be less than that of the fluid which it 
would displace if wholly immersed, it will float with only a portion 
of it immersed. If its weight be exactly equal to the weight of 
the fluid which it displaces when wholly immersed, it will become 
whoDy immersed. 

The first case — that of a body which sinks — needs no special 
consideration here, although it must be acknowledged that it is not 
wholly devoid of occasional practical interest* 

In the last case — that of a body whose weight and displace- 
ment are equal when it is wholly immersed — which has sometimes 
to be dealt with in connection with submarine vessels, the position 
which the body will assume, and in which it will remain, will be 
determined by the relative positions of the body's centre of dis- 
placement and its centre of gravity. 

If the body in this case be homogeneous throughout, its centre 
of gravity must of necessity be coincident with its centre of dis- 
placement; its weight will act downwards, and its buoyancy (which 
is equal to, and the effect of the displacement) will act upwards 
through the same point These being the only forces acting upon 

* There were incidents connected with the foundering of the Captain, for example, 
which required and received some investigation. 

1 



Digitized by LjOOQIC 



2 



STABILITY OF SHIPS. 



[chap. L 



the body, there is obviously no force interfering with its equilibrium, 
and causing it to revolve about an axis, and it will therefore remain 
in any position in which it may happen to be placed. 

If the body be not homogeneous throughout^ it may nevertheless 
happen to have the weights of its parts so disposed as to bring its 
centre of gravity into coincidence with its centre of displacement, 
when the condition of undisturbed equilibrium in any position just 
described will still hold. 

If the body be not homogeneous, and if its centre of gravity be 
not coincident with its centre of displacement, it will not remain 
freely at rest, but will tui'n more or less round, unless and until 
its centre of gravity comes vertically under its centre of displace- 
ment. For in every other position it ia obvious that it will be 
subject to two vertical forces acting in different vertical lines, and 
these will constitute what is known in mechanics as a "couple," 
and will turn the body round. 

For example, if the accompanying diagram. Fig. 1, represent 

a submarine vessel equal in 
*^* * total weight to the water 

which it displaces, D being the 
centre of its displacement, and 
6 its centre of gravity, and if 
G Z be drawn at right angles 
to the vertical lines, D B and 
GC, along which the buoyancy- 
acts upwards and the gravity 
downwards respectively, it is 
manifest that these two forces 
must tend to turn the body 
with a leverage proportional 
to GZ ; D will rise or G will 
descend, or more strictly, both these movements will occur; and 
as they take place, GZ will shorten until D comes vertically over G, 
when it (G Z) will disappear. 

The forces of gravity and buoyancy will then neutralise each 
other and the vessel will remain at rest. 

This condition of equilibrium and rest would equally exist if 
T> should be placed vertically beneath G; but on the slightest 
disturbance of the vessel from its position, the upward tendency 
of the buoyancy acting through D, and the downward tendency 
of the gravity acting through G, would be free to take effect^ 





/ 


V 


4 


i_ 


Z 




. 


.^^ _^_ 



Digitized by 



Google 



CHAP, l] homogeneous BODIES PARTIALLY IMMERSED. 3 

and the vessel would turn round until G had placed itself vertically 
beneath D. Should a slight temporary disturbance produced by 
some external cause now occur, the vessel would return as soon as 
free to this position, with O beneath D. In this position the 
equilibrium would, therefore, be what is called stable; whereas 
the equilibrium, which, as we have just seen, might exist when Q 
was situated vertically over D, would be unstable, the vessel on the 
slightest disturbance abandoning that latter position, and moving 
round till the position of stable equilibrium was reached 

It is necessary to include positions of unstable equilibrium within 
the view of our investigations, because in them the mathematical 
couditions of equilibrium are fulfilled, and because it is impossible tp 
investigate the stability of many modem ships without giving 
careful consideration to the amount and range of their instability. 

The case of a body less in weight than the fluid which it would 
displace if wholly immersed, and which, therefore, floats partially 
immersed, is that which chiefly claims our attention, and which we 
proceed to consider. 

If the body be homogeneous it is obvious that its centre of 
gravity will be situated higher than its centre of displacement, 
because the displacement is wholly below the water^s surface, while 
part of the weight is above that surface. But it does not by any 
means follow in this case (as it did in that of the wholly immersed 
body), that the equilibrium resulting from the centre of gravity 
being vertically over the centre of buoyancy will necessarily be 
unstable ; on the contrary, the centre of gravity will usually be 
higher than the centre of buoyancy in ships of ordinary form and 
character, and we, therefore, see thus early that vessels wholly 
inunersed, and those but partially immersed, are under very difierent 
conditions as regards stability. 

Instead of entering at this stage of our subject upon any general 
investigation of the stability of a floating body, it may be well to 
lead up to such an investigation by considering the conditions 
which hold in the cases of certain bodies of forms simpler than 
those of ordinary ships; such, for example, as cylinders and 
prismatic bodies of various sections, observing that for all pris- 
matic bodies their lengths may be left out of consideration, as the 
stability of every unit of length will necessarily be the same, and it 
is only necessary to attribute to them sufficient length for the 
purpose when it is desired that they shall be supposed to float with 
their longitudinal axes horizontal. 
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And firsts let us take what is perhaps the simplest case of all, 
viz,, that of a homogeneous cylinder circular in section. A moment's 
consideration will show that, whatever be the degree of immersion 
of this body, every position will be one of equilibrium, because the 
centre of gravity will always be in the centre of form, and the 
centre of buoyancy will necessarily be always beneath it, as the 
immersed section is symmetrical about a vertical line through the 
centre of form. If moved round from a position of equilibrium 
through any angle, large or smaU, into a new position, the centre 
of buoyancy will still be vertically beneath the centre of gravity, 
and there will consequently be no force operating either to diminish 
or to increase the rotation. This state of things introduces us to a 
third kind of equilibrium, which is known as indifferent or TteiUral 
equilibrium. 

Before leaving this simple case of the cylinder, let us take note 
of the fact that in every position the upward force of buoyancy is 
directed through the centre of the body, so that successive inter- 
sections of such lines of upward force are concentrated in this one 
point — which we shall afterwards see to be the "metacentre," and 
the only metacentre of this particular body, the woixl " metacentre" 
being here employed in its original and legitimate sense, viz., as 
signifying the point above which the centre of gravity cannot be 
raised compatibly with stdble equilibrium. This point is also in 
the present instance the centre of gravity, as it is the centre of the 
homogeneous body. 

The water-line at which the body floats may be at any depth 
less than the diameter, and if the body be caused to make a 
complete rotation through 360°, its successive water-lines situated 

indefinitely near to each other, 



Fig.i 




have said, the metacentre and 



will successively touch a circle 
described about the centre of the 
body, with the distance between 
that centre and the middle point 
of the water-line as a radius. 
Let W C L in the accompanying 
diagram. Fig. 2,representinsection 
such a floating body, immersed 
we will suppose, to the water- 
line, WFL. Let M be the centre 
of form, and it will also be, as we 
the centre of gravity likewise, 



Digitized by 



Google 



CHAP. I.] 



HOMOGENEOUS CTLINDERS. 



always remaining at a fixed distance below the surface. De- 
scribe the circle FF' about M with the radius MF, and this 
circle will obviously come to the surface, point by point, as the 
body rotates. Coming thus to the surface, and always therefore 
having a point coincident with the water-line, or line of flotation, it 
is called the *'curve of flotation" for this body; and if the length of 
the body be taken into consideration, the point, of course, corresponds 
to a straight line, and the curve of flotation to a cylindrical surface 
(of which the curve is a section), this surface being designated the 
** surface of flotation." It is manifest that all the water-lines are 
tangents to the curve of flotation, and all the water-planes are 
tangents to the surface of flotation. Further, if B be the centre of 
buoyancy in Fig. 2, let us describe the circle BB' about M with 
the radius MB. A moment's reflection will show that as the body 
is rotated, as before, each point of this circle BB' must become in 
succession the centre of buoyancy, because that centre must always 
in this case lie at one uniform distance below the water's surface; 
and as M must do the same, the distance of the centre of buoyancy 
below M must be constant. In other words, the points in BB', 
the locus of the centres of buoyancy, must lie in a circle around 
M as stated. The circle BB^ is therefore called the curve of the 
centres of buoyancy, or more briefly the "curve of buoyancy;" and, 
length being again considered, the cylindrical surface of which this 
is the section is known as the " surface of buoyancy." 

Owing to the simplicity of the figures which we are here con- 
sidering, these " curves" of flotation and buoyancy happen to be 
circles; but, as we shall see hereafter, these are very special cases 
only, and generally we shall find them of more complex cur\'atures. 



Fig.3. 



Fig. 4. 





It is scarcely necessary to add that in the instance we have been 
considering, the only effect that would result from increasing or 
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diminishing the draught of water of the cylindrical or spherical body 

(all the time it remains homogeneous) would be to vary the sizes of 

the circles B B' and F F'. As the body becomes more immersed, 

the circle F F' is enlarged, and the circle B B' is reduced in diameter, 

until, when the body is almost wholly immersed, FF' lies dose to 

the circumference W C L, and B B' is almost reduced to the point 

M, as in Fig. 3. When the body is but very slightly immersed, the 

circles FF' and BB' become almost coincident with WCL — see 

Fig. 4 ; and when the body is just half immersed (being one-half 

the specific gravity of water) the curve or circle of flotation becomes 

a point coincident with M, the circle BB' having a radius of 

4(2 4(2 

s— « where d is the diameter of the section, ^— being the distance 

down of the centre (or centre of gravity) of the immersed semi-circle 
from the water-line. 

Let us next consider the case of a cylinder of circular section 
which is not homogeneous, and which has its centre of gravity 
situated in some point other than the centre of form, as in Fig. 5, 

in which G represents the centre 

j^Y'^' ^^ gravity, and W L the water-line. 

^N. In this case all those elements 

\ X which depend solely upon form 

V==^ will be the same as in the last 

I case for corresponding immersions, 

/ and therefore M, the centre of 

/ form, will be the metacentre as 

/ before, and the curves of flotation 

^...x^ and buoyancy will also remain as 

^ before for any given immersion. 

But the condition of the body as regards equilibrium and stability 

will be very different. 

If the body be first floated in the position shown in Fig. 5, with 
the centre of gravity, G, situated vertically below the metacentre, 
M, and if an inclining or rotating force be now applied, it obviously 
cannot take effect and turn the body round, without raising the 
centre of gravity, G, nearer to the water's surface ; if this be done, 
and if the angular motion be less than 180°, and the body be now 
left free, the centre of gravity, being left unsupported, will fall back 
again into the position shown. This, therefore, is a position of 

* The Greek letter pi (t) is used to denote the ratio of the circumference of a 
circle to its diameter, which is expressed by the quantity 3*14159..., that being the 
circumference of a circle whose diameter is 1. 
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stable equilibrium. If the body be turned round through 180°, 
and the centre of gravity be thus brought vertically over the 
metacentre, M, the forces of the buoyancy and gravity will again 
be in equilibrium^ but the equilibrium will now be unstable, and on 
the slightest disturbance (which could not, in practice, be avoided) 
G would again &11 into the position shown in Fig. 5. There 
obviously is no other position of equilibrium besides the two just 
mentioned, and but one of them is a position of stable equilibrium. 

Tins is true wherever the point, G, may be situated between M 
and the circumference of the body ; but the leverage with which the 
body will be urged back to the position of stable equilibrium, after 
having been moved out of it, will be materially influenced by the 
position of the centre of gravity. If G be very near to M, that 
leverage will be proportionately small ; but if G be very near the 
circumference, it will be proportionately great. Let G' and Q", 
Fig. 5, illustrate these positions of the centres of gravity respectively 
when the body has been turned round through 90^ In the former 
case, the weight of the body, tending to turn it back round M, wiU 
act with the small leverage, G'M, and in the latter case with the 
large leverage, G''M; and the righting moment will be proportionate 
in each case to the leverage. This moment, thus depending only on 
the weight of the body and the distance, M G, will be the same, 
whatever the inmiersion (although immersion and weight are 
themselves of course practiwdly related), but will vary with every 
change of angle. It is easy to see, from Fig. 6, what the righting 
moment must be for any ^ven' 
position of G, and at any given 
angle of inclination. The buoy- 
ancy acts upwards through B and 
M, the gravity acts downwards 
through G, and these forces are 
equal; they therefore constitute 
a "couple," the arm of which is 
GZ, QZ being drawn from G at 
right angles to BC. It will be 
seen that QZ = GM sin. 0, if 
be the angle of inclination from 
the upright position. Starting from nothing, when G is beneath M, 
the righting moment therefore gradually increases in this instance 
up to 90^ when it reaches a maximum, and is there equal to the 
weight of the body multiplied by the distance of the centre of 
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gravity from the centre of the body ; it then diminishes with further 
inclinations, and vanishes at 180^ when G comes vertically over M. 
From ISC' to 360"" it will clearly pass through phases the reverse of 
those previously passed through, for it matters not whether the 
motion be continued from ISO"" or reversed. By giving any required 
values to the weight, to G M, and to the angle of inclination, the 
righting moment under all possible circumstances can be determined. 

Having now before us a case, however simple, of varying stability, 
and exhibiting variations of righting force under different conditions, 
it will be well to observe that these variations may be conveniently 
illustrated graphically in the form of a " Curve of Stability." The 
instance before us is so elementary, and so easily understood without 
graphic aid, that it would not be worth while, for the immediate 
purpose only, to further discuss it ; but the principle involved in the 
construction of curves of stability (or, more correctly, "curves of 
righting forces") is always the same, and general principles are 
often most easily and effectively illustrated by elementary examples. 

We will, therefore, take as a first example the case shown in 
Fig. 6, and assume the centre of gravity, G, to be one-half the 
radius from M, so that MG is equal to one-fourth the diameter 
of the floating cylinder. Now we can take either of two measures 
of righting force, as we please, for we can either take the length, 
GZ, at each angle, which we may call the righting "lever;" or 
we can take the length of that lever multiplied by the weight 
of the floating body, which we can call the righting " moment;** 
and it is obvious that the series of results obtained will differ 
only in being the one a fixed multiple of the other. Let us 
leave the weight out of consideration, and deal with the righting 
levers only. These will be represented at every angle of inclina- 
tion by the length of GZ at that angle, and we may presume 
these to be ascertained at a series of positions as numerous as 
we please; for example, at intervals of 10°. This would give 
us 36 different lengths of G Z for the full rotation of 360^ or 18 
positions for each 180° of inclination. Our object is to exhibit 
graphically the variations of G Z, and that may best be done by 
setting them all off from one base-line, A B, Fig. 7, which we 
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vf'Hl take to I'epresent by its length the 360"" of angle. Dividing 
this line into 86 parts, we may then set up as an ordinate at 
each of the points so obtained the length of Q Z, corresponding 
to the inclination, and through the extremities of the ordinates 
so obtained draw a curved line, C C, Fig. 7. With this curve 
before us we have the means of ascertaining by simple measure- 
ments the length of the righting lever at any angle of inclination 
whatever. An inspection of the curve shows that regarding the 
upright position, with O beneath M, as the starting position, 
indicated by A, as the body is by external force inclined as the 
arrow indicates, a righting lever comes into play, and increases 
until an angle of 90"^ is reached, there attaining a maximum; 
beyond 90"" the righting lever still exists, but it now begins to 
diminish in amount until an angle of 180° is reached, where the 
righting ordinate vanishes, the curve there crossing the base- 
line. At this point G is above M ; there is therefore equilibrium, 
but it is UTistable. Beyond ISO"" the curve falls below the base- 
line, and remains there till SGO"" of inclination is reached, or in 
other words, till the original upright position is resumed, the 
ordinates varying in length exactly as they varied above the 
base-line during the first ISO"" of inclination. These ordinates 
being now (from 180*" to 360°) always below the base-line, or 
negative in amount, signify that the effect of the inclining lever 
is now, not to turn the body back to its original position by 
reversing its motion, but to further rotate the body in the direc- 
tion in which it has been forcibly moved, or in other words to 
completely capsize it. This curve represents, therefore, the stability 
(or instability as the case may be) of the vessel, and has come to 
be called — somewhat loosely, but too generally now to be altered — 
the " curve of stability " of the body in question. 

This curve will always be of the same type as in Fig. 7 (for 
an unbalanced circular cylinder floating with its axis horizontal), 
whatever be the position of G in the body. The curve will 
always reach its maximum at 90°, always cross the base-line at 
180°, always reach its negative maxvmwmy so to speak, at 270°, 
and always come to the base-line again at 360°. But the ordinates 
of the curve will obviously decrease in length as the centre of 
gravity of the body is placed nearer and nearer the centre of 
form, and increase in length as it recedes from that centre, since 
for any given angle whatever GZ of necessity varies directly 
with GM. The largest righting lever that such a body as this 
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can have is obtained when the centre of gravity is in the circiim- 
ference (as we may for a moment imagine it to be), and the body 
is inclined at 90"" from the upright. The righting lever is then 
equal to the radius, and this is true whatever be the degree of 
immersion of the body. The righting moment will also be the 
greatest with the centre of gravity in the circumference, but in 
this case the weight of the body must also be at a maximum, 
which it will be when it just, and only just, floats. 

We thus see that this simple form of body offers to us the 
means of constructing a whole series of curves of stability, all 
following a given law, but differing with every change of position 
of the centre of gravity. The law by which the ordinates will 
vary in the respective curves is simple enough, for they will be 
in each curve directly proportional to GM. As QM gets small 
all the ordinates of the curve will diminish, and the curve itself 
will be ultimately merged in the base-line. In Fig. 8 are shown 




four different curves of stability — ^which are here curves of upright- 
ing and inclining lemra — corresponding to the following four 
positions of the centre of gravity, viz., when GM is equal to 
one-fourth, one-half, and three-fourths of the radius of the body 
respectively, and also when it equals the radius itself The 
ordinates are of course in these proportions to each other. 

The reader who is considering this subject for the first time 
must be careful to bear in mind that in framing the above curves 
of righting levers, it has been assumed that the body has been 
inclined always in one direction, viz., that indicated by the arrow 
in Fig. 6. It will be clearly seen that had the body been rotated 
in the opposite direction precisely similar curves would have been 
obtained. But those who are unaccustomed to such curves often 
experience a difficulty in understanding them from the fact that, 
as usually constructed they do not exhibit to the eye that which 
it seems natural to expect, viz., curves that are symmetrical on 
either side of the upright position and on either side of other 
positions of equilibrium. If we take Fig. 7, for example, we know 
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that in the upright positions, at A and B, the stability of the 
body is the same whether we incline it to the right or to the 
left, but the curve of stability (if continued far enough), rises 
on the right of each of these points with positive ordinates, and 
descends on the left of them witii negative ordinates. The explana- 
tion is simple enough, viz., that the curve is constructed on the 
assumption that the rotation takes place in one direction only, 
and that motion in the opposite direction is provided for by 
simply chaDging the sign of the ordinates — ^making negatives 
positive and positives negative. 

But it will greatiy facilitate the ready comprehension of these 
curves by amateurs and students if we give to them two equal 
branches — ^the branch to the right representing the righting levers 
(or '* moments," as the case may be) when the top of the floating 
body is inclined to the right, and the branch to the left representing 
the levers when the top of the body is inclined to the left. These 
two branches will usually be precisely alike for ships, and one of 
them will, therefore, be superfluous for purposes of calculation ; but 
the second branch will be very far from superfluous to many 
persons among whom it is desirable to diffiise a sound knowledge 
of the stability of ships. Applying this method to the curves in 
Fig. 8, and contenting ourselves with seeing the body capsize (or 
lose all stability) to right and to left (which happens at 180'' in this 
case), the curves will assume the graphic form of Fig. 9. In referring 




180* 190' /40* no' 



ItO' 1M0' ISO' 180' 



to curves so constructed, it will always be understood that ordinates 
above the line will be rigkti/ng ordinates tending to return the body 
to the position from which it was started, until the curve ^r8^ crosses 
the base-line, either to the right or to the left. The ordinates, then 
fetUing below the base-line, are capsizing ordinates, tending to con- 
tinue the inclination previously given to the body. 

Owing to the special condition of the cylindrical body thus far 
under consideration, in which positive ordinates do not reappear until 
the body has made a complete rotation, it is imdesirable to pursue 
this branch of the subject further at present ; but hereafter we 
shall have cases to consider in which positive ordinates reappear at 
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much smaller angles^ and then -we shall take occasion to show 
that although their reappearance signifies the reversal of the 
capsizing forces, it does not signify any tendency on the part of the 
floating body to return to the upright position. 

We have seen that the cylindrical body has but one position of 
stable equilibrium wherever its centre of gravity may be situated. 
It is easy to show that this is the case by other than graphic means. 
It is obvious, for example — in fact we have already seen — ^that 
whenever the centre of gravity is not situated in the centre of the 
body, the moment of the weight about M, at any given angle 0, is 
WxMQxsin. 6 (see Fig. 6). AH the time this moment has a 
finite value there is a turning force in operation, and the body can- 
not be in a state of equilibrium. When equilibrium exists this 
moment must vanish. Now it can only vanish, under the condition 
supposed, by sin. 6 vanishing, and this can only be when = 0, or 
= 180°. When = 180°, the centre of gravity is above the meta- 
centre, and the equilibrium is therefore unstable. The upright 
position when = alone remains, and this, therefore, is the only 
position of stable equilibrium. 

In the cylindrical bodies which we have thus far been consider- 
ing, the resultant upward pressure of the buoyancy always acts 
through the centre of the cylindrical section for reasons which are 
obvious, or which the most elementary knowledge of hydrostatics 
makes clear. If we now pass to bodies of almost equal simplicity of 
form — viz., prismatic bodies with parallel sides, and suppose them to 
be of square section, we shall find that the change from the circular 
section to the square, simple as it may appear, involves very 
different conditions of stability. 



Fig.ll. 
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First, let us consider the case of homogeneous prisms of square sec- 
tion, and let us commence with a body one-half the weight of water, 
and, therefore, floating with one-half its volume immersed. We will 
place this body first in the position shown in Fig. 10, with its sides 
vertical and horizontal. This will be a position of equilibrium, 
because both its centre of gravity, G, and its centre of buoyancy, B, 
will lie in the vertical line, G C, and there is consequently no force 
tending to rotate the body. We will place the body next in the 
position shown in Fig. 11, with its diagonals horizontal and vertical 
respectively. This will also be a position of equilibrium, because 
both the centre of gravity, G, and its centre of buoyancy, B", will lie 
in the vertical line, G (7. We will finally place the body, as in 
Fig. 12, in a position intermediate F%g,is. 

between Figs. 10 and 11, and con- 
sider how it is situated. As com- 
pared with its situation in Fig. 10, 
the following changes will have 
happened: — Instead of the water- 
line, WL, it wiU now (Fig. 12) 
have a new water-line, W' U ; and 
instead of the centre of buoyancy, 
B, it will have some new centre of 
buoyancy, B'. B' will obviously lie 
to the right of B, because the body has been more immersed on that 
side by the inclination, the triangle, L' G L, having been newly 
immersed on the right side, and the triangle, W G W', having been 
taken out of the water on the left side. The upward pressure of 
buoyancy will act through B', and, when the angle of inclination is 
exceedingly small, its line of action will, in this case, intersect G C at 
a point, M, below G, as may be ascertained either by geometrical con- 
struction or by calculation. This point, M, is the metacentre, being, 
as we see, the intersection of two verticals through two centres of 
buoyancy lying extremely near to each other, and corresponding, 
of course, to two positions of the body which differ only by a veiy 
slight angle of inclination, one of the two being a position of 
equilibrium. 
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CHAPTER II. 

Fuller Consideration of the Metacentre—Bongner's Original Use of the Word—Its 
Precise Signification— Bouguer's "Metacentric" (ifftocen^riguc)— Hia Error 
regarding it— True Character and Properties of the Metacentric— Pro-Meta* 
centres— The Metacentric a Locus of Metacentres and Pro-Metacentre»— The 
Metacentric an Evolute of which the Curve of Buoyancy is the Involute— The 
so-called ''Shifting Metacentre ''—Modem French Usage: "Initial Metacentre" 
and Metacentre— Rules of M. Eeech stated by M. Bertin— Ascending and 
Descending Metacentrics — Examples of Simultaneous Descent of Metacentric 
and Increase of Stability— Distinction between "Curve of Metacentres '^ and 
"Metacentric Curve." 

We have now arrived at a point in our inquiries when it has become 
necessary to consider somewhat fully the term " metacentre." 

The French investigator, Bouguer^ nearly a century and arhalf 
ago,* introduced the word metacentre into the nomenclature of naval 
science. He employed it with specific reference to a ship floating 
freely in an upright position, and for the specific purpose of indi- 
cating that point in the vertical axis of the ship beyond which her 
centre of gravity could not be raised without inclining the ship. 

All the time the centre of gravity (which we presume to be in 
the vertical axis) is situated below the metacentre, the ship will 
tend to remain upright, and to return to the upright if slightly dis- 
turbed, because as soon as she is inclined a little either to the right 
side or to the left, the buoyancy moves out towards that side, and 
the upward vertical thrust of the buoyancy, acting through the n^w 
centre of buoyancy, tends to push her back to the upright position. 

If the centre of gravity be raised to exactly the same height as 
the metacentre, and the ship be now slightly inclined either way, the 
upward thrust of the buoyancy and the downward drag of gravity 
will both pass through the same point, and no further motion 
need therefore ensue; the ship will, consequently, be in neutral 
equilibrium, and if put back to the upright, will remain there. But 
if the centre of gravity be raised above the metacentre, then, on a 

* In his famous TraiU du Navire, published in 1746, 
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slight disturbance of the ship, the upward vertical thrust of the 
buoyancy will not resist the downward drag of the gravity, but 
will co-operate with it^ and further incline the ship. We have here, 
then, a dear and precise signification of the word '' metacentre/' * 
and we know that it is its original and true meaning. 

But Bouguer went a step farther: the metacentre being, as we 
have seen, the point at which a vertical through a centre of 
buoyancy, closely adjacent to the original centre of buoyancy, cuts 
the originally upright axis, Bouguer saw that if the ship were a 
little further inclined, two verticals through closely-adjacent centres 
of buoj^ncy might not, and often would not, intersect at the same 
point of the originally-upright axis, or in that axis at all, but would 
intersect at some point lying a little aside from that axis, and, with 
ships of usual form and condition, would be situated a little higher 
than the metacentre. If the ship were inclined a little further still, 
the point of intersection of similar verticals through adjacent centres of 
buoyancy would usually be a little higher up still, and a little further 
aside frt)m the axis, and so forth. This is illustrated in Fig. 13 (next 
page), in which a curved line is drawn through the metacentre, 
M, and through successive intersections of such verticals, at M^ M^, 
and M3. This curved line Bouguer called the ''metacentric" (mita- 
centrique), and it is manifestly the locus of the intersections of 
successive verticals through adjacent centres of buoyancy, corres- 
ponding to successive small inclinations of the ship from the 
upright. 

Bouguer made the mistake of supposing that the rise of the 
metacentric above the metacentre, or its fall below it, indicated 
increase or decrease respectively of the righting force or stability; 
and many writers since have made the same mistake, some of them 
still repeating it. But it really does nothing of the kind, as Atwood 
showed at the end of the last century, and as we shall abundantly 
show hereafter. 

It will easUy be seen, if we keep the ship still in mind (and 
with a ship in an upright position Bouguer started), that the points, 
Mp Mg, M3, &c., are not metacentres (although they have lately 
come to be very frequently spoken of as such) in Bouguer's own 

* "The point bo found he calk the metacentre, as it appears to some instructed 
penoDS, fiN>m its being the meta, limit or goal beyond which the ship's centre of 
gravity may not rise. It is to be regretted that Bougner only hints at the derivation 
of ib0 word. Another derivation, firom the Greek m^ta, signifying change, and kentron, 
centre, does not materiaUy differ from this, provided we miderstand the centre to be 
tlie ship's centre of gravity.'*— ^oroZ Science, vol. iii., p. 439, 1874. 
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sense of the teim, not being in the original upright axis at aJl, and 
therefore being incapable, in a ship so loaded as to float upright, 
of fixing a limit in that axis above which the centre of gravity 
cannot be raised. Of course if we dismiss the idea of a ship, and 
have regard only to that of any floating body whatever, and suppose 
that its centre of gravity can be shifted about just as we please (as 
Dupin afterwards did for his general investigation), we are then 
at liberty to assume any axis of buoyancy, or line of action of 
buoyancy^ as indicating for the moment the upright axis of the 
floating body, and in that case any such point as M^, Mj, &c, may 
be regarded as the metacentre for the time being. But however 
useful such artifices as this may be for the purpose of determining 
general principles, we must be most careful not to regard such points 
as Mp Mg, &c., as the metacentres of any ordinary ship, yacht, barge, 
floating dock, or any other like body with which we may have 
practically to do, — unless, indeed, it should be made perfectly clear 
that they have reference solely to some specified inclined position of 
the ship. 

It may be well, however, here to point out that each of these 
points, of which the metacentric is the locus, has a property of 
considerable importance, for it is the centre of curvature of the 
curve of buoyancy at the corresponding point of it. We saw in the 
last chapter that the curve of buoyancy is the locus of the centres 
of buoyancy, and we have just seen that the metacentric is the locus 
of the intersections of adjacent verticals through neighbouring 
centres of buoyancy. Each point in the metacentric will therefore 
be related to a corresponding point in the curve of buoyancy, and if 
we join these two corresponding points by a straight line, this line 
will be at right angles to the curve of buoyancy (i.e., to its tangent) 
at that point, and will be also its radius of curvature at that point. 
In Fig. 13, for illustration, MB is the radius of curvature of the curve 

of buoyancy, B, B^, Bj, &a. 



Fig.l3. 




at B ; M^ B^ is the radius 
of curvature at B^; MjB, 
its radius at B^ and so 
forth. And this being the 
case, the curve, M, Mp Mj, 
&c. — ^it may be mentioned 
in passing — ^is the evolute 
of the curve, B, Bi, Bj, &c., 
which is therefore its ^n-. 
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volute. If we suppose a string to be led round a rigid curve, 
M3, Mj, M^, and M, and carried down to B, and this string then to 
be kept stretched and carried outwards from B, the point of the 
string which touched B will now trace out the curve, B Bj B^, &c. 

It would be well if we could avail ourselves of this property 
in giving a new name to such points as Mj, Mj, &c., which we 
might define, and which have been defined as " centres of curvature 
of the curve of buoyancy/' but this designation is much too 
cumbrous for ordinary and frequent use. We certainly need a 
name for them; they are not " metacentres," save in a very 
strained, misleading, and wholly exceptional sense; and yet we 
shall have frequently to speak of them. As we cannot find for 
them, as we should like to do, a designation that is both specific 
and characteristic, we shall content ourselves with calling them 
" pro-metacentres," and hereafter, when we speak of a " pro- 
metacentre," we shall signify by that word a point on the meta^ 
centric; or, what is the same thing, a point on the evdute of 
the cui've of buoyancy ; or, what is still the same thing, a centre 
of curvature of the curve of buoyancy. An example of an isolated 
" pro-metacentre " is given in Fig. 14. A floating prism of square 
section is there shown with 

the axis, A C, inclined at an /s^ Stg.U- 

angle of about 30"" from the 
upright; B is its centre of 
buoyancy, when W Lis its 
water-line. By giving the 
body a very alight inclination 
either way from this position, 
it will have a new centre of 
buoyancy given to it. If 
we incline it one way b will 
indicate this; if we incline 
it the other way 6' will in- 
dicate it ; and for each of these positions there will be a new line 
of upward action of the buoyancy. These lines of action, together 
with that through B, will all meet or intersect in one point, M', 
and this point will be the pro-metacentre. 

The word " metacentre," qualified by the adjective ''shifting," 
has sometimes been used in this countiy to signify the intersection 
of the vertical line of upward action of the buoyancy, when the 
ship is inclined at any considerable angle with the axis of the 

2 
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ship which was vertical when she floated upright It can hardly 
be said, indeed it cannot be said, that the so-called ** shifting meta- 
centre " is any metacentre at all in the original sense of the word, 
because it really has nothing to do with limiting the height to 
which the centre of gravity can be raised without disturbing the 
upright position of the ship. But on the other hand it does indicate 
a point in the ship's axis of symmetry, above which the centre of 
gravity cannot be raised without incUnmg the ship beyond the 
given angle which determinea it, and this doubtless is why it 
was designated the. **8hiftmg metacentre.'' It is obviously a point 
that usually would shift as the angle of inclination became altered. 
But although the term has this measure of justification, its use is 
not very desirable, and is indeed likely, unless great care is taken, 
to introduce misconceptions into the subject.* 

In France, nevertheless, the modern usage is to treat the 
metacentre proper as the '^ initial metacentre,'' and to regard as 
metacentres the points which we have above seen defined as 
" shifting metacentres." From a reply which that distinguished in- 
vestigator, Mons. L. Emile Bertin, of Brest, has been good enough to 
make to an inquiry of mine on this point, I find that in his opinion, 
although the diverse acceptations given to the word metacentre at 
different periods or in different countries have thrown the subject 
into some confusion, the terminology adopted throughout France 
for many years past has been such as to leave no room for diffi- 
culties of interpretation. " The rules followed," says M. Bertin 
(whom we translate freely), "which, if they are no older, were 
certainly employed about 1840 by M. Beech, at the Ecole du Genie 
Maritime, are the following : — 

** Let C, Fig. 15, be the centre of buoyancy of the upright ship, 
Cj the centre of buoyancy for any inclination whatever, CH^O^, 
equal to 6; then the point, M^, at which the direction of the 
upward thrust of buoyancy through C^ cuts the axis C G, is the 
metacentre corresponding to the inclination 6. 

* '* We do not remember having met frith the term gkifUiig metaeefUre in any 
previoua publioatioD, but we may observe it is stiU applied only to points on the 
axis. This term has never appeared to us a happy one, and we have never r^gazded 
it as fixed in the scientific nomenclature of shipbuilding in the same sense as the 
term metacentre is. It is, we think, open to the very serious objection that it is 
not a metacentre~i.0., a limiting position of the ship's centre of gravity, in the tnie 
aense of the word, as separating stable from unstable or neutral equilibrium. It is 
very likely to be misunderstood by the unlearned or the sciolist, and scenw really to 
have misled^ &c."— ^avaZ Sctenee^ vol. iii., p. 441. 
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"In the particular case in which d is very small^ the thrust 
of the buoyancy through G^ cuts C G at the 
I)oint, M, which is the mUiaJL metacerUre of 
the ship. 

** The variable length, C M, is usually denoted 
by p'y the constant distance, C G, by a, and the 
expression for the arm of the lever of the couple 
of stability is therefore 




(p — a) sin. ft 

The length, p— a, or GM, is the metacentric 
height. The very form in which this is written 
leaves no room for doubt about the fact that the 
metaoentre M is situated on the line C G. 

" When we prolong the directions C^ M^, Cg Mg, &c., of the succes- 
sive thrusts of the buoyancy to their own intersections, the point 
at which two such lines of action which are infinitely near cut 
each other is named simply the centre of curvature of the curve of 
centres of buoyancy, or a point of the metacentric evolute. It 
sometimes happens that this last appellation is abridged to 'meta- 
centric point ;' that is a fault, because it may lead to confusion, but 
it is a simple abbreviation, and an excess of brevity sometimes has 
its inconveniences." 

We have already adverted to the error into which Bouguer fell 
when he wrote his chapter entitled '' On more extended investiga- 
tion on the metacentres, and on the curved line which these points 
form when the ship is inclined," and assumed that where the meta- 
centric ascended from the metacentre as the vessel was inclined the 
vessel might be regarded as safe against oversetting, and that when 
it descended she might be regarded as insecure. Instead of demon- 
strating the inaccuracy of this view — to which we shall have 
occasion to refer hereafter — ^we will here give a conclusive and 
striking example of the contrary. Fig. 16 illustrates the case of a 
prismatic shallow draught vessel of the section shown; M is its 
metacentre ; M^ is its pro-metacentre at 2^ degrees of inclination ; 
and M5, M^o, MgQ, &c., are its pro-metacentres at inclinations of 6, 
10, 20 degrees, &c. Its corresponding centres of buoyancy, B, "B^, 
Bf, B^o' ^'9 ^^^ similarly indicated. 

The pro-metacentres are joined to their corresponding centres of 
buoyancy by ticked lines (which are radii of curvature), and from 
the centre of gravity, G, the levers of stabilityi QZ^, GZ5, GZ^^ kd^ 
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*• 10' go' so' 40' 46' 

Curve ofStabilUy 



are drawn perpendicular upon these respective lines as shown. 
These levers are employed in forming the curve of stability which 
is engraved below the figure. Here we manifestly have the meta- 
centric descending, and descending very steeply, almost as soon as 
the inclination commences, whereas the stability (instead of diminish- 
ing) increases very rapidly, and continues to increase until the vessel 
is inclined to about 25 degrees. After that the stability begins to 
diminish, but it is still very large, and would remain of substantial 
amount until the vessel was inclined nearly on her beam-ends. 

One such example is as good as a thousand, so far as the settle- 
ment of the question goes, but we have devised the following 
example in order to put the simultaneous increase of righting lever 
of stability and decrease in height of pro-metacentre (i.e., decrease in 
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the radius of curvature of the curve of buoyancy) from the very 
commencement of the inclination beyond all doubt. We take two 
homogeneous cylinders placed side by side, Fig. 17, combined into 




one floating body of one-half the specific gravity of water, and 
therefore floating one-half immersed, and with the centre of 
gravity, G, in the water-line. On inclining this body through any 
small angle whatever, it is obvious that the area of its water-line 
section (which, as the body is prismatic, is sufiiciently represented 
by the breadth of the body measured along the new water-line) 
must diminish, because whereas the water-line breadth is equal to 
two diaTnetera when the body floats upright, the water-line breadth 
is only equal to two chorda of the circular section when the body is 
inclined, and every such chord of a circle is of necessity less than 
its diameter. Meantime, the volume immersed will remain the 
same, the portion of the one cylinder which is emersed by the 
inclination being equal to the portion of the other which becomes 
immersed by it, the point G remaining in the water-line, and at its 
middle at every possible angle of inclination. With the immersed 
volume remaining the same, and the water-line area thus dimin- 
ishing from the very beginning of the inclination, and going on 
diminishing until an angle of 90° from the upright has been reached, 
it follows (for reasons which will appear hereafter) that the radii of 
curvature, B^^M^^^, B^M^ &c. (corresponding to inclinations of 
10**, 20**, &C.) must also continually diminish from the very 
beginning, or, in other words, the pro-metacentre continually 
descends until 90*' of inclination is reached, as shown in the figure. 
At that angle the water-line will have diminished to nothing, and 
will be coincident with the point G, the pro-metacentre will have 
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descended to the centre of the immersed circle; the centre of 
buoyancy also will obviously have travelled to, and have become 
coincident with, that point. The body will therefore float in 
equilibrium, but the equilibrium will be unstable, the centre of 
gravity, G, being poised a half-diameter above the metacentre. But 
while the pro-metacentre has thus been continually falling, and the 
radius of curvature thus continually diminishing, there has always 
been a force of stability at work tending to return the body to its 
original upright position. In the Fig. 17 the righting levers, GZ^^, 
GZ20, &c., are drawn as perpendiculars upon the successive radii of 
curvature of the curve of buoyancy B, Bj^ B^, &c., and a curve of 
stability. Fig. 18, has been constructed from them.* It will be 

Fig.18. 




seen from both figures that the arm of stability or righting lever 
increases up to 40"* of inclination or more, and then diminishes 
gradually until it disappears at PC, so that from the beginning of 
the inclination up to 40** of angle at least we have a steadily 
diminishing radius of curvature, and a steadily increasing amount 
of righting force. 

Something like a ship-shape may be given to this body (Fig. 
17) by supposing it to be furnished with a flat bottom, and decked 
over at the top, as indicated in Fig. 19. This will, of course, have 

Fig. 19. 




the effect of disturbing some of the symmetries and other condi- 
*The dotted line in this figure relates to Fig. 19, as will be presently seen. 
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tions of the previous ease, and of somewhat diminishing the 
stability at every point, as indicated by the light dotted line in 
Fig. 18, but the same essential characteristic of the pro-metacentre 
falling while the stability increases will still be preserved. 

From what has gone before, it will be seen that it is our desire 
— ^and for very good reasons — ^to limit the application of the word 
" metacentre" to those points which are really metacentres, and are 
therefore situated in the upright axis of equilibrium, and have 
relation to small inclinations only. We retain the term " meta- 
centric" as descriptive of the locus of " pro-metacentres," and as the 
evolute of the curve of buoyancy, but only as such, and not as 
implying that, for a given draught of water there is, or can be, 
more than one '' metacentre." This metacentrie has sometimes been 
spoken of as a '' curve of metacentres,** and as a " metacentric curve;'* 
the former it is not; to the latter we can hardly object, because if 
it be a curve, and be designated the '* metacentric," it can hardly 
be considered wrong, or even irregular, to speak of it as a meta- 
centric curve. It will be well, however, to avoid this term as much 
as possible in this connection, becausa, as we shall see hereafter, 
there is another curve in common use which is, strictly speaking, 
a '' curve of metacentres," and which has also been sometimes called 
the metacentric curve, but which is really a curVe constructed by 
means of true metaoentreSi for a series of upright positions at 
different draughts of water. Although this latter curve, as we 
shall hereafter see, is artificially constructed, it is a curve of meta- 
centres, and has therefore been called a metacentric curve, although 
a wholly different thing from the '^ metacentric." If the last-named 
term be employed to indicate the locus of the pro-metacentres, and 
the other curve (which implies different draughts of water) be 
always called the " curve of metacentres,'^ much confusion may be 
avoided. 
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CHAPTER III. 

Further Conditions of Stability of Square Prisms— Relation of Loci of Centres of 
Buoyancy and of Pro-Metacentres to Stability— Relation of Height of Centre 
of Gravity to Stability — Determination of Position of Metacentres and 
Pro-Metacentres — Shift of Centre of Gravity— Expression for the Height of 
Metaoentre above Centre of Buoyancy — Expression for the Height of Pro- 
Metacentre above Centre of Buoyancy— Remarks of Professor Elgar and Mr. 
W. John— " SurfBUJe StabiUty"— French Method of Treating Stability- 
Description thereof by Mons. Emile L. Bertin— Notes by Mons. V. Dsymard 
and Mons. Emile L. Bertin. 



Fig. 20. 



The square prism, Fig. 12, is in unstable equilibrium when floating 
with its diagonals inclined. The symmetry of the body suggests 
that we should place it next with its diagonals nearly upright 

and horizontal respectively, 
as in Fig. 20. The centre of 
buoyancy when GC was up- 
right, was B ; now that G C is 
slightly inclined it is at 6, 
and the metacentre M is no'w 
situated above 6, as shown. 
The equilibrium is therefore 
stable in this case. 

As the body was rotated 
from the position shown in 
Fig. 12 to that shown in Fig. 
20, with W L for water-line, 
it passed through an indefinite 
number of intermediate positions, for each of which there was a 
corresponding centre of buoyancy and a corresponding pro-meta- 
centre. These would compose in each case a curve or locus, as we 
have seen. In Fig. 21 are shown the curve of buoyancy, B^, Bg, B3, 
&c., and the metacentric, or curve of pro-metacentres, M^, Mg, M^, 
&c. These curves are not here limited to correspond to an in- 
clination through i^u angle of 46'' only; but are carried on to an 
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extent corresponding to a complete rotation of the prism through 
360^ Regarding the body as upright when in the position shown 
in Fig. 21, with I H central and vertical, B^ is the corresponding 
centre of buoyancy, and M^ the metacentre. As the body inclines 
in the direction indicated by the arrow, the centre of buoyancy 
travels along the curve, 6^ B^, arriving, so to speak, at B^ when the 
diagonal, J E, becomes upright, by which time the pro-metacentre 
(starting from M^) has travelled along its curve, M^M^, and has 
arrived at Mg. Continuing the rotation, the centre of buoyancy 
and the pro-metacentre travel on, arriving at B, and M3 respectively, 
when W L has become upright; and so on as the inclination proceeds 
until the whole rotation has been completed, the centre of buoyancy 
having then passed through the points B^,Be,B0,B7 and Bg, and 

Fig. 21. 




arrived again at Bj, the pro-metacentre having similarly arrived again 
at Mj. The symmetry of the curves thus traced out indicates what 
the symmetry of the prism makes certain beforehand, viz. — that 
the relative positions of the centre of buoyancy and of the pro-ineta- 
centre^ which held when the body was upright, recur whenever the 
sides are horizontal ; and the relative positions which held when the 
body floated in stable equilibrium with a diagonal vertical, recur 
whenever any diagonal becomes vertical. 

With the locus of centres of buoyancy, B^ Bg, &c., and the locus of 
pro-metacentres, M^ Mg* &c., Fig. 21, before him, the reader will easily 
see in what relation these stand to the stability, or righting lever, 
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at any given angle of inclination. Let him join the centre of 
bnojrancy and the pro-metacentre, corresponding to any given angle 
of inclination, by a straight line (prolonging the line if necessary 
till it passes the centre of gravity) and observe on "which side of 
this line the centre of gravity lies. If it lies to the right of this line 
it will tinrn the upper or unimmersed part of the body to the right; 
if it lies to the left of this line it will turn the body in the opposite 
direction. 

It is not, as Bouguer hastily assumed, a question of whether the 
metacentrio rises or falls, but whether the force of buoyancy, acting 
through any given centre of buoyancy, passes the centre of gravity 
on one side of it or on the other. Whenever the forces of gravity 
and buoyancy act in different lines they will produce a turning 
movement, and that will turn the floating body in one way or the 
other, according as they act on one or other side of each other. 
When we are dealing with Tnetacentres (lying in axes of equilibrium 
of course) the stability or instability of the equilibrium is deter- 
mined by the relative heights of the centres of gravity and the 
metacentre; but, when we are dealing with pro-metacentres which 
are not metacentres, and which are nothing more than intersections 
of adjacent verticals through centres of buoyancy, their heights 
relative to the centre of gravity do not usually determine whether 
stability or instability exists, or in any way measure the amount of 
it. This we saw with reference to Fig. 16; it appears also from 
Fig. 22. In this figure, which represents the pro-metacentres, 
centres of buoyancy, and curve of stability of a square prism 
immersed ^ths of its depth, M is the metacentre; Mg the pro-meta- 
centre at an inclination of 5**; M^q the pro-metacentre at 10**; and 
Mi5 and M^ those at IS"" and 20° respectively. The pro-metacentre 
rises above the metacentre as the body is inclined up to 10°, but 
then it falls, and falls rapidly, as the inclination proceeds, lying 
considerably lower than the metacentre at 15°, and descending to 
MjQ at 20°. It is obvious that if the righting force, or arm of 
stability, were proportionate to the height of the pro-metacentre, 
there would be a great felling off in it from 10° onwards, because 
of this rapid descent of the pro-metacentres. The curve of stability 
which is given below the figure shows, however, that if the centre of 
gravity be situated at the centre of form this is by no means the 
case, for the stability goes on increasing up to 20°. This increase 
of stability, as the angle increased, up to 20° would obviously still 
hold, proportionally, if G were either raised or lowered. 
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In SO far as Jmgkt is oonoerned, it is the position of the centre 
of gravity which really does determine the stability at any lai^e 




angla This also will readily be seen from Pig. 22, in which the 
lines joining the centres of buoyancy with their respective pro-meta- 
centres are shown, the ordinates in the curve of stability being the 
perpendicular distances of the point, O, from these lines. If we 
now suppose the centre of gravity to be situated no longer at G 
bnt at G', it is easy to see that we shall get in Q'Z, Q'Z,, Q'Z^^, 
and G^ Z^,,, a new set of stability ordinates, all greater than those 
obtained from G ; and if we suppose the centre of gravity to be 
raised above G, say to G'^, it is clear that we shall obtain another 
set of ordinates, all less than those obtained from G. In fact, the 
magnitude of the ordinates, such as those shown drawn, G' Z, G' Z,, 
bic^ will vary directly as the height of G varies, each ordinate being 
the base of a triangle, the hypothenuse of which is the distance 
between the point G and the point of the upright axis of equili- 
britim, at which it is intersected by the line joining the centre of 
buoyancy and the pro-metacentre (produced if necessary). The ordi- 
nate is positive^ and should be drawn above the base of the curve of 
stability when this joining line lies upon that side of G toward which 
the top of the body is turning; and 7ie^a^t;e, and should be drawn be- 
lorw the base-line when it lies on the opposite side of G. Nothing is 
Bier, therefore, than to construct curves of stability for a prismatic 
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body of this form for any given degree of immersion, and for any given 
position of the centre of gravity, when once the centres of buoyancy 
and pro-metacentres have been determined for the given draught 
of water. In Fig. 23 we have shown a series of such curves (or 




rather half-curves, as they represent inclination one way only), for 
the 25-feet prism immersed 3 feet, as shown in Fig. 22. In Fig. 23 
the dark curve I'epresents the stability (or righting levers) when 
the centre of gravity is at the centre of the body ; the light curves 
Ijang above the dark one represents successive lowerings of the 
centre of gravity, 2 feet each time; and the light curves lying 
below the dark one represent successive raisings of the centre of 
gravity, 2 feet each time. The ordinate corresponding to a given 
angle of inclination increases and decreases by an equal length each 
time, for the reason before stated — viz., that it varies directly with 

the height of the centre of gravity 
measured on the axis of equili- 
brium. 

Before proceeding further with 
the case of square prisms, let us 
consider how the positions of their 
pro-metacentres and metacentres 
may be determined. In Fig. 24, 
W L and W L' are successive 
water-lines, making with each 
other, we will suppose, the very 
small angle 6. B is the centre of buoyancy corresponding to W L, 



JKff.e^. 
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and B' the new one; g is the centre of gravity of the triangle 
W F W, and / that of the triangle. L F L'. F wiU be in the line 
M B, and the two small triangles just mentioned will be equal It is 
easy to find how far B' is from B, because the travel of the centre 
of buoyancy has been caused solely by the emersicm of the small 
triangle on one side, and immersion of the equal triangle on the 
other side. This is equivalent to saying that a triangle of buoy- 
ancy, so to speak, has travelled from the position in which its centre 
of gravity was at ^ to one in which its centre of gravity is at ^, and 
from a well-known proposition of mechanics it follows that the 
area of this triangle multiplied by grgr' is equal to the whole 
immersed area of the body multiplied by B B'.* 

In other words, if i; be the area of the triangle, and V the whole 
immersed area, then 

Vx BB' = v xgg"; 
and, therefore, 

B B' is parallel to ^ ^ (as we just saw in the foot-note), but we need 
not dwell on this here, as the angle is supposed to be exceedingly 
small Later on we shall see that in the case of ships, and for large 
angles of inclination, we shall have to substitute for g ^ the 



* Profeflflor Rankine, in his Applied Medtanics, Btates 
this principle in so concise and neat a form that we are 
induced to give it here. He says— *' Let A B C D (Fig. 
25) be a body of the weight, Wq, whose centre of gravity, 
Go9 IB known. Let the figure of this body be altered by 
transposing a part, whose weight is Wi, from the position 
£ C F to the position F D H, so that the new figure of 
the body is A B H E. Let Gi be the original, and Gs the 
new position of the centre of gravity of the transposed 
parL Then the moment of the body relatively to any axis 
in a plane perpendicular to Gi G3 will be altered by the 
amount Wi . Gi Gs ; and the centre of gravity of the 
whole body will be shifted to G3, in a direction. Go Gs, 
parallel to Gi Gs, and through a distance given by the 
formula 



Fiff.SS, 




G^Oa = Gi G2 



Wo 



If horizontal lines be drawn from Gi and Go in the figure, and perpendiculars be 
dropped upon them from Gs and Gs respectively, meeting them in g^ and g^^ then the 
horiamicU distance through which the centre of gravity is shifted will be given by the 
formula 

Go Oq = Gi g2 -y^-- • 
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distance apart of their perpendicular projectionB upon the new 
water-Una 

Now^ if we take y to represent the half-breadth of the body 
(WF or FL), Fflr and Fgr' will, by a well-known property of 

2 
triangles, each equal -^ y (the angle being very small) ; and, there- 
fore, W L or W U not differing materially from the whole breadth 
measured along the line, g^y 

The area, t;, of one of the triangles will be equal to -^ F L x L L', 

T T ' 

but wT-= tan. e, and, therefore, L L' = F L taa ft 

1 2 

Hence, t; = -^ F L tan. B 

= Y y« tan. ft 

1 4 

"2 y^tan. tfxyy 

Consequently B B' « ^ 



y y»tan. B 



(1.) 



B B' 
But B being very small, ^^ may be taken as equal to tan. 

andBB' = BMtan. e . (2.) 

It follows from equations (1) and (2) that 

It will be seen later on that there is a general expression for the 
height of the metacentre above the centre of buoyancy of a ship in 
the upright position, of which this is a simple form, its simplicity 
being consequent upon the fact that we are here dealing only with 
a square prism, and are assuming that its volume is represented by 
its sectional area.* 



* The general expreflsion to which we refer, and whioh we shall show the reason 
of afterwaids, Is 

2 
3 



BM=— ^ 



/fdx 



The employment of the sign of integration {/) in this expression and in the next 
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On looking over the previous demonstration it will be seen that 
it will hold with perfect accuracy for the height of the intersection 
of the two consecutive verticals through any two consecutive centres 
of buoyancy whatever. For example, if the original water-line 
(Fig. 21) instead of being W L had been W U, and B' M had been 
the original vertical, and the second water-line had been taken at a 
correspondingly greater inclination, the demonstrations would have 
been unaltered, and only the quantities. (^, g^^ &c.) would have 
been different. The expression 

BM = |^ 

would have been precisely of the same form in all such cases, and 
is, therefore, a general expression for the height of the pro- 
metacentre above the centre of buoyancy for the square prism in 
question at all angles of inclination. 

It will be further seen that the form of the body below the 
water-line does not enter into the demonstration, and that the 
demonstration would have been precisely the same if we had taken 
not a square prism, but a prism of any section whatever. Con- 
sequently, the expression given is true for all prismatic bodies, and 
the height' of the metacentre, or of any pro-metacentre, above the 
corresponding centre of buoyancy may be found from the fact that 
it is equal to two-thirds of the cube of the half-breadth of the 
corresponding water-line divided by the whole immersed area of 
the section. 

Some interesting consequences follow from these fibcta First, it 
will be seen that, assmning any given specific gravity for the prism, 
and consequently a given amount of buoyancy (V being then 
constant), the height of the pro-metacentre above the con*esponding 
centre of buoyancy, at any angle of inclination whatever, will be 
directly proportional to the cube of the half -breadth of the body, 
measured at the water-line. Hence, for all positions of the body in 
which the breadth at the water-line is the same, and the displace- 
ment the same, the pro-metacentre and the centre of buoyancy will 
be at equal distances apart Some readers will find it interesting 
and instructive to verify this by examining Fig. 26, in which the 

chapter, need not trouble those readers who are without knowledge of the Integral 
Calculus. It is merely a conventional and simple mode of indicating that a number 
of small elements are to be added together into ooe sum, as will be more fully 
explained hereafter. 
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curves of buoyancy and the curve of pro-metacentres (or the meta- 
centric) are again traced throughout a complete revolution of the 
body. 

It will then be seen that what has just been said is true, not 
only of the cardinal points, so to speak, of the figure (shown already 
in Fig. 21), but also of all equal water-lines. For example: at 

Fig.26. 




angles of 10^ 80°, 100°, 170°, 190°, 260°, 280°, and 350°, Fig. 26, the 
water-lines are all equal, being symmetrical with reference to the 
four sides of the figure; those at 10° and at 350° being evidently in 
immediate symmetrical relation to the side of the prism that is 
lowest in the figure; those at 170° and at 190° being in similar 
relation to the side which is shown at the top, and so on. 

The water-lines at 30°, 60°, 120°, 150°, 210°, 240°, 300°, and 330° 
are all equal, and it will be seen that their pro-metacentres are all at 
equal distances from their respective centres of buoyancy. Other 
like symmetries will suggest themselves to the reader. 
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There are other inferences that may be drawn. For example : 
with the body floating, as shown in Fig. 26, y^ the half-breadth at 
the water-lines remains the same for all depths of immersion, and 

therefore in the value of B M ( viz., 3 ^ I the numerator of the 



("<) 



fraction remains constant for all depths. B M varies therefore in 
this particular case, inversely as V, becoming small as V becomes 
large, and large as V becomes small But V varies directly as the 
depth of immersion, and consequently the height of the metacentre 
ahove the centre of buoyancy varies inversely as the depth of 
immersion or draught of water. As the pro-metacentres all follow 
the same law, it is quite easy in passing from one draught of water 
to another to determine their positions. 

We have already explained that the distances between the 
centres of buoyancy and the corresponding pro-metacentres must not 
he taken as measures of the righting forces or stability. But there 
are symmetrical relations existing between the righting forces 
arising out of the symmetry of the floating body which we are 
considering. One of these is very important Let us suppose in 
Fig. 26 that the body, instead of being only immersed, as there 
shown, to WL, is immersed to the line, WL', marked 180*, which 
is as near to the top of the body as the water-line, W L, shown in 
the figure is to the bottom of the body. If we now suppose the 
body to rotate as before through a complete rotation (360*) it is 
obvious that it will have precisely the same water-lines as before, 
in regular succession as before, only the parts which were before 
emerged will now be immeTBedy and vice versa. They will have, 
therefore, at every angle of inclination, precisely the same centres as 
before (but centres of emersion and vrtimersuyii interchanged), and a 
well-known property of the centre of gravity provides that the 
lines joining the centres of immersion with corresponding centres 
of emersion must all pass through the centre, G. For the sake of 
deamess this is illustrated separately and adapted to other draughts 
of water, in Fig. 27, where W L is the water-line, the body being 
mclined; hV are the centres of the immersed and non-immersed 
parts respectively, mm' the corresponding pro-metacentres, GZ and 
GZ^are perpendiculars drawn from G upon &m and Vmf. Letv 
and v^ be the volumes (represented by the areas, as before) below 
and above W L respectively, or v the immersed and vf the out-of- 
water volume. We will still designate the half of W L by y. We 

3 
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know that bm and b'm' (shown on a larger scale on the side of the 
figure) are parallel, both being perpendicular to W L, and therefore 



FiffJB7. 





the angles^ QbZ and Gb'Z\ are equal. Consequently the right- 
angled triangles, bQZ and b' G Z\ are similar, and G Z is to G Z' as 
G6istoG6'. 

But Gbxv = Gb' X v'; 

and therefore GZ : GZ' ::Qb:Qb' : :^ :v; 

and GZx v = GZ'xt;'. 

In other words, the righting momervts — or rather capsizing moments, 
as they happen here to be— are exactly the same, whether the body 
be immersed to W L, as shown in Fig. 24, or be turned upside down, 
and sunk till it floats at the same water-line — always providing that 
the body be homogeneous. It follows, of course, that the stability 
of the prism would remain unaltei-ed if it were simply sunk to the 
line, W L, provided its centre of gravity still remained in its centre 
of form. Small immersion and small freeboard therefore are atten- 
ded in this case by like conditions of stability. 

Mr. F. Elgar * drew attention to this class of considerations as 
follows f: — ^" Any homogeneous floating body which is symmetrical 
about the three principal axes at the centre of gravity — such as a 
rectangular prism or an ellipsoid — ^will have the same moment of 
stability at equal angles of inclination, whether floating at a light 

* Now Professor Elgar, of Glasgow University. 

t In a letter to Tlie Times, published September 1, 1883. 
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draught with a small volume below water, or at a deep draught 
with a similar volume above water. For instance, if a homogeneous 
prism of square cross section, the sides of which section are each five 
feet in length, floats at a draught of water of one foot, it will then 
have precisely the same moment of stability at equal angles of 
inclination^ and consequently the same curve of stability throughout 
as if it were loaded — ^without altering the position of the centre of. 
gravity — ^till it had four feet draught of water and one foot of 
freeboard. From this it follows that in such elementary forms of 
floating bodies as these, lightness of draught has the same efiect 
upon stability as lowness of freeboard, and if a low freeboard is 
unfavourable to stability, so also — ^and precisely to the same extent 
— is a correspondingly light draught of water." 

Mr. W. John, in following up this statement of the case, 
said*: — "The proposition laid down is not confined to a body 
symmetrical about three principal axes at the centre of gravity, but 
applies to all homogeneous floating bodies of irregular form revolving 
about a horizontal axis fixed only in direction. This is easily seen 
in the case of a horizontal prism with any irregular form of vertical 
section. The line joining the centre of gravity of the immersed 
section with the centre of gravity of the section above water passes 
through the centre of gravity of the whole section, and the distances 
from the latter are inversely as the areas; and the moment of 
stability being proportional to the immersed area, multiplied by 
this distance, it will be seen at once geometrically that the moment 
of stability will be exactly the same if the diagram be turned upside 
down and the part before out of water be now considered the 
immersed part." 

We have seen this to be correct. 

Before advancing further, it will be well to point out that, 
although there is no such thing as a measurable righting force, and 
therefore no such thing as stability, apart from a definite weight of 
body, and a definite position of its centre of gravity, yet the fact of 
the position and movements of the centre of buoyancy, and the 
corresponding position and movements of the pro-metacentres, all 
being dependent upon form alone, has induced authors to speak of 
" stability due to form," or *' surface stability," as it has been also 
called. 
Mr, Thearle, in his useful work on Theoretical Naval Ardci- 

* In a Utter to The Times^ published September 5, 1883. 
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tecture, says: — *^ By surface stability is meant that tendency of a 
vessel, when inclined, to return to the upright position, which is due 
to her form, irrespective of the influence due to her centre of gravity 
not coinciding with the centre of buoyancy." 

Mr. Mackrow, in his Naval Architects and ShipbuUders^ Pochet- 
Book, puts the matter more explicitly by saying — ^"The moment 
of statical surface stability is what the righting moment would be, 
supposing the centre of gravity of the ship coincident with the 
centre of buoyancy." 

It is sometimes convenient, as will more plainly appear here^ 
after, thus to separate the actual stability of a ship into two parts, 
one of which is estimated upon the assumption of the centre of 
gravity and centre of buoyancy being coincident, the other part 
being an addition thereto, or subtraction therefrom, according as the 
centre of gravity is situated below or above the centre of buoyancy. 
It is perfectly obvious, however, and must never be forgotten that 
stability measured upon the assumed coincidence of the centre of 
gravity and centre of buoyancy is not in any true sense stability 
due to form only, but stability which is just as much due to gravity 
as any stability is ever due to it Still it is, as we have said, some- 
times convenient to assume the coincidence in question, and calculate 
the stability then existing, and there is no particular reason why this 
should not be called " surface stability," or *' stability due to form,'* 
to distinguish it. It will be seen later on that Mens. V. Daymard, 
of Marseilles, has turned to account this method of arranging 
stability calculations with remarkable originality and success. 

We will give additional fullness to this chapter, and exhibit the 
French view of this doctrine of " stability of form," by translating 
here the remainder of the remarks by Mons. L. Emile Bertin, of Brest, 
part of which were quoted in the last chapter, adding a note 
received* from M. Daymard. M. Bertin goes on to say: — 

** The points of the metacentric evolute (which we here designate 
pro-metacentres) 'play, in the study of stability, B,r6le infinitely less 
important than the metacentres. The only practical advantages 
which one can discover in considering this evolute appear to be the 
two following : In the first place, the directions of the upward 
push of the buoyancy in which the stability is annulled are normals 
to the curve of buoyancy drawn through the centre of gravity, Q, 
and are tangents to the metacentric evolute ; and through the point 

"" October, 18S3. 
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Fig. 28. 



G we can draw the tangents to the metacentric evolute more easily 
and more exactly than we can draw the normcUa to the curve of 
buoyancy. In the seco nd place, the maxima values of the arm or 
lever of stability (/>— a sin. 0) are the normals drawn through G to 
the metacentric evolute ; the evolute indicates therefore the posi- 
tions of the maximum couple of stability, which are not indicated 
by anything in the curve of buoyancy. These two advantages are, 
however, of little value now that it has become the usage to repre- 
sent the couples of stability by a curve traced with rectangular 
co-ordinates, with which we see, still better than on the metacentric 
evolute, the points where the stability becomes nothing, and those 
where it reaches a maximum. 

''An examination of the two processes employed (in France) 
for determining the stability of ships at divers inclinations will 
complete the proof that there can exist no possible doubt re- 
specting the signification of the words ^netacentre and metacentrio 
height. 

** In the geometrical process we calculate, by the aid of quadra- 
tures, the moment j) x H H' of the couple 
of the two wedges, OLL, and OFF,, Fig. 28, 
the one immerged the other emersed, for a 
finite inclination, 6, and put 

^x HH' = Px C,M„sin. 0, 

caUing M the metacentre, which is the point 
already defined. In the experimental pro- 
cess, one obtains, by inclining a small model, 
a series of values of (p—a) sin. corresponding to divers values of 0, 
from zero to about 35 degrees ; one deduces from the initial value 
of (p—a) and from the initial value of p which is known, the value 
of a for the model ; the a of the model is replaced by that of the 
ship, and thus is obtained the couple of the real ship's stability for 
divers values of 0. All this supposes the values of p and those of 
the metacentric heights, p—a, taken on the initial vertical through 
the centre of buoyancy; this shows, at the same time, the practical 
utility of the division of the metacentric height into its two terms, 
p and a. 

" Often one is not content with distinguishing on the vertical 
axis, C G', the two heights, C M and C G, of which the difference is 
the metacentric height (p-^a); it is desired further to distiuguish, 
in the couple of stability P(p— a) sin. 6, the two parts 
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P p sin. ft 
P a sin. 9. 

The first of these moments is called the couple of stabUAty of formy 
and the second, which would be a capsizing couple, is called the 
stability ofweigkL There is nothing in this which is inexact in 
itself, but there may result &om it the false impression that there 
exist two sorts of stability, the one of form, the other of weight 
which are not of the same nature. There is a celebrated theorem 
of David Bernoulli, relative to the equilibrium of a ship on waves, 
which attributes to these two sorts of stability properties wholly 
difierent, and from which Mr. Froude intuitively set the theory of 
rolling free. Such notions of stability of form and of stability of 
weight are definitely set aside. If we experience the need of giving 
particular names to Pp sin. 9, and to p sin. 0, we can call them the 
couple of geometric stability and the arm of the lever of geometric 
stability. 

" The rules and usages which I have just described so summarily 
are doubtless not perfect. We can easily imagine more general and 
more scientific representations of stability than those furnished by 
metacentres. But these rules, very little modified since Bouguer, 
have the advantage of being sanctioned by long practice ; they are 
understood in the same sense by all those who employ them, and in 
these conditions certainly cannot lead to any error." 

The interesting note from M. Daymard, of Marseilles, bears upon 
the question of complementary measures of stability, and was sug- 
gested by the correspondence previously quoted respecting the 
relations between the stabilities of a given ship at light draught and 
with small freeboard, and is to the following efiect. M. Daymard 
says*; — 

" There are for any ship whatever, and for every floating body 
which possesses a longitudinal axis of sjrmmetry, four positions, 
viz. : Nos. 1, 2, 3, and 4, Fig. 29, inclined at the angles, d, 180'' — 6, 
180*^ + 0, and 360° - 6, in which the areas of flotation are of 
exactly the same form, and of which the immersed volumes are 
alternately complementary ; v and V — v, V being the total volume. 
To each of these immersed volumes, v and V — v, correspond two 
positions of the ship with its axis vertical, the one upright, the 



* The Bubetanoe of this note haa, since this was written, been appended by 
M. Daymard to his Paper read (April, 1884) at t}ie Institution of Nava} Architects. 
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other reversed^ or bottom upwards, as Nos. 5, 6, 7, and 8, Fig. 29. 
There exists a simple relation between the arm of the lever and 
the moments of stability corresponding to the positions, Nos. 1, 2, 




3^ and 4." M. Daymard proceeds to deduce these relations in his 
note, but as in doing so he makes reference to the notation employed 
in his beautiful system of calculating stability, which we shall here- 

Fig.SO, 




aAer consider, we will here briefly indicate in our own words his 
mode of procedure, observing that we may for the present purpose 
regard the bodies spoken of as of prismatic form. TaJke, for example, 
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the case illustrated in diagram Nos. 1 and 2, and let d^, d,, Fig. 30, 
be the distances from the centre, O, of the whole volume, Y, of the 
respective centres of buoyancy, C^, Cg, of the upright displacements, 
V and V — v. Let B^, E^ be the corresponding centres of buoyancy 
when the ship is reversed with like displacements, then we shall 
have 

Cj = dj 

C^ = cig 

V 

Now let l^ and l^ be the levers of stability corresponding to the 
positions, Nos. 1 and 2 in Fig. 29, and we shall have, as may be 
the more readily seen if Fig. 24 and its descriptive text are 
referred to, 

and if we call m^ and m^ the corresponding moments, we shall have 

THg = [V dg + V (di — d^)] sin. d — ?i v 

= [V dg + V (dj — d^] sin. — m^. 

If in the second case we require the righting lever and the moment 
for placing the body in the reversed position, as in diagram No. 8, 
we have, calling these V^ and m'g, respectively. 

In these expressions it has been assumed that the centre of gravity 
is always coincident with the centre of buoyancy, and consequently 
variable. If Q be a fixed centre of gravity, a, its height above C^ 
and a\ its height above Cg, we shall have d^ — a = (ij — a = dj — a' 
«= G O, which we may call P, When the following expressioDs 
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will hold calling the anns of the righting levers, 6^ and B,, and 
the moments, M^ Mg. 

1st case : Volume t^, inclination 6, for restoring the body to the 
upright position, No. 5, 

Bi = ?! — a sin. 6 
Mj = Zj v — a t; sin. 6. 

2nd case : Volume V — t;, inclination 180"* — d, for restoring the 
body to the upright position, No. 6, 

Bs = (^ V~-"t; - « ) s^ ^ - ^ Y~ 
Mj =s (dj — a) V sin. 6 — {liV — av sin. 6) 
= V D sin. e - Mj. 

If in the second case we require the arm of the lever, and the 
moment for reaching the reversed position, as in diagram No. 8, 
calling these B", and M", respectively, we shall have 

= -B, 
M'j = ?! v — a V sin. — (rfj — a) V sin. 6 
= Mi- VDsin. 

The equalities, B\ = — B2 ; M', = — Mg, thus found by calculation 
are also self-evident. 

M. Daymard, in resuming, remarks that the effective moments 
of stability in the cases, Nos. 1 and 2, with the fixed centre of 
gravity, are different for the return to the upright positions, but 
as there exists between them the relation, Mj == V D sin. 6 — M^, 
they are in a certain sense complementary. 

V 

* di ^-^ a ifl the distance of the centre of gravity, 6, ficom the centre of 

haojvDcjt El, of the volome, V - v, mearared from the top of the body downwarda* 



Digitized by LjOOQIC 



42 



STABILITY OP SHIPS. 



[chap. IIL 



M. Bertin has pointed out the fact that the expression (given pio- 
viously in this diapter) for the height of the metacentre above 

the centre of buoyancy — ^which is 
the radius of curvature of the 
curve of buoyancy, where that 
curve cuts the upright axis — can 
be found by an independent process 
of reasoning, and in a perfectly 
general form. The reasoning by 
which he proceeds to establish 
this is based upon the following 
elementary property of the circle, 
viz., in a circle, the moment of the 
surface of any segment whatever, 
say A S B, Fig. 31, about its centre, M, is equal to two-thirds of the 
cube of the half -chord, O B, of the segment. Let R be the radius 
of the circle ; y^, the half-chord B ; and z^, the distance M O ; 
then taking M Y and M Z as axes of co-ordinates, and using the 
word " moment " as the equivalent of ** moment of segment^ A S B, 
about the axis M Z,'* we have, 




But we know that 
and therefore 



moment = 2 / yzdz. 

t/2 + 02 = R2; 

ra 

moment =2 j^'R^-^ z^ zdz, 

whence moment = ^.(B? — 2!^) « / 



Applying now this formula to the calculation of stability, if 
the floating body be a cylinder or part of a cylinder, of which the 
immersed portion is represented by its section, A S B, and of which 
G is the centre of gravity, we see immediately that the condition 
of equilibrium is that Q should be immediately below H; and if 
we put V(=ASB) to represent the immersed volume (and its 
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weight likewise) we shall have as the moment of stability for 
any inclination^ great or small, 

V X M G sin. 0. 

Calling C the centre of buoyancy, and putting for M C, p, and for 
QG,a (as is usual in France) this expression.may be written, 

V (p — a) sin. 0. 

But the moment which we previously calculated being equal to 
V/t>, it is evident that we have 

the value arrived at by the usual investigation for stability. 

Passing from the cylindrical floating body to any other having 
the form of any surfece of revolution whatever, of which the axis 
is at M, it is evident that the upward thrust of the buoyancy at 
any angle of inclination will pass through the axis^ the moment of 
stability will be calculated as before, and (if we still call p the 
distance between the centre of buoyancy and the axis M) its 
expression will be 

2 2j^, 
^ "■ 3 S 8 8^ 

the surface of revolution being supposed, for the calculation of the 
moments, decomposed into a series of slices of the constant thick- 
ness, S;^ in each slice the half-ordinate of the water-line breadth 
is y^, and the surface of the transverse section 8. The expression 
for p may be written 

observing that 2^ Sj^ is the immersed volume. 

Finally, " if we consider a floating body of any form whatever," 
says M. Bertin, **and give it infinitely small inclinations, the 
tlumst passes constantly through the centre of curvature of the 
curve of buoyancy, which performs the same part as the axis, M, 
in the two preceding cases. The displacements of the centre of 
buoyancy depend only on the total volume immersed and on the 
form of the water-line plane, the influence of the form of the trans- 
verse sections being neglected, as it may be, for infinitely small 
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angles. The radius of curvature of the curve of buoyancy is 
therefore equal to the radius of the circle, which would form the 
curve of buoyancy of a floating body, of the same area of water-line 
plane and the same immersed volume^ which had the form of a 
solid of revolution. This radius is given by the formula 

2 8, Zjl 
^~3 V 

which is therefore of general application- 

*'To resume," adds M. Bertin, "the metacentre, such as Bouguer 
defined it, is the axis of the floating body of revolution, to which aoy 
other floating body whatever can be assimilated, from the point of 
view of initial stabilUy^ and the height of the metacentre above the 
centre of buoyancy can be directly established by this property." 
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CHAPTER IV. 

Genenl Case : Stability of Body of Irregular Form— Present Treatment thereof purely 
Statical— Effects of Inclination — ^Wedges of Immersion and of Emersion — 
Travel of Centre of Buoyancy— Righting Lever of Stability — Expression for the 
same— Atwood's Fundamental Formula of Statical Stability— Work to be done 
in Calculating a Ship*s Stability— Construction of Curves of Stability— Example 
of a Curve of " Moments " of Stability in Foot-tons— Importance of Observing 
the Scale of Curves of Stability— Curve of B R's— Curve of Sines— Curve 
of Stability represents the Difference between these Curves— Stability due to 
Form at Various Draughts of Water— Mods. V. Daymard's Curves— Metacentric 
Stability— Fundamental Expression for Stability at Evanescent Angle of 
Indinatiour— Expression for Height of Metaoentre above Centre of Buoyancy- 
Moment of Inertia of Ship's Plane of Flotation— Atwood's System of Calculation 
of the *< Wedges" — Several Conditions under which Stability remains 
Unchanged— Atwood's Methods of Equalising the << Wedges "—The late Mr. 
Scott Russell's Method of Treating Stability. 

We now come to consider the general case of a body of irregular 
form, like a ship, and to ascertain what will be the leverages with 
which the weight of the body and the buoyancy of the vrater will 
operate to give motion to the body, presuming it to be inclined 
from its upright position, and then left free. Like Bouguer, and 
Atwood, and Dupin, we shall for the present treat the problem as 
one purely statical, and take account solely of the measures of 
the righting or capsizing forces which we find at work. We shall 
presume, as they do, what is of course not usually or really 
practicable, viz., that the ship or other body, when brought to a 
given angle of inclination, and into a given position which is not 
one of equilibrium, is for the moment, while we estimate the forces 
at work, herself as stationary, and immersed in water that is also 
as stationary, as if the body were floating upright in perfectly 
smooth water, and in undisturbed stable equilibrium. It is on 
this assumption that all the ordinary formulae of statical stability 
are obtained. As a matter of fact, when a ship is inclined at an 
angle at sea, she is usually undeigoing more or less oscillation, 
with her own centre of gravity rising and falling, and has to acquire 
her stability, whatever its amount, from the pressures of water 
which is itself undergoing continual movement. There is no fixed 
position of equilibrium for a ship so circumstanced. This point 
has been very well stated by Mens. L. E. Bertin, who says,* '^rolling 



* See Naval Science, vol. iil page 44, 
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is produced by the alternate variations of the different forces which 
the water exerts on the immersed hulls of ships. In consequence 
of these changes the position of equilibrium of the ship, that is to 
say, the inclination for which the moment of all the external forces 
is zero, undergoes a periodic motion of the nature of the motion 
of a pendulum. By virtue of its moment of inertia the ship 
cannot follow the motion of the position of equilibrium ; it assumes 
round this a proper motion, which would become an ordinary 
pendulous motion if, at a given moment, the position of equilibrium 
remained fixed in a certain direction. In order then to understand 
the phenomenon, we may consider rolling as resulting from the 
superposition of a roU of equilibrium and of a p^^oper rally 

All these matters have to be considered, of course, in any 
exhaustive account of a ship's stability under ordinary conditions 
at sea ; but for the present, as we have said, we shall leave these 
dynamic questions out of consideration, and presuming the condi- 
tions to be statical, and the water in which the body floats to be at 
rest, shall proceed to examine the problem. 

Let Fag. 32 represent a transverse section of a ship, of which 




W L is the line in which the plane of flotation, when the ship is 
upright, is cut by the plane of the paper, the centre of gravity of 
the whole ship being at G, which we will suppose to be either in 
the plane of the paper, or projected perpendicularly upon it. Let B 
similarly represent the centre of buoyancy of the whole ship, or its 
projection. Now, suppose the ship to be inclined through an angle 
of a few degrees, by some external force that acts horizontally, and 
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therefore does not alter the displacement of the ship, and let W L' 
be the new water-line, or the line in which the new plane of flota- 
tion is cut by the plane of the paper. Let S be the point in which 
the two water-lines, W L and W L', intersect each other. The point 
S, may not now be found at the middle point of W L (as it would if 
the angle of inclination were exceedingly small) because of the 
irregular form of the ship. The effect of the inclination has 
obviously been to lift out of the water a wedge-like body enclosed 
between the two planes of flotation, of which body WS W is the 
section, and to submerge on the opposite side of the ship another 
somewhat similar wedge-like body, of which the section is L S L'. 
These wedges, so to speak — commonly known as the wedges of 
emersion and immersion respectively — ^will each be bounded on the 
outside by the outside of the ship, and will therefore usually differ 
in external form, but they will be precisely equal in volume, for 
otherwise the whole displacement of the ship could not remain 
unaltered. They will be of the shape roughly indicated in Fig. 33, 
their size and form varying, of course, with every variation of size 




and form in ships. In most ships the inclined water-line will not 
be symmetrical about a longitudinal axis as the upright water-line 
is, for the obvious reason that the breadths of ships differ above 
and below any given water-line, especially near the ends, and more 
especially near the stem. It is, in fact, as will more clearly appear 
presently, to the irregular and unsymmetrical form of the wedges 
of immersion and emersion that most of the labour and trouble of 
calculating a ship's stability is due. Still, the two planes of flota- 
tion must intersect each other in a longitudinal straight line 
(presuming no change of trim to occur), and of that line we will 
assume S to be the projection on Figure 32. 

During the inclination and the consequent immersion of the 
wedge whose section is LSU and the emersion of the wedge 
WSW, the centre of buoyancy was necessarily changed, and we 
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have already seen (in the last chapter, foot-note, page 29) where it is 
now to be found. It will be situated at a point, B^ Fig. 32, which 
can be determined by the formula 

where V is the whole volume of displacement, v the volume of 
either of the wedges, and gg' the distance between the centres of 
gravity of the wedges. B B' will be parallel to g^. In the inclined 
position of the ship, the buoyancy will now act vertically upwards 
through B'M', and therefore perpendicularly to the new water-line, 
WL', while the weight of the ship acts vertically downwards 
through G, in a line, Q r, parallel to B' M'. From B draw B R, and 
through Q draw GZ, both parallel to W'L', or perpendicular to 
B'M'. 

We are now able to see clearly what will be the righting force 
acting upon the ship. We have only two forces to deal with, viz., 
the weight of the ship acting directly downward through G r, and 
the buoyancy acting directly upward, through B' M". Two parallel 
forces so acting constitute a *' couple," and the effect will here be 
measured by multiplying the weight of the ship into the distance 
GZ. 

At this point let it be observed that M gh and ^ h' be drawn 
perpendicular upon W' L", the distance, h h\ will be the distance 
between the centres of gravity of the wedges of immersion and 
emersion measured along or parallel to the new water-line. 
Similarly, while BB' represents the distance travelled by the 
centre of buoyancy in a direction parallel to gg\BB, represents the 
distance travelled by it parallel to hh' or W L\ In the remainder 
of this investigation, Uierefore, we need no longer consider the 
distances gg'^orB B\ but only the distances h K and B R 

If a be the angle between the two planes of flotation, W L and 
W' L', this will also be the angle B G r, and therefore B r = B Q 
sin. a. 

We now have all the elements of the case before us. 

GZ=:rR = BR-Br=BR-.BG sin.a. 

But BR = ?^^^ 
Therefore, 
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Z = — y B G sin. a. 

This is Atwood's fundamental formula of statical stability. It 
obviously represents only the leverage with which the weight of 
the ship acts; to get the inoment of stability, the value of Q Z must 
be multiplied by the weight of the ship. 

We saw in a former chapter that French naval architects usually 
call the height B M', p\ and the weight B Q, a; and putting 9 for 
the angle of inclination, they write the equation of stability thus: 

M = P (p - a) sin. 0; 

where M is the "moment" of stability, and P the upward pressure 
of the fluid. M is of course equal to W x G Z, and the above 
equation is equivalent to Atwood's formula just given, p sin. being 

the equivalent of — ^ — 

We now clearly see what has to be done in calculating a ship's 
stability at a given angle of inclination. We have to ascertain the 
volume of wedges of immersion and emersion, and take care that 
they are equal. If they do not come out equal at the first attempt^ 
they must be made so by a process to be described hereafter. 
Being made equal, the moment of each wedge about the point S 
has to be ascertained, and the two moments have then to be added 
together, because, still calling v the volume of the wedge, we have 

V X Ith' = t;(/tS + SA.'), 

and it is convenient to calculate h S and S K separately. We also 
require to know the total volume, V, or the displacement, and the 
positions of the upright centre of buoyancy, B, and of the centre of 
gravity, G. Without each and all of these particulars, Atwood's 
formula cannot be applied; with them, the statical stability at 
any angle can be obtained with certainty and accuracy. 

What has thus far been said will not enable a reader to make 
calculations of stability, but it will enable him to understand in 
what manner curves of stability are constructed, and what it is 
that they really represent. The common curve of stability re- 
presents nothing more than the lengths of G Z (or of its products 
when multiplied by the weight of the ship), obtained, by such 
calculations as have been indicated, or otherwise, at various angles 

4 
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of inclination, and thence inferred for all intermediate angles, by 
the common process of setting up the calculated G Z's as ordinates 
along a line representing angles of inclination, and drawing a 
curve through the extremities of these ordinates. This curve of 
G Z's will equally well represent the curve of moments of stability, 
if the scale be altered accordingly. 

For example, Fig. 34 is the curve of stability of a mail steamer, 
having at the time for which it was calculated a displacement of 



fiU,OO0FLT<nu 




nbout 8,000 tons. It is in this case a curve of Trioments of stability, 
as will be seen on looking at the scale on the left of the figure 
which represents foot-tons, but the curve would be precisely the 
same if it represented leverages, or G Z's, only the ordinates would 
have to be read on a scale 8,000 times greater than that represented. 
The scale as shown represents 16,000 foot-tons for each inch of 
ordinate. If treated as a scale of GZ's each inch of ordinate 
would therefore represent 2 feet (VVx^^) of length of righting lever. 
In constructing this curve the length of GZ was found for a 
few specific angles of inclination, and multiplied by 8,000, a point 
on the curve being thus obtained for each such angle. A sufficient 
number of these points to fix the form of the curve being deter- 
mined, the curve was then passed through them, and, that done, 
the stability at any intermediate angle could be measured by 
measuring the ordinate to the curve at the corresponding angle. 

In examining or employing such curves one must be careful 
to observe ^^the scale upon which the angles of inclination are 
set off along the base, otherwise very false impressions may be 
formed. No fixed relation at present exists between the scale 
adopted for angles along the base, and the scale adopted for 
either "moments" or "levers'' of stability in setting up the 
ordinates. It may, therefore, happen that curves of stability 
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constructed on scales relatively very different, may come together 
under consideration, and should the scales of ordinates happen to 
be alike or nearly alike, while the 
scales of abscisssB (angles of inclination), 
differmaterially, a hasty view of them 
may lead to serious misconceptions. 
To illustrate this we give in Fig. 35 the 
same curve of stability as is shown in 
Fig. 34, with the ordinates on the same 
scale, but with the scale of abscissae 
reduced to one-third of what it there 
is. For all purposes of measurement 
and careful comparison these curves 
are precisely the same; but any one 
looking at them, and not observing their differences of scale, 
might regard them as signifying very different amounts of stability. 
There is, however, as has been said, no difference between them. 
If we look again at the fundamental formula — 




0' to' 20* 30' 40' 80' 



GZ = 



V X hK 



B G sin. a, 



we shall see that its value 'must ordinarily vary not only with 
every change of inclination, but with every change in the displace- 
ment and draught of water, and with every change in the position 
of the centre of gravity. 

As regards changes of inclination it is obvious that in a given 
ship V and hK will both vary as the angle a varies, because the 
magnitude and form of the wedges must change with the angle. 

As regards changes of displacement and draught of water, B, 
and therefore B G, must vary, and v and h K will also vary. 

As regards changes in the position of the centre of gravity, G, 
these affect only the value of the second part of the formula, viz., 
B G sin. a. This fact has suggested the device refeiTcd to in the 
last chapter, of imagining the centre of gravity, G, to be coincident 
with the centre of buoyancy, B, and getting out the value of G Z 
(which then becomes BR) on that supposition, and calling the 
value so obtained " surface stability," or " stability of form,'' or 
" stability due to form." We have already said, and it will now be 
clearly seen, that although the value of B E is independent of the 
position of the centre of gi-avity, it can only be called the arm of 
the ttabUity couple, or regarded as the lever of stability^ on the 
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supposition that G is coincident with B, and therefore gravity, and 
noi form alone, enters jast as much into this measure of stability as 
into any other. At the same time, it is quite obvious that by the 
device of assuming O to be situated at B, and treating the length of 
B R as the measure of " form stability" at a given angle, you obtain 
a quantity which leaves the position of G out of consideration for 
the time being, and depends on the geometrical form and dimensions 
of the ship, and from this you can at once obtain the value of 6Z 
for any and every position of G by subtracting B G sin. a from it, 
or by adding B G sin. a to it, should G fall below B ; for it will 
be evident from our inspection of Fig. 32 that if G should fall 
below B, GZ would be greater than BR by the quantity BG 
sin. a. 

One method, therefore, of constructing a curve of stability would 
be that of ascertaining the values of B R for successive angles of 
inclination, and constructing a curve with these values for ordinates, 
then (presuming G to be above B, as it usually is) setting off another 
curve of which the ordinates are the sines of the corresponding 
angles multiplied in each case by BG. The differences between 
the ordinates of these curves would furnish another set of 
ordinates, which would represent those of the ordinary curve of 
stability. 

Fig. 3G illustrates this mode of procedure, A B being the curve 
of which each ordinate is the B R of the corresponding angle ; C D, 



toFetl 



^ ^ Fig^G. 




the curve of which the ordinates are B G, sin. a at each point ; and 
E F the curve of stability, the ordinates of E F being equal 
to the difference between the ordinates of A B and C D at- each 
point 

The ordinary curve of stability is applicable only to one given 
draught of water, and one corresponding displacement for a given 
ship, and to one definite position only of her centre of gravity; we 



Digitized by 



Google 



CHAP. IV.] 



CURVES OF SINES. 



53 



have now seen that it can have a more extended character given to 
it by making it a curve of B B's, instead of a curve of G Z's so to 
speak, because in this latter form it can be made directly available 
for all conditions of stowage in the ship, i.e., for all possible heights 
of centre of gravity, care being taken to reduce it from a curve of 
B R's to a curve of GZ*s, when the position of the centre of gravity 
becomes known, by cutting off from its ordinates at every part a 
length equal to B G x sine of angle of inclination. 

Instead of proceeding, as is indicated in Fig. 36, the process may 
be conducted as is indicated in Fig. 37, in which A B is the curve 




»• to* M* 
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of B R's as before, but the ordinates of the curve of sines are set 
down from this curve of B R's, and a new curve is drawn through 
the points so obtained, this new curve, EF, being the ordinary 
curve of stability as in Fig. 36. 

However the curve of stability may be obtained, it is obvious 
that if extended over a sufficient angle, it furnishes an exhaustive 
record of the stability, under the condition, that all the quantities 
given in the fundamental formula are known and remain unaltered. 
It also appears from what has just before been explained, that if 
the curve of B R's be constructed — which is the so-called curve of 
** surface stability,** or curve of "stability of form" — it may be 
made available for indicating the limits within which the stability 
at any given angle of inclination must lie, provided the limits 
within which the centre of gravity, G, lies are known. For from 
the curve, A B, Fig. 37, can be set down two sets of points, one 
set corresponding to BG sin. a, when G is at its highest limit, 
and the other set corresponding to B G sin. a, when G is at its 
lowest limit; and if curves be passed through these two sets of 
points, the lower of the two (that nearest the base) will represent 
the least stability at every point which the vessel can have at the 
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given immersion, and the upper curve will represent the greatest 
stability at every point, which she can have at that immersion. 

Next, we have to consider cases in which the immersion varies, 
whether from change of loading, consumption of fuel and stores, 
or any other cause ; we shall here have our fundamental expression, 

G Z = — ^ B G sm. a, 



undergoing changes of value from a cause which thus far we have 
not much considered, namely, the change of V or of the displace- 
ment. With V, V and h K will also usually change, from point to 
point, and so will the distance B G* For every given immersion, 
however, curves of stability can be constructed in accordance with 
either of the methods which have just before been described, and a 
very complete record of the stability may therefore be obtained 
for all possible conditions. It is manifest that if we calculate 
curves of B R*s or curves of stability of form, for the greatest 
immersion contemplated, for the least immersion, and for a few 
intermediate displacements, and apply the method previously set 
forth for obtaining the maximum and minimum curves of actual 
stability at each of these immersions, we shall thus put ourselves 
into possession of all, or nearly all, the information which can be 
required concerning the statical stability of a given ship. The 
stability of a ship which has undergone injury, and become more or 
less water-logged, is deferred for special consideration hereafter. 

A little reflection will show that as the " stability due to form " 
can be obtained for all degrees of displacement, and for all angles 
of inclination, without taking the actual position of a ship's centre 
of gravity into account, something more than we have yet con- 
sidered may be done in the way of grouping the measures of her 
stability. For instance, it is perfectly practicable to select two 
extremes of displacement, one due to the weight at launching, 
and the other due to the greatest loaded weight, and also a certain 
number of intermediate displacements, and for each of these to 
calculate the position of the centre of buoyancy with the ship 
upright, and the length of B R at the given angles of inclination. 
Through the centre of buoyancy for any one of the given displace- 
ments, a line may be drawn at the requisite inclination to the 
horizontal, and equal in length to the calculated B R, and by 
repeating this process the BB's may be obtained for various dis- 
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placements and inclinations. Curves drawn through the extremities 
of the lines so obtained, will furnish a 
ready means of obtaining the lengths of 
B R for all intermediate draughts of 
water at corresponding angles. This is 
illustrated in Fig. 38. B, B' are centres 
of buoyancy, corresponding to the load 
draught and light draught respectively ; 
BRj, BRg, BR3, BR^ are the BR's 
as calculated for each given angle of 
inclination at load draught, and applied 
as previously described ; B' R'p B R'^, 
B'R'3, B'R'^ are the respective BR's 
for light draught Other points upon 
Rj R\, Rg R'g, &c, may be similarly ob- 
tained for intermediate draughts of 
water, and the curves, RiR'i, RgRV 
Rj R'3, R4 R'4, be drawn. They will evi- 
dently be in each case the locus of the feet of perpendiculars from 
the upright positions of the centre of buoyancy at different draughts 
of water upon the verticals through the centre of buoyancy when 
the ship is inclined at the given angle, and the length of B R for 
any position of the centre of buoyancy comprised between B and B', 
and for either of the given inclinations, may be readily ascertained 
by drawing a line through the centre of buoyancy at the given 
inclination until it meets the curve corresponding to that inclination. 
But this extension of the subject we shall not pursue until we 
come to consider the more advanced stages of the science of stability, 
and more especially the system of M. Dayiritird, who grounds his 
exhaustive process of calculation upon such curves as those just 
explained. 

We must now turn for a time to the question of what is known 
as '* metacentric stability/' Referring back to Fig. 32, page 46, let us 
suppose the angle of inclination, W S W, and therefore B M' R to be so 
very small that W and W almost coincide, and M' becomes the meta- 
centre. The point, S, may then be regarded as situated at the 
middle point of WL, or of WU. The sectional area of either 



wedge wiU be 



S L X L L' 



and 



(as L L' = L S X sin. a) 
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this will equal ^ LS'^ sin. a. hK may be taken as equal to 

2 4 

2x«LS = ^LS, and, therefore, if v' be the sectional area of the 

wedge of immersion, we have 

4 1 

v' X A/t' = ^ L S X 5 LS* sin. a 

= ^ L S^ sin. a. 
o 

But obviously the sectional area, v\ cannot represent v, for that is 
the volume of the whole varying wedge of immersion extending 
right fore and aft the ship. To represent this, we will suppose the 
fore and aft length of this wedge to be represented by x^ and 
imagine this to be divided into an indefinite number of short pieces 
each of a length, dx, and then the quantity above given, if mul- 

2 
tiplied by da5 (or ^ L S' sin. a x dx), will be the value of v x hh' 

for one of these very short lengths of the wedge ; and its value for 
every other such short length will be represented by a similar 
expression, in which, however, L S must be supposed to alter as the 
half-breadth of the ship at the water-line alters. Bringing the 
integral calculus to our aid, as a convenient means of summing up 
all these little quantities into one, we shall thus get 

2 r 

V X hit = -^ I LS'*^ sin. a dx, 

and it will follow that 

^ rz 2 /* L S^ sin. a ^ -or^ • 
GZ = ^j ^ — dx — BG sin. a. 

Which is substantially Atwood's fundamental expression for the 
stability of a ship at an evanescent angle of inclination. Putting 
y = the half-breadth at the water-line, and for the very small 
angle (instead of a), the above expression takes the well-known 
form. 



«-=i/ 



^^-sin. e-BGsin. a 



If in this we put B G = 0, which is equivalent to making G 
coincident with B, we shall have 
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GZ = BR = BM sin. = | / ^y" ^'^ ®' 
or 

which is the geoeral expression for the height of the metacentre, M, 
above the centre of buoyancy, B, and is identical with the expression 
given in the last chapter. 

The result here arrived at is clearly independent of the position 
of the centre of gravity, and expresses the geometrical relation 
between the metacentre and the centre of buoyancy. A demonstra- 
tion, conducted on the lines of the foregoing, but leaving the position 
of the centre of gravity altc^ether out of the question, would bring 
us to precisely the same expression for the distance of the centre of 
buoyancy firom the corresponding pro-metacentre, or, in other words, 
for the radius of curvature of the curve of buoyancy at the point, 
viz. : 

where y would be the half-breadth of the corresponding water- 
line. 

The height of a ship's metacentre, and of any pro-metacentre, above 
her corresponding centre of buoyancy is thus seen, as we saw to be 
the case with prismatic bodies, to depend solely on her water-lino 
breadths, her length, and her volume immersed, or displacement. 
It will also be seen that as her breadth at every point enters into 
the expression in its third power, or is multiplied by itself twice 
over, Uie bi-eadth of the ship — not her breadth amidships only, but 
her breadth at each point all along her length — ^has very much to 
do with her metacentric stability, or stability at and near the 
upright position. 

As the value just given for the height of the metacentre above 
the centre of buoyancy is in part identical with the Moment of 
Inertia of the water-line area (or area of the plane of flotation), and 
SIS the moment of inertia of this area is therefore frequently spoken 
of as an essential element of a ship's stability, it is desirable here 
(for the convenience of some of our readers) to briefly explain what 
is meant. Let Fig. 39 represent the area of a ship's water-line 
section, and let pqra be a very small rectangular portion thereof, 
the length of which pq or rs s: dx. Let us take an extremely 
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narrow strip of this, parallel to the axis, A B, whose distance from 
A B is 2^ and whose breadth 13 dy. Now the moment of inertia of a 
body being the sum of the products obtained by multiplying the 




mass of each of its particles by the square of its distance from the 
given axis, we shall have (dealing with areas only in lieu of masses 
and therefore neglecting weight) that the moment of inertia about 
AB of the strip, whose length is dx and whose breadth is dy, 
wiU be 

dxx dy X y^ 

and the expression for the moment of inertia of the whole water- 
line area becomes 



/ y^ dx. 



This is identical with the numerator of the fraction representing the 
height, B M, and therefore we may write the equation for the height 
of the metrecentre thus — 



BM = 



moment of inertia of water-line area 



volume of displacement 



When we have to deal with large inclinations we must revert to 
Atwood's main formula, 

vxhhf 



QZ = 



— B G sin. a. 



In applying this to a ship, the displacement (V) and the positions 
of the centres of gravity and buoyancy (which are separated by the 
distance, B G) have to be either known or calculated ; and B G sin. a 
is of course known for any given value of a. The quantities, Afc' 
and V are what have to be found in order to complete the known 
terms of the expression. 

The manner in which Atwood deals with this part of the subject 
)s 1^ follows : — The object, of course, is to find by actual measure- 
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ment and calculation the solid contents of the wedges immersed and 
emeised on opposite sides of the ship throughout its length, and the 
distance apart of their centres of gravity. A small portion of these 
wedges comprised between two transverse planes, W'WL'L and 
vfwV I, is shown in Fig. 40. The planes are only a few feet apart 




represented byXaj=:Wi^ = L?. From the drawings of the ship 
the areas of XLL' (embracing the segment bounded by the line 
representing the curved side of the ship) and of xlV can be calcu- 
lated, and the mean of these two areas multiplied by the thickness, 
X a?, will give the solid contents of as much of the depressed or 
immersed wedge (viz., a portion, X a;, in length) as is shown in the 
figure. The aggregate of all such wedges, calculated so as to 
comprise the whole length of the ship, will be the solid contents 
of the whole immersed wedge. The solid content of the opposite 
or emersed wedge must be similarly calculated, and should be equal 
to that of the immersed wedge. If the two be found unequal, the 
second water-line must be raised or lowered, and the calculations 
repeated until an equality between the immersed and emersed 
wedges is established. The centres of gravity of these wedges are 
similarly obtained. 

It follows from what has gone before that the stability of a 
ship at any given angle of inclination will remain the same all the 
time the displacement, the distance apart of the centres of gravity 
and buoyancy, and the form and magnitude of the wedges of 
immersion and emersion remain unchanged. The form of the 
vessel below these wedges may be altered in any way, and to any 
extent, without changing the value of G Z, subject to the condition 
that the total displacement and the distance apaii: of the centres of 
gravity and buoyancy remain unaltered. 

Bat other variations may follow without changing the stability. 
It is obvious that the ship's sides, which bound the wedges of im- 
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mersion and emersion, may undergo any changes of form which are 
compatible with the equal volumes of the wedges, and equal dis- 
tances apart of their centres of gravity ; in other words, compatible 
with h K and v remaining unchanged in amount. If we turn again 
for a time to the case of prismatic bodies (for simplicity's sake), in 
which we can take the sectional areas to represent the volumes, 
it will be obvious that h h! and v will be the same in two bodies, 
of which one has the sides spreading outward above the water, but 
is vertical below the water-line (as in Fig. 41), and the other has 
them vertical above the water-line, and spreading equally below 
water, as would be the case if Fig. 41 were turned upside down. 



Fig4L 



Fig.42. 




The stability of the two bodies will, therefore, be the same if 
V, B G, and the angle of inclination are the same. 

Precisely the same may be said if the sides of the ship, instead 
of spreading outward above and below the water-line respectively, 
closed inwards, as in Fig. 42, and in that figure reversed. The 
stabilities in these two vessels would be alike, other things l)eing 
equal as before. The equations of stability take the same form in all 
four of the above cases ; but with like dimensions the values in the 
cases of Fig. 41 are different from those of case 42. 

Again, if the sides of a body, in the region of emersion and 
immersion, are straight and at equal inclinations throughout, it is 
of no consequence whether they spread outwards above the water, 
as in Fig. 43, or spread outwards as in Fig. 44. 

Atwood, in his " Royal Society " Papers, gives a demonstration 
of each of the foregoing equalities ; he also shows that the equation 
of stability is precisely the same for a body with vertical sides, and 
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Fig.44* 
Fiff.43. 




for a body whose sides form arcs of a conic parabola. The equa- 
tion in both cases is 

G Z = -g^-y ^ (cos. e + sec. 6) - B G sin. 6, 

where b = the breadth at the water-line, and is the angle of 
inclination. 

We have already seen how Atwood proceeded to apply his for- 
mula to an actual ship, by equating the volumes of immersion and 
emersion for the whole length of the ship. But in referring to thivS 
matter before, we simply pointed out that if these wedges did not 
prove to be equal, it was necessary to so shift the new water-line 
as to make them equal. 

He suggests two methods of doing this — ^assuming for the time 
being that, although the sections of the body are of irregular form, 
they are all equal, and the body is prismatic. 

It will presently be seen that both these methods rest upon the 
obvious consideration that, presuming the difference between the vol- 
umes of the wedges of immersion and emersion, which are first found, 
not to be very large — and with usual forms of ships it will not be — 
then it may be taken for granted that, if we divide the difference 
of volume by the area of the inclined water-line plane, we shall get 
the thickness of the slice that must be added tiO, or deducted from, 
the whole immersed volume of the ship in order to make the 
wedges equal. This will readily be seen by aid of what follows. 

Ist Metlvod. — Let W C L (Fig. 45) be the section, W L the water- 
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line with vessel upright ; bisect it in D ; through D draw W D L' 
inclined to W L at the given angle of inclination, ; let the areas of 
the figures, L D L' and W D W (taken out to the ship's side what- 
ever its form), be found, and suppose that the former comes out 
greater than the latter by an amount represented by a. From D 
along D L set off DS, so that 

DS = 



W'L'sin. 0- 

A line, wSl, drawn through S parallel to W 1! will cut off the 
area, LSZ, very nearly equal to the area, WSm Conseqently, 
w I will be the correct water-line. 

2nd Metlwd (same figure). — This method consists in first cal- 
culating the whole immersed area below W L', and if this is found 
unequal to the whole immersed area below WL with the vessel 
upright, and the difference is represented by a, a distance, D S, is 
set off equal to 

a 
W II sin. e ' 

and the line w I drawn as before. 

Coming to actual ships, with gradually changing sections^ it is 
no longer possible to simplify the investigations dealing with one 
section only, even in the determination of the inclined water-line, 
for the midship wedge sections maybe equal and the whole volumes 
nevertheless unequal, or the midship wedge sections may be unequal 
and the whole volumes nevertheless equal. It is the equality of the 
volumes that has to be secured. 

The first object is to fix the point, S, which is, of course, the 
same for all sections, and Atwood, in dealing with the matter, 
divides the vessel into a large number of equidistant cross sections, 
and calculates the areas of the triangles of immersion and emersion 
at every section with an approximate inclined water-line through 
the middle point of the upright water-line, by the rules for approxi- 
mating to the areas of surfaces bounded on one side by a curve. 
From these sectional areas he obtains by similar rules the entire 
volumes of the wedges of immersion and emersion. If these prove 
unequal he obtains a point, S (Fig. 45) by means of the equation 

-^^ _ difference between the wedge volumes. 
"" Ai*ea of approximate water section, x sin, a, 
a being the angle of inclination. 
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The water-line drawn through S is the corrected ona This 
being drawn on each cross section of the ship, the areas of the 
triangles of immersion and emersion are calculated anew, and being 
summed up as before, will give the volumes of the wedges of 



F\g,J^, 




immersion and emersion, which will now be equal. The moments 
of these wedges about the axis through S can also thus be found, 
and their sum (i; x A A") introduced into the equation of stability. 
The whole process is well described by Atwood, in his 1798 Paper, 
in which he practically applies it to an actual ship, employing 34 
vertical sections, at a common interval of 5 feet. 

In his great work, entitled TAe Modem System of Naval Archi- 
tecture, published in 1865, which may be regarded as a monument of 
the ability and labour which the late Mr. J. Scott Russell devoted to 
his profession, and which bears upon every page the impress of his own 
peculiar methods of treating naval science, the question of stability 
is discussed with even more than the author's usual originality 
and abandonment of known and accepted usages. He bases his 
stability investigations and modes of calculation upon the principle 
that the portion of the ship which is situated near the water-line 
may be regarded as the "shoulders" of the ship, tending to keep her 
upright, while the portion below may be regarded as tending to 
upset her. The amount of labour and skill devoted by him to the 
development of this view of stability was enormous, but it cannot 
be said to have secured for it general approbation and adoption. 
Becalling all this labour and skill, and cherishing, as we do, so 
many grateful and pleasant memories of the truly remarkable man 
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who exercised them, it is with regret that we are unable to share 
the satisfaction felt by him with this mode of treating the stability 
of floating bodies, which, indeed, appears to us open to many 
objections. 

In the first place, we are unable to regard the distinction 
between the so-called "shoulders" and the so-called "upsetting" 
part of a ship as sufficiently well defined, or as sufficiently well 
definable. Mr. Scott RusselFs definition was this : " The shoulder 
of a ship is that part which, being under water when the ship leans 
over one way, is then left bare, out of water, when she leans as far 
over the other way." As an example, he takes the case of a ship 
leaning over to one side, far enough to immerse on that side 2 feet 
more of her skin than is immersed when she is upright, and then 
leaning over the other way, far enough to emerae 2 feet of her skin 
which was in the water when she was upright ; then " those 4 feet 
of her skin in each side which lie between these extreme positions 
are what I call the shoulders of the ship." He goes on to say: " If 
we take away from the body of the ship the two shoulders, the 
remainder of the bottom, which never leaves the water, I call the 
* under-water body of the ship,' and this under-water body is the 
part tending to upset her." 

It is obvious that the above " definitions'' are altogether too 
indefinite for any practical purpose. To say nothing of the oversight 
of describing the mere " skin " of the ship as " shoulders," the 
language employed leaves out of consideration altogether the fact 
that for every difierent angle of inclination there is a diflTerent 
volume for the wedges of immersion and emei-sion, and likewise 
leaves out of account all changes depending upon difiTerences of 
draught. It is not surprising, therefore, that later on we find the 
author giving some extension to the previous definitions by saying 
that " we may take the shoulders as meaning those portions of a 
ship which, in heeling contrary ways, rise out of, and sink into, the 
water," although we here come upon the verbal anomaly of describ- 
ing as a " shoulder," which is by its buoyancy to sustain weight, 
the portion of the ship which " rises out of" the water. 

There is no reason to doubt that, notwithstanding this want of 
clearness in the definitions of what is intended — arising, as it is 
easy to see, from the peculiar method of treatment adopted — ^Mr. 
Scott Russell's system of calculation, carefully carried out, gives 
the same results as other methods. But with the progress of time 
the calculations of stability are being so extended, and are now 
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made to comprise so many variations of draught of water and 
angular inclination, that no practical convenience can result from 
describing as shoulders the wedges of immersion and emersion, or 
from employing this somewhat involved and arbitrary mode of 
viewing the matter. The simpler method of treatment seems to be 
the usual one of estimating the lateral movement of the common 
centre of buoyancy, and from this ascertaining the '' couple" of 
stability. 
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CHAPTER V. 

Longitudinal Metooentre— General Ezpreesion for B M— Change of Trim— EfGect ca. 
Stability of Admitting Water into Central Water-tight Compartmenta — 
Consequent Change in Height of Metacentre— Table of Heights of Metaoentrea — 
Inferences therefrom— Efifect when Compartments are not Central— Table of 
Metacentric Heights under this condition— Inferences therefrom— Effect of 
Water-tight Decks. 

HrrflEBTO we have only dealt with the transverse metacentre ; we 
will now give a short account of the longitudinal metacentre, 
observing that the scientific principles underlying both cases are 
precisely the same. When a vessel is inclined longitudinally, the 
vertical line through the centre of buoyancy in the inclined position 
intersects the vertical through the centre of buoyancy in the up- 
right or initial position in a certain point In the limiting position, 
when the angle of inclination is very small, this point is called the 
longitudinal metacentre. We can, therefore, see that a determina- 
tion of this point is of great service in determining changes of trim, 
caused by shifting the weights already on board a vessel in a fore 
and aft direction, or by putting moderate weights into her, or taking 
them out of her. Referring to Fig. 46, let WL represent the water- 
line of a vessel, B and G her centres of buoyancy and gravity 
respectively, B G M the vertical through these points. Now, 
suppose a weight, w, on board the vessel to be moved forward 
through a distance, d, the water-line now becoming W' L'. Let 
B' and G' be the altered positions of the centres of buoyancy and 
gravity respectively. A vertical through these points will intersect 
the original vertical through B and G in a point, M, which, when 
the angle of inclination is indefinitely small, is the longitudinal 
metacentre for the water-line, WL. Through B draw BR per- 
pendicular to B M. It is evident that BR = B M tan. 0, where 6 
is the angle of inclination of the vessel, also that the wedges, L' P L 
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and WPW are equal, and BR the distance moved through by 
the centre of buoyancy parallel to W L is equal to the horizontal 



FigJiB. 



^ 



^ 



Q' 



distance between the centre^of buoyancy of the wedges, multiplied 

by ye , where V = the volume of either of the wedges, and D = the 

volume of the total displacement, or expressed otherwise — 

T> ^ _ moment of wedges about P 
~" displacement 

rrtu * T> nT X A moment of wedges about P 

Therefore, B M tan. Q = -j-. — = ^ — 7 . 

displacement 

To determine the moment of the wedges about P, which axis 
evidently contains the centre of gravity of the water-plane repre- 

Fig47' 




aented by its trace, W L, referring to Fig. 47, let A B C D and 
A' B' C D' represent sections of one of the wedges made by planes, 
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perpendicular to the water-plane, W L, and to the longitudinal 
vertical plane of the vessel, at a horizontal distance, d x, apart ; the 
vertical distance apart of the two planes at that place being x tan. 0; 
then the volume of the prism intervening between the two planes 
=ADxAA' X AB=xtsjLd x dxxy = xydxtain.6. But xydx 
= the moment of the section about the axis, P F. Supposing 
the wedges to be divided into an infinitely large number of such 
prisms ; then the volume of the wedges would equal the moment of 
the water-line area about the axis, P F, multiplied by tan. 6, and in 
the limiting position, therefore, the volume of the wedges is equal to 
the moment of the water-line area about the axis, P F. Again, the 
moment of each of the small prisms = its volume (xydx tan. 0) x «= 
a^ydx tan. 6 ; and, therefore, the moment of the wedges about the 
axis = the moment of inertia of the water-line area, W L, about the 
same axis multiplied by tan. 0. 

• B M ta ^ _ momentof inertia of water-line area X tan. 6 
' '^ volume of displacement. 

T^ M — P^OPient of inertia" of water-line area 
" volume of displacement. 

In practice, it is usual to obtain the moment of inertia of the 
water-plane with reference to an axis corresponding to the middle 
ordinate, and having obtained this, the necessary modification in 
order to determine the moment of inertia about a parallel axis 
passing through the centre of gravity of the water section is readily 
obtained by deducting from the result the area of the water-plane 
multiplied by the square of the distance of its centre of gravity from 
the axis taken, this process depending upon a well-known property 
of the moment of inertia. 

Having thus determined the height of the longitudinal meta- 
centre above the centre of buoyancy, we may now call attention to 
longitudinal inclinations or changes of trim. In the first place, 
difference of trim signifies the difference of the draughts of water 
at the extremities of a vessel, and the vessel is said to trim by the 
head or stem respectively, as the draught of water there is the 
greatest. Suppose now the trim is changed, by moving a weight 
on board forward or aft through a certain distance, or by other 
means, then the change of trim is the sum of the increase in the 
draught of water at one extremity, and the decrease in the draught 
of water at the other extremity. 
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In Fig. 46 let 6 be the longitudinal inclination as before-men- 
tioned due to change of trim. The change of trim evidently equals 
{ X tan. 6, where I is the length of the water-plane ; and the shift of 
the centre of gravity caused by moving the weight, w, through a 

distance, d, evidently equals -^, 

consequently, Q G' = -^ 
but G G' = G M tan. ft Therefore, tan. = j^ ^^ ; 

and change of trim = I tan. 6 = jy^TQM' 

Supposing we wish to know the moment required to change trim 
1 inch at the water-plane, we have 

J^ _ Ix w X d 
12"" DxGM ^ 

xu r , DxGM 

therefore, wd= j ^ -t^a ' 

and this may be expressed in words as follows : — ^The moment in 
foot-tons required to change the trim 1 inch at the water-line is 
equal to the displacement in tons, multiplied by the height of the 
longitudinal metacentre above the centre of gravity, in feet, divided 
by twelve times the length of the water-line. 

When adding moderate weights to a vessel the change of trim is 
determined in the following manner: — The weight in the first 
instance is supposed to be placed in the vessel directly over the 
centre of gravity of the load-water-plane, which will cause her to 
retain the same trim, but to displace more water, dependent of 
course upon the amount of the weight. The weight may be now 
moved to its required position, and the question simply resolves 
itself into the change of trim when a given weight on board is 
shifted through a certain known distance in a fore or aft direction, 
taking into account, of course, the increased displacement due to the 
weight added. 

When taking moderate weights out of a vessel an operation 
the reverse of that just described is performed, in order to determine 
the change of trim due to such readjustment.* 

* The object of the longitudinal metacentre, and of its use in determining changes 
of trim, was diBcnaaed substantially as in the text, and with somewhat greater fullness, 
in a paper read by Mr. F. K. Barnes, of the Admiralty, at the Institute of Naval 
Arcfaltecta in the year 1864. 
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The stability of a vessel fitted with water-tight compartments, 
and having water admitted to one or more of them by means of 
collision or otherwise, deserves consideration. It will only be 
necessary, however (after what has already been said about 
longitudinal trim), to consider the matter here in its relation to 
transverse stability. There may be several distinct conditions 
set iip : — 

1. A compartment may be totally filled with water which it 
completely encloses. 

2. A compartment may be partially filled by water which it 
completely encloses. 

3. A compartment may have water in it in free communication 
with the sea, and at the sea-level for all inclinations. 

It is evident that in the first of these cases the stability will be 
affected in much the same manner as it would be were the enclosed 
water replaced by a solid body equal in weight, and having its 
centre of gravity in the same place. This is the case of a water- 
ballast compartment being wholly filled with water. If the surface of 
the enclosed water be such as to remain always below the surface 
of the sea during the rolling of the vessel, it is of little consequence 
whether it be wholly enclosed or in communication with the sea, 
the result being equivalent in each case to a corresponding loss of 
displacement. The admission of this water would, however, as will 
be obvious, bring about a change of position in the water-line, the 
centre of buoyancy, and the metacentre, which must be newly 
calculated, if it is desired to ascertain their new positions. 

When, however, as in our 2nd case, a compartment is not fuU, 
and the volume of water within it, although completely enclosed, is 
free to alter its form and position as the vessel rolls, we have a 
wholly different state of things, something more even than a statical 
investigation of the stability at given angles being now necessary. 
This is the case of a vessel with a water-ballast compartment partly 
filled only ; or of a vessel carrying liquid at large in a tank im- 
perfectly filled ; and may be approximated to in some cases by loose 
cargoes of quasi-fluid, grain, &c., badly stowed in bulk. 

But although the complete determination of the change of 
stability induced by a case of this kind involves dynamical con- 
siderations, an indication of its amount, sufficient for most practical 
purposes, may be obtained from statical investigations, which take 
into account the form and position of the free water at various 
angles of inclination of the ship. 
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Mr. F. K. Barnes, of the Admiralty, of whose contributions to 
the science of stability we have so frequently had occasion to speak 
with praise, has dealt with this branch of the question also, and we 
need do little more than go over the ground which he long since 
laid ont.* We may, however, deal somewhat differently from him 
with the details of the investigation. 

Let us consider with him^ in the first place, the case of a central 
compartment being laid open to the sea and filled with water, and 
let us, for simplicity's sake, presume the vessel to be prismatic, and 
of rectangular section. Fig. 48 represents its elevation, W L being 
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its water-line before the vessel is injured, and W L' its water-line 
afterwards. As the weight of the body proper is not altered by the 
admission of the water, the displacement must be the same before 
and after the injury ; from which it follows that the displacement 
of the two end compartments below the line, W L', must be equal 
to the whole displacement below WL, and consequently (as the 
breadth is everywhere the same), if Z be the whole length, V the 
length of the inside compartment, d the depth below W L, and 
d' the depth below W L', we shall have 



d'{l'-l') = dl 



and 



d' =d 



ir^rr 



This, therefore, is the new draught of water. 

The centre of buoyancy before injury is, of course, at one-half 



* See a paper " On Water-Tight Compartmeiits in Ships as Affording Security 
against Foundering,'' in the TrafuacHonB qfthe JngtUute qf Naval ArehUectSf for 1867, 
ToL viiL 
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(/7\ /?' 

^ j from the bottom ; after injury it is -^, and the value 

of d' in terms of d has just been seen. 

If 6 equals the breadth, then before the injuiy the height of 
the metacentre above the centre of buoyancy is 



l'(D' 



ihd ~i2'ar 



after ihe injuiy this height of metacentre becomes 
2„ ,^/6\» 



|('-'o§) 



TFdT-n d~^^^^' 

If we desire to know the height of these metacentres above the 
bottom of the vessel, we must in each case add the half-draught, or 

a, in the first case, and -^ in the second case. 

Mr. Barnes prepared a table of corresponding heights of meta- 
centres which is worth reproduction. In order to adapt it to a 
variety of cases, he assumed the breadth to vary from d, the 
original immersed depth, or draught of water, up to four times that 
amount; and he assumed the length of the central or injured 
compartment to vary from one-hundredth of the whole length to 

one-half of that length, V equalling in succession ^rrg, jg, 7, and 

^. The following is the table slightly modified to suit our nomen- 
clature, and omitting the cases in which V is supposed to he 
j^th part of I, leaving the remaining three cases : — 
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Mr. Barnes infers from this table that in all cases " when the 
breadth is equal to the depth, and to twice the depth, the height 
of the metacentre above the lower edge of the keel is greater after 
the compartment is injured than it was before; and, as already 
stated, we assume that the volume of the iron forming the sides of 
the compartment is equal to zero, and that when the compartment 
is empty the centre of gravity of the ship remains unaltered ; con- 
sequently, also, the stability of the ship is in all these cases greater 
after the compartment is injured than it was before. It follows, 
therefore, that if sufficient freeboard be given to such ships, to 
admit of their immersion being increased to the extent due to the 
volume of any one or more of its compartments, they will be quite 
safe when the said compartments are injured. It also follows that 
ships of the above forms and relative proportions would be lost by 
going down bodily in the water and losing their freeboard, and not 
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from losing their stability and turning over. The same remark is 
practically applicable to the case in which the breadth is equal to 
three times the depth. 

" Where the breadth is equal to four times the depth, the meta- 
centre falls slightly between the limits taken; but it manifestly 
rises again as the bulkheads are placed nearer the extremities of 
the ship. 

" As the breadth increases above this in proportion to the depth, 
the relative depression of the metacentre by injury to the com- 
partments will be increased ; but it must be borne in mind that in 
such cases the metacentre, before injury to the compartments, 
would be exceedingly high." 

The foregoing investigation and remarks assume that the injured 
compartment is exactly central, and that the ship, therefore^ becomes 
additionally inmiersed without change of trim. If this assumption 
be not approximately correct, and if a strict investigation be needed, 
the same general consideration will apply, but the change of trim 
consequent on the admission of the water must be calculated, and 
the resulting change in the area of the water-line must be taken 
into account in the expression for the height of metacentre. In the 
case of the prismatic vessel of rectangular section, it will be obvious 
that any change of longitudmal trim, which does not immerse any 
portion of the top or deck of the vessel, nor emerge any part of 
the bottom, must, with any given displacement, give an increase of 
metacentric height, whether the vessel be uninjured or injured, 
because it must increase the length, and (in this case), therefore, the 
area of the load water-plane. 

The case of a vessel divided into longitudinal water-tight com- 
partments is also considered by Mr. Barnes, who assumes her to 
possess two longitudinal water-tight bulkheads equidistant from 
the sides, say one at a distance, h\ from each side; and, as provision 
is always made for letting water into such compartments, if neces- 
sary, he assumes that the sea is let into both sides of the ship at 
once, the central space between the bulkheads being kept free of 
water. Using the same notation as before, and observing that in 
this case I remains always unaltered, and h only undergoes diminu- 
tion, we shall have 



and 



*^' = **5^r2F' 
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The centre of buoyancy, which before injury is ^ above the bottom, 

/7' 
is after injury ^ , and the value of df we now know. 

The height of the metacentre above the centre of buoyancy, 

1 &* 
which, as we previously saw, is ^o j before injury, becomes after 

injury 



Ibd 



Patting for b', - , this expression becomes 



i'<-D* 



Ibd 

3d \2 vJ 

For the height of the metacentre above the bottom of the vessel, 
we must add the half-draught in each case. 

In this case also Mr. Barnes has tabulated the heights of the 
metacentres for the cases in which b equals d, 2(2, and 4c2 respec- 
tively, and n equals 100, 10, 4, and 2 respectively. We omit as 
before the case otn = 100, and give the others : — 
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In view of this table Mr. Barnes makes the following remarks :— 

** Where the breadth is equal to the depth, the height of the 
metacentre above the bottom of the vessel is greater after the com- 
partments are filled than it was before ; and, since from the supposi- 
tions we have made, the centre of gravity of the ship is unaltered, 
the ship, if stable before the compartments are filled, will be more 
stable after they are filled. 

" When the breadth is equal to twice the draught of water, the 
metacentre descends when the vertical longitudinal bulkhead is veiy 
dose to the ship's side, and it reaches its lowest position when the 
bulkheads are fixed somewhere between one-fourth and one-tenth of 
the breadth from the ship's side. From this position, as the bulk- 
heads are placed nearer to the middle line, the metacentre con- 
tinually rises as they approach the middle line. The same remarks 
apply when the breadth is equal to four times the draught of water; 
but the lowest position of the metacentre will not be reached until 
the bulkheads are relatively much nearer to the middle line than 
when the breadth of the ship is equal to twice the draught of water." 
In lieu of, or in addition to, water-tight bulkheads, water-tight 
decks may be employed for dividing a ship into compartments, and 
this case needs some remark. If a compartment so formed be com- 
pletely filled, without being laid freely open to the sea, the water so 
admitted is approximately equivalent to any equal weight in the 
form of a solid being introduced into the ship, with its centre of 
gravity in the position occupied by the centre of gravity of the 
volume of 'tween-deck water admitted. Presuming that the addi- 
tion of this weight to the ship does not materially change the area 
or form of the water-line plane, then, whether the stability will be 
diminished, unaltered, or increased, depends upon whether the centre 
of gravity of the added weight be above, coincident with, or below 
that of the added displacement.* In the case of water admitted i 

*The above proposition is demonstrated in SUphuHding : Theoretical and 
Praetkalj of which Mr. Barnes was one of the anthers. The substance of the demon- 
stration, which was doubtless due to him, was as follows:— Taking W as the originsl 
weight, w the added weight, a the distance of the centre of gravity of the latter 
above the original centre of buoyancy, and c the centre of gravity of the added dis- 
placement above the centre of buoyancy : then, 6 being the angle of inclination, and 
the usual notation adopted, we shall have for the original value of the righting lever, 
GZ, 

W-BM-sin. ^ - W'BG-sin. 0; 

and fi>r the now value, after the weight, w, is on baard, 

(W -h w) Bj Ml sin. - (W x w)Bi Gj sin. 0. - . (1.) 
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from the sea, its centre of gravity never can be situated above that 
of the added displacement ; and can only be near to it \?hen it 
happens to be admitted above a water-tight deck, jost beneath the 
original water-line of the ship. In all cases, therefore, the admission 
of water sufficient to fill such a 'tween-deck compartment must add 
to the stability, and usually must add considerably to it, the amount 
added being proportional to the size of the compartment and to its 
depth below the waters surfiice. 

NoWy if A be the Tolume of either of the wedges of immersion and emersion in the 
first case, and b the distance between their centres of gravity, and Ai and &i be the 
corresponding Tolmne and distance for the new water-tine ; then 

WxBMsin.e = 6A; 
and 

(W + U7) Bi Ml sin. e =s bi Ai. 
Again, 

BiGi = BG + OGi -BBi; 

(any reader who follows the alignment can make lor himself the diagram, putting Bi a 
little above B, and Gi a tittle above G) ; and therefore, 

(W + w)BiG = W-BG+wBG* +(W + w)GGi - (W + wjBBi. 

But 117 B G + (W + to) G G is the moment of the weights added {w) abont the original 
centre of buoyancy =wa; and (W + to) B Bi is the moment of the additional dis- 
phicement abont the original centre of buoyancy = toe 

Substituting in equation (1.), we have the stabitity of the ship at the new water- 
line^ 

»i6iAi - W-BGsin.a - tr(o-c)sin. e. (2.) 

The stabitity at the first water-line was 

= 6A- WBG8in.e. .... (3.) 

Subtracting (3.) from (2.), we have the difference of stabitity in the two caica 

= 6i Ai - 6 A - w (a - c) sin. 6. - - . (1) 

If we assume that the weight, io, which has been added, is moderate, and, therefore, 
that the form of the water-tine area has not materiaUy changed, and that the same 
may be said of the wedges of immersion and emersion, then bi Ai is practicaUy equal 
to S A; and the difference of stabitity at the two draughts becomes simply 

aa - to (a - c) sin. 9 ; 

and if a =s c, this quantity becomes nothing, and there is no change in the stabitity 
consequent on the introduction of the weight, to. This is the case when the centre of 
gravity of the weight introduced coinddee with the centre of gravity of the displace- 
ment added. If it be above it, a wiU be greater than c, and the stabitity "WiH be 
diminished [by to (a - c) sin. 6], and vice veraa* 

•There is an error at this point In SMpbuiiding: Thtorttiedl wnd AtKtieal— probably a misprint, W 
Mag pot for «. 
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To the case of a 'tween-deck compartment being slightlj injured, 
and the water admitted to it being kept down to a small amount, 
Mr. Barnes gives special consideration, substantially as follows: — In 
Fig. 49 let W L represent the upright water-line of the vessel^ and 
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w I the surfiEice of the free water in the compartment Let G and B 
be the centres of gravity and buoyancy, and M the metacentre of 
the whole ship when upright with the free water on board. Now, 
let the ship have a very small inclination, 6, given to her, and let 
Wj Lp w^ Zp be the new water-planes corresponding to W L and w I, 
and Bj the new centre of buoyancy. The shift of the free water 
from the upright to the inclined position occasions a transfer of the 
common centre of gravity of the ship and free water to the point Op 
along a line nearly parallel to B B^. 

Let Mj_ be the intersection of the vertical through the point, Gp 
with the original vertical, B M. Now, since the angle of inclination 
is very small, 



BM = 






where y is the half-breadth of the water-line and D is the displace- 
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meni If the process of investigation which led to this expression be 
applied to the case of the free water it will be found that 



j yldc 



where y^ is the half -breadth of the free water surface; and it is 
evident that when GM^ is less than GM (or when ^ j ^ is less 

than ^ / ^-^ B G), the ship will float safely ; if G Mj is greater 

than GM the ship is unstable; and when GM^ is equal to GM the 
equilibrium is indifferent. 

Taking now the case, already mentioned^ of free water in a eom- 
parfment above a water-tight flat, AC, situated a very short distance 
below the water-line of the vessel, in Fig. 60, let WL represent the 



W 



1 

•_ ^__ 


AT 


J 


T, 


=^i--v--:: -L. 


ri 












water-line of a vessel, V) I the surface of the free water in the com- 
partment under consideration. Let G and B be the centres of 
gravity and buoyancy respectively, and M the metacentre. Let 
fl be the inclination, and B^ the new position of the centre of 
buoyancy. It is evident that if from G a line, GGj, be drawn 
equal and parallel to B B^, that G^ is the new position of the centre 
of gravity of the vessel, because the wedge of water within the 
vessel corresponds exactly with what is known as the wedge of 
immersion of the vessel itself, and the distance between G^ and the 
line, Bj M, — ^in other words, the length, G, P, — multiplied by the 
displacement of the ship, is the moment of the upsetting couple, 

and 

= W X BiGj sin. d = W X BG sin. ft 
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The maximum upsetting force, up to an inclination of 90^ due 
to such water is evidently when the surface of the free water meets 
the water-tight flat at the vessel's side, for in that case the moment 
of inertia of the plane of flotation is the same as that of the free 
water surface ; for any further inclination, the moment of inertia of 
the plane of flotation exceeds that of the surface of the free water, 
and the capsizing force therefore diminishes. The position of equi* 
librium will only be reached after much further inclination. 

From the preceding remarks it will be clear that in such a 
condition as that just described a vessel will not float upright, as we 
have shown that the position is one of instability. 

When a compartment is in free communication with the sea, and 
the surface of the water in it is at the sea level for any inclination, 
this condition evidently has the same effect as if that portion of tiie 
vessel so occupied with water were, so to speak, not part of the 
vessel's volume, and in this case the vessel would have an increased 
immersion in volume equal to the volume of water in the damaged 
compartment, and the centre of buoyancy and metacentre will 
therefore have a new position. 

We may, however, further remark that when the moment of 
inertia of the 8ur£a.ce of the free water on any water-tight flat about 
a longitudinal axis is equal to, or greater than, the moment of inertia 
of the water-plane about its longitudinal axis, provided also that the 
centre of gravity of the vessel is above its centre of buoyancy, the 
upright position of the vessel will be one of instability, and she will 
loll over to an inclination, dependent of course on the quantity of 
water in the compartment, until she arrives at a position of stable 
equilibrium. It must, however, be clearly borne in mind that this 
condition is based on the assumption that the centre of gravity is 
above the centre of buoyancy; if the centre of buoyancy were 
situated above the centre of gravity (which is very unusual in a 
ship), the upright position would be one of stable equilibrium. 
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CHAPTER VI. 

Purpose of " Metacentric Diagrams "—Their Constmction— Association of Metacentrid 
Biafipram with Displacement Carve— Also with Midship Section of Vessel — 
Distinction between Curve of Metacentres and Metacentric— Form of Curve 
of Buoyancy Theoretically Considered— Variety in Form of Curves of Meta- 
centres— Carves of Metacentres and of Buoyancy of some Prismatic Bodies— 
Examples of such Carves for Ships— Capacity and Stowage Diagram— Stability 
of the Captoin~< Stability of a Transatlantic Passenger Steamer— Stability 
of the ^ttsfra^ — Stability of a Kaised Quarter -Deck Steamer — Other 
Examples of Stability Curves— Effect on Stability of Decreased Breadth and of 
Increased Freeboard— Relation of Beam to Stability Illustrated by Case of 
Prism— Further Examples of Stability Curves. 

We have now seen that the height of the metacentre of a given 
ship above her centre of buoyancy, at a given draught of water, can 
be obtained by dividing the moment of inertia of the water-line 
area about the longitudinal middle line by the volume of displace- 
ment In order to ascertain, and to describe graphically, the varia- 
tions which the initial stability of a ship undergoes when her 
draught of water varies, it has become usual to calculate this height 
of the metacentre above the centre of buoyancy for several different 
draughts of water, and thus to get a series of such heights for the 
corresponding water-lines and displacements. Having obtained 
ihese, both the centres of buoyancy and the metacentres are set 
off on a diagram, and a curve is passed through each set of pointa 
It is then assumed (and correctly assumed for ordinary forms of 
ships) that the height of the metacentre above the centre of 
buoyancy may be ascertained at any intermediate draught of water, 
lying within the limits of the calculated points of these curves, by 
simply measuring the vertical distance between the two curves. 
The positions of the centres of gravity, when known, can also be 
indicated in their correct relation to the metacentres and centres of 
buoyancy. 

Such a diagram, known as a '^ Metacentric Diagram " (and first 
constructed, employed, and made public by that able naval architect 
and calculator, Mr. F. E. Barnes, of the Admiralty), is usually 
arranged as shown in Fig. 51. A series of horizontal lines, wl, 
vifVy vi'l\ &c., are drawn at heights representing on some convenient 

6 
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scale the various mean draughts of water at which the positions of 
the metacentres and centres of buoyancy have been calculated. An 
oblique line, op, is drawn across these horizontal water-lines, incUned 
to them at an angle of 45 degrees ; and from the points at which 
this line intersects the respective water-lines are drawn vertical 
lines, upon which are set off, on the same scale as before, the 
distances down of the centres of buoyancy, 6, 6', h'\ &c., below the 
corresponding water-lines, and fix)m these centres of buoyancy are 
set up the corresponding metacentres, m, m', m", &c. A fisiir curve 
passed through all the metacentres so obtained, and another passed 
through all the centres of buoyancy, will respectively be a curve 
or locus of metacentres, and a curve or locus of centres of buoyancy. 
For a '^ metacentric diagram " alone what has been described is 
all that is required ; but it is often found convenient to have the 
scale of displacement represented on the same diagram. For this 
purpose a vertical line is drawn through the intersection of the 
oblique line before-mentioned with the water-line corresponding to 
the load-draught of the ship. From this vertical line are set off, on 
any convenient scale of tons, in a horizontal direction the calculated 
displacements at the draughts represented by the water-lines before 
used ; a fair curve passed through all the points thus obtained is the 



FigSU 




curve of displacement, as shown in Fig. 51. From this complete 
diagram the position of the metacentre can be obtained for any 
given displacement, draught of water, or position of centre of buoy- 
ancy within the given limits ; and in like manneri for any given 
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valae of either of the latter, the other corresponding positions can 
be obtained. 

For example, suppose it is desired to know the metacentric 
height corresponding to a draught of 10 feet, for the vessel whose 
various conditions are represented by Fig. 51; — A line drawn 
parallel to either of the water-lines, from the 10 feet mark qn the 
vertical scale will cut the oblique line at the point, W. A vertical 
line drawn through that point will cut the curve of metacentres 
at M, which will be the required position of metacentre; the same 
vertical will cut the curve of centres of buoyancy at B, which 
will be the position of the centre of buoyancy * corresponding to 
the 10 feet draught, and B M is of course the height of the meta- 
centre above that centre of buoyancy. If the 10 feet water-line be 
continued, it will cut the curve of displacement at D, and a per- 
pendicular dropped from that point on to the scale of tons will 
give the displacement corresponding to that draught of water. 

Although the method just described is the one usually employed 
for arranging metacentric diagrams, there are many others that 
may be adopted according to the object in view when constructing 
them; but, whatever the method employed, the curves recorded 
are essentially the same. For example, it is sometimes found 
convenient, instead of placing the curve of displacements and the 
metacentric diagram in the relative positions shown in Fig. 61, 
to apply them in positions respectively at right angles thereto, 
observing that by constructing the curves, as we have seen, about 
an oblique line inclined at 45"" to the water-lines and verticals, the 
same scale of linear measurements can be employed for measure- 
ments at right angles to each other. It is a mere matter of con- 
venience, therefore, to decide in what relation to each other the 
displacement and metacentric diagrams shall be placed. 

Again, for certain purposes it is convenient to have the curve 
of metacentres shown upon the midship section of the vessel, so 
that her metacentric stability under various conditions of draught 
may be at once clearly seen. This is illustrated by Fig. 62, which 
shows the metacentric curve and that of the centres of buoyancy, 
the lines used in their construction being suppressed, excepting the 
oblique line, which is necessary for defining the positions of the 
centres of buoyancy and metacentres at any given draught of water, 
as indicated by dotted lines. This figure represents the section and 
curves of metacentres and buoyancy for an actual ship about 370 
feet long, and 45 feet broad. W L is her water-line, when fully 



Digitized by LjOOQIC 



84 



STABILITY OF SHIPS. 



[chap. VI. 



equipped for sea, with cargo, coals, and water-ballast on board. 
M and B are respectively the position of the metacentre and centre 
of buoyancy corresponding to this condition; wl ia her water-line, 
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when ready for sea, but without cargo, coals, or ballast on board; 
and m and b are the corresponding metacentre and centre of 
buoyancy respectively. 

In considering such curves it must be most carefully borne in 
mind that the locus of metacentres thus recorded is a wholly 
ditfei'ent locus from that which, following Bouguer, we call the 
metacentriCy that being the locus of pro-mietacentres, all pertaining 
to one given displacement, and this (Figs. 51 and 52) indicating 
merely the rise and fall of the raetaceTUre as the ship's draught 
is changed, she always remaining in the upright position. We here 
see that much confusion is avoided by the introduction of the word 
*'pro-metacentre;" it is no longer necessary to speak of the Tnetacerifric 
as a locus of metacentres^ or a metacentric curve, but as a locus 
of pro-metacentres, the designations, "locus of metacentres" and 
" metacentric curve '* being now strictly confined to such curves as 
that shown in Fig. 61, which are necessarily associated with varying 
displacements. 

The diagram just mentioned presents to us at once the limit to 
which it is possible, at every draught of water within its range, 
to raise the centre of gravity of the ship and its cargo or other 
load, without sacrificing all metacentric stability. The metacentric 
curve furnishes this limit. Let any draught of water whatever, 
comprised within the diagram, Fig. 51, be taken, say that already 
used as an illustration, viz., 10 feet. All the time the centre of 
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gravity is situated below the point M, the ship will possess meta- 
centric stability, and will float in the upright position in smooth 
water. If the centre of gravity should be situated at some point, 
G, above the metacentre, M, then the ship, even in still water, will 
roll either to port or starboard, in search of a position of stable 
equilibrium. When and where she will find one can only be 
ascertained by bringing into use, in some form or other, the 
fundamental formula of stability for larger angles of inclination, viz: 

G Z = — :^ B G sin. a. 

In constructing such curves, although their use is limited within 
certain fixed light and load draughts of water, it is usually desirable 
to calculate points in the curves of buoyancy and metacentres lying 
somewhat beyond these limits, in order to ensure correctness in 
the curves within the required limits; otherwise, unless the number 
of points calculated is unusually large, there is a risk of inaccuracy 
in drawing in the curves through the points obtained. 

The curve of buoyancy for ordinary ships does not depart very 
materially from a straight line, especially between the limits of 
load and light draught. When it does depart, it is usually concave 
to the base-line, but with special forms of vessels it is sometimes 
convex to that line, or concave upwards. It is easy to see why, all 
this should be so. For any body of regular form, say a prismatic 
body of rectangular, or triangular, or parabolic section,* the centre 
of buoyancy at any given draught of water will be at a fixed 
proportion of the draught of water below the water's surface. 
With a rectangular section it will always be at one-half the depth, 
of course; with a triangular, at one-third; with a parabolic, at two- 
iiflhs, and so forth. The respective loci of all such centres of 
buoyancy, therefore, constructed as we have described, must of 
necessity, in each case, be a straight line. It is also easy to see 
that the straight line, representing the locus of centres of buoyancy 
for a rectangular section, must lie at a less inclination to the base 
{ijR.y to the horizontal) than a line representing the locus of such 
centres for a parabolic section, and this again at a less inclination 
than a line representing the locus of such centres for a triangular 
section, because the angle of inclination is in these cases that of 

* Although ships are not of prismatic or paraUel form, we may calculate for them 
a meoM section^ and then assume them to be prismatic, for the purposes of such 
general investigations as the present. 
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which the tangent is |, ^, and |, respectively. A ship of irr^akr 
but ordinary form would approximate to a compound o^ or a 
compromise between these three figures, and as at the region of 
the water-line the form tends to the rectangular, the curve will 
usually be flattest, or at the least inclination to the horizontal near 
the top, or when the ship is most immersed,, becoming somewhat 
steeper as the water faUs and leaves the more rectangular parts of 
the section, and as the parts of the section remaining in the water 
approximate more and more towards the parabolic or triangular 
form. 

Hence the usual concavity of the curve towards the base-line. 
On the other hand, great flare in an immersed section near the load 
water-line tends to lift the upper part of the curve of centres of 
buoyancy, and, therefore, tends to give the curve convexity down- 
wards, but this convexity is very unusual In his work on the 
Modem System of Naval Architecture, the late Mr. J. Scott Russell 
gives twenty-five different forms of sections, and tabulates their 
particulars; and out of these there are but five with curves of 
buoyancy which have their convexity towards the base, whilst 
three give straight lines (within the limits of the three draughts 
of water which alone are given), and eighteen exhibit downward 
concavity, the concavity in most cases being very small 

The '* curve of metacentres " is susceptible of a great variely 
of forms. Being set up, at each calculated position, from the centre 
of buoyancy, and the curve of buoyancy, as we have just seen, 
approximating to a straight line, the form of the curve of meta- 
centres reflects directly and somewhat closely the varying actual 
heights of the metacentres at different draughts of water. 

Let us consider the cases of a few prismatic bodies of simple 
section. Taking, first, a body of rectangular section, floating with 
two sides horizontal and two upright, let us observe what form 
its curve of metacentres will take. The formula for the height 
of the metacentre above the centre of buoyancy is, as we have seen, 

T* 1^ _ moment of inertia of water-line area 
~' displacement 

Let us put b for the breadth of the body, and h for the immersed 
depth. Then, as the body is prismatic, we may take b to represent 
the area of the water-line, and b x h to represent the volume of 
the displacement ; and we shall have 
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BM = 



12 



62 
12 h 



This is the height of the metacentre above the centre of buoyancy 
for each draught of water. If we now give successive values to h 
(which means successive draughts of water), say fc = 1, 2, 4, 8, 16 

6^ 6^ 6^ 6^ 1^2 

sneoessively, we shall have -j g, 24 * 48 ' M *"^ 192 '^^^P®^*^^®^^' *^ 

the heights required. The height, B M, will obviously become less 
and less as the depth to which the rectangular body is immetsed 
becomes greater and greater. This state of things is represented 
in. Kg. 63, which shows the curves of centres of buoyancy marked 
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B, and of metacentres marked M, for this case of such a rectangular 
prism. The height up of the centre of buoyancy above the base- 
line will of course be » for every draught of water. The fraction 

Yg-T-, diminishing in value as the height, A, increases (the breadth, h^ 
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remaining unaltered), it is dear tbat the curve of metaoentres will 
approach continoally nearer to the curve of centres of buoyancy 
as the immersion is increased. On the other hand, as the height^ h, 

diminishes, the value of the fraction t- increases, and the curve of 

metacentres rises continually higher above the curve of centres of 
buoyancy, and of course springs to immense heights as the draught 
of water approaches zero. If, for example, we assume the figures 
with which we have been dealing to be feet, and put the breadth 
b = 25 feet, the height, B M, will for a draught of 5 feet, be 
slightly over 10 feet, while for a draught of 1 foot, it will be 52 
feet, for a draught of 6 inches, 104 feet, and for a draught of 1 inch, 
625 feet^ the Ivmit being infinitely great 

If, instead of a rectangular prismatic body, we consider a trian- 
gular one with two equal sides floating apex downwards, calling h 
the breadth at the water-line (so ihat b will now vary with the 
draft of water), and h the immersed depth as before, we shall have 

12 _ ¥ 
^^' bli- Gh 



the displacement now obviously being one-half of what it was 
before. The form of the locus of metacentres, therefore, it is at 
once seen, will be very different from that in the last case (with 
rectangular section), because of the variation of 6, the breadth, 
which will now take place. 

If we call the angle of the immersed apex, 2 0, we shall then 
establish a fixed relation between 6 and /t, because we shall have 

2"! = tan. 0, and b = 2h tan. 6, and we can then write 

,. „ 4 h^ tan.2 2 , . . ^ 
B M = jTT = o '* tan.- 0. 

As the tangent of an angle increases from zero up to infinity, as 
the angle increases from to 90** (being 1 at 45°), and as we have 
here the square of the tangent entering into the expression for 
B M, it is easy to see that the height of the metacentre above the 
centre of buoyancy increases largely with the increase of the angle 
immersed, and therefore we shall have a different locus of meta- 
centres for every change of this angle. But, presuming the apex 
angle to be fixed, and called 2 a, we shall then have 
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B M = I A tan.2 o. 

O 

Tan.* a will now be a fixed quantity, and this multiplied by f rds 
the immersed depth of the triangle, will be the height of its meta- 
centre above its centre of buoyancy. That height will therefore 
vary directly with the immersed depth of the triangle, increasing 
as the depth increases, and diminishing as it diminishes. This 
locus of metacentres must therefore be a straight line, as illustrated 
in Fig. 53, for the triangle there shown by the line marked Mj, the 
corresponding locus of centres of buoyancy being marked Bj. It 
will be always a straight line for a triangular prism, whatever be 
the apex angle. 

Loci of centres of buoyancy and metacentres for a prismatic 
vessel of circular section will both be straight lines, the locus of 
centres of buoyancy being an inclined line, and the locus of meta- 
centres a horizontal line, the metacentre for every draught of water 
being at the centre of the section. This is shown in Fig. 53, where 
the line, B^, is the locus of the centres of buoyancy, and the line, Mj, 
that of the metacentres. The locus of centres of buoyancy and that 
of the metacentres in this case meet when the whole section is 
immersed, the centre of buoyancy and the metacentre being then 
coincident.* In the figure they are only carried to the immersion 
of the lower semicircle. 

It has been said that the curve of metacentres for actual ships is 
always convex to the base of the diagram ; but this is not correct^ 
as any one who carefully considers the expression for MB, and 
remembers what various forms ships assume, will readily discei'n. 
In his Tlieoretical Naval Architecture, Mr. Thearle gives a diagram 
of metacentric curves such as we produce in Fig. 54, in which curve 
A A repi-esents certain of H.M. gun-boats ; B B ships with a pro- 
jecting annour shelf like that of H.M.S. Devastation; CC an 
ordinary broadside iron-clad ; and D D, which is concave to the 
base-line, a man-of-war brig with a rising floor. M M he gives as 
representing curves of the chai*acter oi-dinarily met with, the value 
of B M usually increasing very rapidly as the draught diminishes. 
** This is especially the case," he correctly says, " in vessels having 
a very flat floor; as the moment of inertia of the water-plane 

* In the paper, " On Carves of Buoyancy and the Metacentre for Vertical dis- 
placementB," by Mr.'Stanbury, in the ArtnucU of the Boyal School of Naval Architec- 
ture and Marine Engineering, for 1872, several equations for such curves will be found. 
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remams very considerable, while the displacement becomes almost 
zero. If, however, the vessel has a very rising or a hollow floor, 




the curve of metacentres is flatter, being, indeed, in some cases 
slightly concave with regard to the water-lines in the diagram." 
In a " Note on the Geometry of Metacentric Diagrams," read at the 
Institution of Naval Architects in 1878, Mr. W. H. White gives cor- 
roborative diagrams calculated at the Admiralty, which we have 
reproduced in Fig. 55. We have brought the several curves into a 
single figure, making the horizontal dotted line the common load 
water-line of all the cases. A A is given as a common case for war- 
ships of ordinary form. B B illustrates the case of a "Symondite" or 
" peg-top " vessel, in which again the curve of metacentres is con- 
cave to the base-line, and the height of the metacentre above the 
curve of buoyancy decreases as we pass from load to light draught 
CO is given as representing such a ship as the Inconstant, the 
curve of metacentres being nearly horizontal ; and D D exhibits 
a case in which this curve drops slightly as it passes from the load 
draught to a lighter draught, then becomes horizontal, and after- 
wards rises as it passes to a still lighter draught. In speaking of 
a similar curve in his Manual of Naval Arckiiecture^ Mr. White 
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says the condition of things described in our last sentence ''fre- 
quently occurs in merchant-ships of deep draught (in proportion 
to their beam) when fully laden, and with approximately vertical 
sides in the region between the load and light lines." ..." The 
highest position of the metacentre on these ships/' he adds, ''usually 
corresponds to the light line, 
and the lowest to a draught 
intermediate between the load 
and light lines. Very fre- 
quently the heights at the load 
and light lines are nearly 
equal, and the metacentric 
locus lies wholly below the 
load line. In war-ships, on the 
contrary, that locus usually 
lies wholly above the load line, 
the ratio of breadth to load 
draught being greater than the 
corresponding ratio for mer- 
chant-ships — the range of 
draught from the load to the 
light condition being much 
less for war-ships than for 
merchant-ships." 

The principal value of these 
diagrams of metacentres at 

various draughts of water lies, of course, in the facility they give for 
indicating the stability of the ships at those various draughts when 
the corresponding positions of the centres of gravity are known. 
Mr. John Inglis, shipbuilder, of Pointhouse Shipyard, Glasgow, has 
taken a leading part in the development of this very important 
matter. Fig. 56 is a reduced copy of a diagram with which he has 
favoured the author, and which exhibits the system that he pur- 
sues.* The horizontal scales at the bottom of the figure are two in 
number, the one being a scale of feet for showing the height above 
the floor and ceiling available for the cargo, the zero being at the 
top of keel, and the cargo space commencing somewhat more than 
2 feet above it ; the other being a scale (also in feet) of draught of 
water^ and the stowage of cargo, on the assumption that the cargo 
is of such a specific gravity as to bring the ship (when filled with it) 

* S«e alBO Wliite'a Mamud qfNaoal ArchUsOure^ Moand edition, p. 94. 
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to her designed load draught, and is poured in, so to speak, in such 
manner as to keep its surface always level. The upright scales are 
also two in number, the one being a scale of cargo capacity in cubic 
feet, from which may be read off the quantity of the homogeneous 
cargo on board at any time by means of the " curve of capacity" to 
be presently mentioned ; and the other being a scale of feet^ set off 



eo,eoo 



iO»000 Y» 



20,000 




above the top of the keel, serving as a scale of heights for centres 
of gravity and metacentres. The curve, A A, is the curve of capacity 
before-mentioned ; by taking any point upon this curve, and pro- 
jecting it horizontally upon the vertical scale of capacity, the 
number of cubic feet on board (from which the number of tons 
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which it weighs may be infeiTed, there being allowed in this 
instance 58*5 cubic feet per ton of dead weight, or a specific gravity 
of *615) can at once be seen ; while projecting the same point ver- 
tically downwards upon the horizontal scales, the corresponding 
depth of cargo in the hold, and the corresponding draught of water 
of the vessel, can be read off. The curve marked G C, exhibits from 
point to point the heights of the centre of gravity of the homo- 
geneous cargo, these heights being read off from the vertical scale of 
feet at the side of the figure ; the curve, O O, represents the heights 
of the common centre of gravity of both the ship and the cargo ; 
and the curve, M M, represents the heights of the metacentres 
(within the requisite limits), both of these latter sets of heights being 
read off from the same vertical scale at the side of the figure. A 
comparison of the curves, G G and M M, at any point exhibits the 
measure of metacentric stability which the ship possesses, with the 
corresponding quantity of homogeneous cargo of the given specific 
gravity on board. 

In arranging this diagram, and making the assumptions as to 
specific gravity of cargo and stowage on which it rests, it is pre- 
sumed that the worst case which need arise is provided for, because 
the cargo is the lightest possible compatibly with its being homo- 
geneous, and yet bringing the ship down to her load draught, 
obsei-ving that its assumed specific gravity (*615) is less than one* 
half that of coal. If any part of the cargo be heavier than the 
homogeneous cargo here considered, it may be inferred that this 
heavier part may be placed low, so as to bring down the centre of 
gravity and add to the stability — ^add to it, both by being itself 
placed low, and by displacing, so to speak, part of the lighter 
homogeneous carga It may be feared, however, that the exigencies 
of trade under which ships are loaded do not always admit of 
the heaviest portion of the cargo being placed low down in the 
hold ; in fisict, cases have often come to our knowledge, and must 
have come to the knowledge of many, in which parts of machinery, 
armour-plates,* and other heavy materials have come to the wharf 
for shipment after most of the cargo was on board, and doubtless 
have often brought the centre of gravity so near to the metacentre 
as to leave much too small a margin of stability for sea conditions. 

* We remember an instance of two shipe, sailing from the Humber on successive 
Saturdays, being snnk on the Dogger Bank in consequence of armour-pUtes delivered 
Ute for shipment, and stowed high, getting adrift, and breaking their way out 
through the bottom. 
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But the greater the tendency that exists in trade conditions to 
disturb the conditions of stowage which science would suggest^ 
and which the shipbuilder would fain provide, the greater is the 
necessity for all those who have to do with ships being thoroughly 
informed respecting the elements essential to safety ; and this con- 
sideration it is which adds so much to the merit of Mr. Inglis^ and 
of all those who contribute to formulate^ and exhibit in diagrams, 
the actual conditions of merchant ships. 

An examination of the diagram, Fig. 56, reveals the fiict that 
when all the cargo is out of the ship, the curve of centres of 
gravity has crossed the curve of metacentres, and the metacentre 
has fallen below the centre of gravity. In the light condition, 
therefore, the ship is unstable in the upright position, and needs 
ballast to enable her to float in that position. How much ballast 
was essential to safety this diagram does not show, because that 
depends upon the greater or less rapidity with which the ship 
acquires stability as she inclines from the upright, and upon the 
magnitude of the angle of inclination, through which the continued 
acquisition of stability proceeds. This can only be shown by the 
ship's '' curve of stability," or by some equivalent means — a fact 
which should put the reader on his guard against attributing to 
these ** curves of metacentres '* and of centres of gravity any more 
value than they possess as indications of the stability of vessels, 
vn the upright or nearly upright position in various conditions 
of lading. They cannot of themselves furnish any complete or 
satisfactory account of a given ship's stability. Unless more is 
known of it they must not be relied upon, even when indicating 
a good '' metacentric height." * When curves of stability at various 
draughts of water have once been worked out, or when similar facts 
are known for ships of closely similar forms, then the relation 
between the metacentric curve and the curve of common centres of 
gravity of ship and cargo may be sufficient ; but the '' metacentric 
stability" of cargo-carrying ships cannot alone be regarded as a 
sufficient indication of safety at sea, even for a steamship, and still 
less for a sailing ship. 

A signal instance of the impropriety of taking the curve of 
metacentres to furnish a complete account of a ship's stability is 
illustrated in Figs. 57 and 58. Fig. 57 shows the relative positions 

* The " metacentric height '' is the height of the melacciUre above the centre <^ 
gravity* 
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of the metacentre, centre of gravity, and centre of buoyancy under 
various conditions for H. M. late S. CapUi'mf and Fig. 58 shows the 
curve of stability of the same ship 
calculated to a mean draught of 
25 feet 4 inches, or corresponding 
to a displacement of 7,907 tons, 
and with a metacentric height of 
2*66 feet Referring in the first 
case to Fig. 57, M M is there the 
curve of metacentres, and B B the 
curve of centres of buoyancy at 
corresponding draughts of water. 
Gj the centre of gravity for a dis- 
placement of 7,907 tons with 617 
tons of coal, and fully equipped, 
giving a metacentric height of 2*66 
feet, at a mean draught of water 
of 25 feet 4 inches; Q2 is the 
centre of gravity corresponding 
to a displacement of 7,790 tons 
with 500 tons of coal, and fully 
equipped, giving a metacentric ^ 
height of 2*6 feet at a mean draught of 25 feet \ inch. Similarly, 
Gs* G4, Gg, are centres of gravity corresponding to difierent con- 
ditions of ^the]^ship with varying displacement, but in each case 










"T 


/ 


M 


^ 


M 


a 


/ 


/ 








04 






/ 




", 


% 

)" 


0, 

i 



Fig^S. 




the metacentric height is less 
than that due to a displ9,ce« 
ment of 7,907 tons, including 
617 tons of coal, and the 
ship fully equipped at mean ^' '^' '^' ^' ^' ^^""^^ 
draught of 25 feet 4 inches, viz.: — 266 feet. Now, referring 
to Fig. 58, which is the curve of stability calculated to those 
conditions of the ship which give the greatest metacentric height^ 
we see that the curve reveals the fact that the range of stability 
is only 54^"", and the maximum stability is reached at 21"*, where 
it is only 7,100 foot-tons ; or the arm of the righting couple is less 
than 1 foot. These features of danger would in many cases be 
overlooked should the curve of metacentres alone be held to afford 
sufficient^information concerning a ship's stability. 

It may be added that Mr. White, in his work before quoted, 
gives an example of a ship in which the metacentre is below the 
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centre of gravity, not only "when the ship is light (as in Fig. 56), 
but also when she is loaded, and he says with reference to it^ "this 
vessel represents a class which is successfully employed in certain 
trades, with the frequent use of water-ballast when homogeneous 
cargoes are carried." 

In Figs. 69 and 60 we give the case of a transatlantic passenger 
steamship, with tracings and full particulars of which we have been 
favoured by Messrs, J. & G. Thomson, of Glasgow. The curve of 
metacentres, Fig. 59, shows the relative positions of the metacentre 
and centre of gravity of the ship in several conditions. The fol- 
lowing are some of the valves of the "metacentric height": — 

A draught of water of 25 feet corresponds to the conditions of 
2,500 tons of cargo, and 900 tons of coal being on board. G^ is the 
centre of gravity in this case, when the cargo is all below the lower 
deck, and the coal-bunkers are full. The metacentric height is then 
2'6 feet. If the cargo be supposed homogeneous and to occupy the 
holds and 'tween-decks up to the main-deck, the centre of gravit)' 
is then raised I'o feet, leaving a metacentric height of 1-1 feet. 

A draught of 23 feet conesponds to the condition of the cargo 
on board being 2,400 tons, with coals out, but ballast-tanks full. 
Gg is the centre of gravity in this case, when the cargo is all below 
the lower deck. The metacentric height is then 2*9 feet If the 
cargo be supposed homogeneous, and to fill the ship up to the main- 
deck, the centre of gravity is then raised 1'9 feet, leaving a meta- 
centric height of 1 foot. 

A draught of 22 feet corresponds to the condition of 2,300 tons 
of cargo being on board, the ship being without coals or water 
ballast G3 is the centre of gravity in this case, when the cargo is 
all below the lower deck. The metacentric height is then 17 feet 
If the cargo be homogeneous, and extend up to main-deck, the 
centre of gravity is then raised 2*0 feet, leaving no metacentric height, 
the centre of gravity in this case being '3 foot above the metacenti*e. 
If now 900 tons of cargo be taken out and 900 tons of coals (the full 
supply) be put into the bunkers, the draught of water will of course 
remain the same, but, presuming the remaining 1,500 tons of cai^ 
be stowed away below the lower deck, G^ will be the new centre of 
gravity, giving a metacentric height of 1*2 feet But if the 1,500 
tons of cargo be homogeneously disposed up to the main-deck, the 
centre of gravity will be raised I'l feet above G^, leaving a meta- 
centric height of '1 foot. 

With coal-bunkers and water-ballast tanks full, but with no 
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cargo on board, the ship draws 187 feet, Q5 is her centre of gravity, 
and her metacentric height is '5 foot. 




Figj60. 




With 650 tons in coal-bunkers and water-tanks all full, the ship 
draws 177 feet, and her metacentric height is 1 foot, G^ being then 
her centre of gravity. 

With coal-bunkers full and no water-ballast or cargo on boards 
the draught is an inch or two less, but the centre of gravity is then 

7 
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'9 foot above the metacentre. The necessity of the water-ballast 
is in this case manifest 

In remarking upon this case, Messrs. Thomson say: — ^"If we 
assume that the cargo is homogeneously stowed to the main-deck 
instead of to the lower, then, instead of 2*6 feet, 17 feet, and 2*9 
feet, as given above, we shall have ll feet, '8 foot, and 1-0 foot 
These last conditions are neither of them likely to exist, bs in most 
cargoes there is sufficient variation in density to allow of the centre 
of gravity of the cargo being very much lower than it would be if 
homogeneous, by merely putting the heavier parts below. From 
this, however, it will be seen that the worst possible condition the 
ship can get in, when water-ballast is available, is with a metacentric 
height of 1 foot. The condition of no cargo in, but all bunkera and 
ballast-tanks full, is shown. The metacentric height in this condition 
is *5 foot This is scarcely sufficient to enable her to be worked 
easily in port. But with her bunkers filled to the lower-deck, and 
ballast-tanks full, she would have a metacentric height of '9 foot" 

Fig. 60 shows the stability of this ship under various conditions, 
at all angles of keel from the upright to beam-ends position. The 
following table gives the principal particulars in a convenient form: — 



To Loweb-Dkck. 


To Mais-Dbck. 


Draught 


22 ft. 


22 ft. 


28 ft 


26 ft 


22 ft 


22 ft 


28 ft 


asfi 


Condition. 


1000 Tons 
Cargo, 
Goals in. 


2400 Tons 
oat. 


2600 Tons 

oat, 

Ballast- 

tanks 

fall. 


2500 Tons 

and 
Stores in. 


IfiOO 
Tons 

in. 


2400 
Tons 

oat 


2600 Tons 
Ougo, 

Goals ont 

Ballasi- 

tanlai 

foil. 


ssoo 

Tons 

and 

Stores 
in. 


GM, 

BG, 

Displacement, . . . 

Righting moment ) 
when deck edge is > 
inmiersed, . . , ] 

Maximum righting 
moment, .... 

BightingmomentatOO", 
stability, . . . . { 


1-205 

6-78 

6,460 

6,654 

13,867 

7,160 

69-25'' 


1-7 

6-28 

6,450 

8,286 

13,384 

11,255 

60" 


2-9 

4-70 

6,852 

13,656 

24,701 

19,528 

64° 


2-6 

4-65 

7,575 

12,975 

19,316 

13,783 

60° 


•17 

7-8 
6,450 

3,310 

8,385 
806 
66° 


-•31 

8-26 

6,450 

1,805 

6,830 



51° 


1-0 

6-61 

6^862 

6,136 

11,785 

4^933 

69° 


11 

612 

7,575 

6,423 

9,809 

2,878 

50° 
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The carve of greatest stability, A A, Fig. 60, corresponds to the 
condition of 23 feet draught, with 2,600 tons of cargo stowed below 
lower-deck, with all the coals consumed, but with her water-ballast 
tanks full. This would roughly correspond to the state in which 
such a ship, having left Europe with a full cargo of European 
exports (which are usually much heavier, bulk for bulk, than a 
homogeneous cargo filling the ship up to her main-deck at the 
same draught) would, after a protracted passage, arrive at New 
York. 

The next best condition as to amount of stability is that illus- 
trated by curve, BB. The ship is still stowed as just stated, as to 
cargo, but now has her bunkers full of coal in lieu of water-ballast. 
She then draws 25 feet of water. 

The curve of stability next in order of magnitude is C C, 
corresponding to the same amount and stowage of cargo as before, 
but with coals and stores consumed, and the water-ballast tanks 
empty, the draught now being 22 feet. 

On comparing the curves, B B and C C, it will be seen that the 
lever or arm of stability at moderate angles of inclination is con- 
siderably reduced as the coal and stores are consumed ; but at the 
large angle of 56 degrees the two curves cross, and the lengths of 
the righting levers become equal in amount ; while fix>m that incli- 
nation onward they do not greatly diflfer. The amount of the 
stabilities, of course, differ in proportion to the differences of 
displacement. 

Curve D D illustrates the state of the stability (as to righting 
lever) at a draught of 22 feet with coals in, and 1,600 tons of cargo 
below the lower-deck. 

In aJl the above cases it will be seen that the righting lever 
increafies up to angles of nearly 60 degrees, and the lowest of the 
carves indicates a maximum length of lever of over 2 feet. 

The worst condition in which a ship of this description need find 
herself, as regards stability, is that of having on board at sea homo- 
geneous cargo stowed up to the main-deck, and with all her coals 
and stores consumed. In this remark we take no account of the 
ship's condition when without cargo, because, however inconvenient 
it may be to have ships (as so many recent ones are) devoid of 
initial stability in port, or possessing extremely small stability there, 
their condition ought to be understood, and danger ougM to be 
avoided. But a ship at sea is liable to various displacements and to 
profenetod voyages, and may unavoidably find herself with coal and 
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stores gone, but cargo remaining, and in this state exposed to stormy 
weather. This vessel would then have no metacentric stability 
without water-ballast, but, with water-ballast in, she would possess 
the amount of stability indicated by curve E E, with a maximum 
righting lever of If feet. 

It is true that such a ship as this would have much less stability 
than the last-mentioned at large angles of inclination, with her coal 
on board, and a homogeneous cargo to the main-deck, then drawing 
25 feet of water, and therefore too deep to use water-ballast freely ; 
but she would still possess a very large range of stability, and her 
stability could be continually increased by the substitution, weight 
for weight, of water-ballast for coal consumed, always approaching 
the condition indicated by curve E E. 

Fig. 61 represents the curve of metacentres of the Orient Line 

steamship AvstraZ, as produced at 
the time of the inquiry into her 
loss. B Bj is the curve of buoy- 
^0,000 ancy, and M Mj the curve of meta- 
centres. Two other curves, DD 
and Dj Dp are curves of displace- 
ment, the former for fresh-water 
and the latter for salt-water ; E E 
is a curve representing the tons 
per inch of immersion at various 
draughts of water. The vertical 
lines in this diagram indicate the 
draughts of water measured upon 
the scale at the bottom of the 
diagram. The heights of the meta- 
centres and centres of buoyancy 
are measured upon the vertical scale 
of feet on the right-hand side 
of the diagram. The centres of 
gravity are shown upon the same 
scale, being joined with the metacentres by a dark line in each case. 
Centre of gravity, G (with its corresponding metacentre and centre 
of buoyancy) is for the load-draught of the ship (26 feet 6 inches) 
laden with a homogeneous cargo (measuring 100 cubic feet per ton) 
and with bunkers, tanks, &c., full. G^ is the centre of gravity- 
laden with the same cargo as before, but with coals, water, and 
stores consumed, and ballast^tanks full. The position, G^, was given 
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as the centre of gravity at the time of the accident which occurred 
to this ship in Sydney Harbour, 11th November, 1882. It will be 
seen that in all the above cases the centre of gravity is given as a 
little (about 1 foot 3 inches) below the metacentre. O, is. the centre 
of gravity when the ship is laden with a homogeneous cargo, but 
with all coals, water, and stores consumed, and shows the vessel to 
have, when in this condition, a negative metacentric height, when 
upright^ of about four-tenths of a foot, which would cause her to 
loll over until a position of rest was found. G^ represents the posi- 
tion of the centre of gravity when the ship was inclined at Glasgow 
on the 6th August, 1883, after her return from the scene of the 
accident, and indicates that, under the conditions of the inclining 
experiment, she possessed a metacentric height of about 1*6 feet. 
Gg is the centre of gravity of the hull and machinery of the ship 
without coals, cargo, or stores, but with the water-ballast tanks 
filled, the draught of water being 19 feet 3 inches. G^ is the centre 
of gravity of the hull and machinery under similar conditions, but 
with the important exception of the water-ballast tanks being 
empty, and shows the vessel to have, when in this condition, a nega- 
tive metacentric height of eight-tenths of a foot, and represents the 
condition under which she would leave the hands of the builders, 
with water-tanks empty. It will be observed, however, from the 
position of Gg and G^ in this diagram that the metacentric height of 
the ship, when light-— that is without cargo, coals, or stores — ^may 
be increased by over 2 feet by simply filling the water-ballast tanks 
with water. The vertical scale of tons on the right-hand^side of 
this diagram represents the displacement of the ship at various 
draughts. 

Fig. 62 represents curves of stability prepared by^^Mr. Thomas 
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Phillips, Lloyd's Surveyor, for a raised quarter-decked screw-steamer 
of the well-decked type. The dimensions of this vessel are — ^Length, 
267*5 feet ; breadth, 36-6 feet ; depth, 197 feet; tonnage under deck, 
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1,609 tons; gross tonnage, 1,866 tons; net register tonnage, 1,009 
tons. Curve A represents the ship laden with a homogeneous cargo, 
which entirely fills the cargo holds, the bunkers being assumed as 
quite full of coal, the boilers filled with water, all stores on board, 
but no water in ballast-tanks, the vessel otherwise being in sea- 
going condition. The displacement of the ship under the above 
conditions is 3,870 tons, the mean draught of water 19 feet 4^ inches, 
the freeboard 2 feet 4^ inches, and the metacentric height '85 foot 
Fig. 63 shows a transverse half-section of the ship in the above con- 
dition, denoting the positions of the centre of buoyancy, centre of 
gravity of ship and cargo, the metacentre, and the height of the 
respective decks. It will be observed from the curve (Fig. 62) that 
the angle of maximum stability is 55:}^ degrees, and the righting 
moment in foot-tons at this angle is 4,218 ; the angle of vanishing 
stability is 96^ degrees ; and the angles at which the edges of the 
exposed main-deck, raised quarter-deck, and bridge-deck become 
immersed are 10 degrees, 22 degrees, and 30 degrees respectively. 

Curve B, Fig. 62, represents the vessel under all the conditions 
as described for curve A, but assuming the forewell to be filled 
with water, amounting to 267 tons. The displacement is 4,137 tons, 
the mean draught 20 feet 6^ inches, the freeboard 1 foot 2^ inches, 
and the metacentric height 4 feet. Fig. 64 is a transverse half- 
section showing the position of the centre of buoyancy and meta- 
centre at this draught, and also the position of the common centre 
of gravity of the ship, cargo, and water in well ; and the height of 
the various decks at this immersion. The angle of maximum 
stability is reached at 46^ degrees, the righting moment at this angle 
being 1,820 f ooi-tons. The angles at which the respective deck edges 
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become immersed are 6 degrees, 18 degrees^ and 27 d^rees, and 
the an^e of vanishiiig stability is 80^ degreea CiuYe C, Fig. 62; 
repzesents the Yessel when laden with a heaYier cargo than in cnrYe 
A, the holds not being full^ as in the case of the heaYiest description 
of coals. The displacement and draught are the same as in curve A, 
but the metacentric height is increased to 1*6 feet. Fig, 66 is a 
transYerse half-section showing the respective positions of the centre 
of buoyancy, common centre of gravity of ship and cargo, metacentre, 
and decks when in the above condition. The angle of maximum 
stability is 60 degrees, and the righting moment at this point is 
6,656 foot-tons. The angles at which the edges of the various decks 
become immersed are the same as those given in the description of 
curve A^ the draught of the vessel being the same. The range 
of stability is much increased, the vanishing point being at 112^ 



Fig. 66 shows the profile and plan of the vessel referred to 



FigM. 




1 



in the preceding curves of stability, and exhibits the respective 
lengths of the raised quarter-deck, poop, bridge, and forecastle. 

Taking the load displacement, as in curves A and C, namely 
3,870 tons, the surplus buoyancy due to the parts of the ship above 
the water-line is 1,967 tons, or 337 per cent, of what would be the 
total displacement if it were wholly submerged. The portion of 
the ship between the load-line and the main-deck gives 560 tons 
displacement, or 12*6 per cent surplus; that due to the sheer of 
the vessel is 301 tons, which, added to 660 tons, gives 18-2 per cent; 
that due to the quarter-deck is 307 tons, which, added to 861 tons, 
gives 23*2 per cent.; that due to the poop is 196 tons, which, added 
to 1,168 tons, gives 26-1 per cent.; that due to the bridge is 466 
tons, which, added to 1,364 tons, gives 321 per cent.; that due to 
the forecastle is 138 tons, which, added to 1,829 tons, gives the 
total 33*7 per cent surplus buoyancy. 
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In some remarks* upon the stability of Well-deck Steamers, 
based upon curves of stability supplied by Mr. Martell (of Lloyd's 
Begister Office), Professor Elgar has considered the case of such a 
vessel, 257 feet by 35^ feet by 18} feet, ivith a well 60 feet in lengih, 
bulwarks 5 feet high, and has assumed that there is no other outlet 
for the volume of water filling the well than that which it finds 
by pouring itself out over the bulwarks as the vessel inclines. The 
diagram which he gives shows that although the volume of water 
which the well holds (186 tons), reduces the initial stability to 
nothing, and keeps the ship unstable up to lO"" of inclination, the 
stability becomes positive at that angle, when only 98 tons of water 
remain in the well. At 20"^ this water is reduced to 28 tons, and 
at 30"" the stability becomes the same as if the well did not exist, 
and remains the same for all larger angles of inclination. His 
conclusion is that, ** so far as stability is concerned, the well cannot 
be regarded as a serious element of danger." 

Other examples of cargo steamers worked out in Lloyd's 
Begister Office in London, and presented by Mr. Martell to the 
Load-Line Committee, are given in Figs. 67 to 71 inclusive. Curve 
A, Fig. 67, represents the curve of stability of a cargo-carrying 



/Wi 




steamer of the following registered dimensions : length 289*5 feet, 
breadth 32*1 feet, depth moulded 231 feet. The centre of gravity 
of the vessel was ascertained by an inclining experiment, no caigo 
being on board at the time, and the boilers empty, but with 60 tons 
of coal in the bunkers, it was found to be *98 foot bdofo the 
metacentre. Two hundred and forty tons of additional coal were 
then assumed to be placed in the bunkers, and the cai^o holds and 

* See a *'Paper on the Use of Stability CalculatiooB in Regulating the Loading of 
Steamers,*' read at the Inetitation of Naval Aichitecto, April, ISSi. 



Digitized by 



Google 



CHAP. VI.] EFFECT ON STABIIiITT OF DECREASED BREADTH. 



105 



'tween-decks completely filled with a homogeneous cargo, which 
occupied 61*2 cuhic feet to the ton, the vessel having, when so 
laden, 4 feet 7 inches freeboard, which is that required by Lloyd's 
Tables of Freeboard. It will be observed that the angle of 
maximum stability is reached at about 40^ the length of the 
lighting lever at this point being *68 foot, and the stability vanishes 
at77^ 

The effect on the stability by decreasing the breadth of this 
vessel by 2 feet is well illustrated by curve B, in the above Fig. 67, 
the length, depth, fireeboard, and the assumed conditions as to the 
nature and amount of the cargo remaining the same. The curve 
is mnch reduced, the maximum length of the righting lever being 
only -43 foot. Assuming this vessel to be fitted with water-ballast 
tanks, 2 feet high above the floors of the fore and after holds, thus 
raising the position of the centre of gravity of the cargo, which is 
taken to be similar in all respects to that previously described, the 
vessel's stability is reduced from curve A to curve B, as shown in 
Fig. 68. In Fig. 69 curves are shown illustrating the effect upon 




the stability for the same vessel by an increase in the freeboard, 
the cargo being in each case supposed to fill the vessel; and also 
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the effect of variaiions in the densily of the cargo. Curves A and B 
show the difference in the stability, with 6 inches additional free- 
board, the homogeneous cargo with which she is filled being pro- 
portionately lighter than that which fills her with 4 feet 7 inches 
freeboard. There is no nmterial change in the stability under 
these conditions, other than that a part of the area of curve A at 
small angles of heel is transferred to larger angles of heel, and 
somewhat increases the stability at these angles. Curve C re- 
presents the stability when the vessel is laden with cargo of the 
same density as in curve A, but, having a freeboard of 5 feet 1 inch, 
the spaces in the 'tween-decks at the ends of the vessel being left 
empty. This curve exhibits a marked improvement in the stabilitjr 
of the ship, from which it will be seen that, in cases where teasels 
have insufficient stability when laden with homogeneous cargo 
which practically fills them, it will generally be eflEsetive to restrict 
the amount of cargo stowed between decks. 

Fig. 70 is a longitudinal section of this vessel without water- 
ballast tanks, filled with a homogeneous cargo which gives her 



S 
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5 feet 1 inch fi^eeboard, but with the spaces shaded in the 'tween- 
decks left empty. This vessel has tiie stability represented by 
curve C, Fig 69. The space available for cargo with this arrange- 
ment is 102,600 cubic feet^ and the spaces in the 'tween-decks 
which are left empty contain 6,700 cubic feet. Fig. 71 shows the 




vessel fitted with water-ballast tanks in the fore and after holds, 
which reduce the space available for cargo by 6,000 cubic feet. 
Assuming her under these circumstances to be filled with a homo- 
geneous cargo which gives her 4 feet 7 inches freeboard, her 
stability would be reduced to curve A, Fig. 68, that is, if the 
spaces shaded in the 'tween-decks were left empiy. This shows 
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that she could be safely laden to 4 feet 7 inches freeboard, with 
all cargoes which do not exceed the density of 53*4 cubic feet per 
ton. If 90 tons of ballast consisting of kentledge, or an equal 
weight of water in the water-ballast tanks be placed in the bottom 
of the vessel, she conld load to the same freeboard with a full cai^ of 
61 cabic feet to the ton, and still have the same stability as is 
represented by this curve, but for all lighter cargoes both the 
freeboard and stability would be increased. 

We have shown in the preceding illustration the effect on the 
stabiUty of a vessel of reducing her beam by 2 feet, and there have 
been, without doubt, many vessels built of late years in which the 
breadth is so reduced, relatively to the depth, that their margin of 
stability is insufficient for safety when filled with homogeneous 
cargoes. 

Perhaps the relation of beam to stability can be better illustrated 
by taking a prism of rectangular section 60^ feet broad, and immer- 
sing it 21 feet in the water, leaving 6^ feet freeboard, and assuming 
the centre of gravity to be 3 feet below the water-line, and con- 
structing for this floating body a curve of stability marked A, Fig. 
72; it will be seen that the angle of maximum stability is 20 degrees, 




and the curve has a range of 38} degrees. By increasing the beam 
of this floating prism by 2^ feet, the curve of stability at the same 
draught is represented by B in the figure, the angle of maximum 
stability being the same as before, namely, 20 degrees, but the 
range is extended to 41 J degrees. By adding successive increments 
of 2| feet to the beam up to 60 feet, and retaining the same amoimt 
of freeboard, 6J feet, the curves, C, D, E, would indicate respec- 
tively the stability due to these additions, and assuming the 
position of the centre of gravity to remain unaltered, the position of 
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the angle of maximum stability will remain unaltered also, although 
the amowat of stability will be more than doubled, and it would 
absorb more than twice the amount of applied force, to heel the 
broad prism to an angle of, say 10 degrees, than it would to heel 
the narrow prism to the same angle. It will be observed that the 
curves, A, B, C, D, E, Fig. 72, produced by varying the beam in this 
manner, rapidly leave each other at starting, and converge again at 
large angles of inclination, finally meeting in a point at 90 degrees, 
or when the prism is on its side and the top and bottom become 
vertical, at which point the amount of instability in all cases is the 
same. * 

Useful particulars relating to the stability of merchant-ships 
have at various times been placed before the Institution of Naval 
Architects at its annual meetings, and we will add here a few of 
the most interesting of them : — 

In March, 1882, Mr. J. H. Biles read a paper on " Curves of 
Stability of some Mail Steamers," his illustrations being taken 
exclusively from ships built by Messrs. J. &; G. Thomson. We 
reproduce these curves in Fig. 73, and have put the particulars 




relating to them in tabular form further on. The curve, S, is that 
of the Cunard Royal Mail S.S. Servia, when she has 1,700 tons of 
coal and 3,000 tons of cargo on board, assumed to be stowed homo- 
geneously. Her deck edge becomes immersed at an angle of 34", 

* For this and other illustrationa see an able "Paper on the Relative Influence of 
Breadth of Beam and Height of Freeboard in Lengthening out Curves of Stability," 
by Mr. N. Bamaby, C.B., Director of Naval Construction, Admiralty, in vol xii. 
of the TrantactioM of the Institution of Naval Architects, 
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and her stability reaches its maximum at 62^ the value of the 
righting moments at these angles being given in the table. The 
break in the curve at 63^° is due to the assumed admission of water 
into the forecastle by the forecastle door, which begins to bo 
immersed at that angle. 

The curve, Ca . 1 . is that of another Cunard Liner, the Catalonia, 
when she has 970 tons of coal and 2,950 tons of cargo on board, 
assumed to be stowed homogeneously up to the lower-deck. The 
curve, Ca . 2 . is for the same ship and same weights, but with the 
cargo assumed to be stowed up to the main-deck. Her deck edge 
becomes immersed at an inclination of 32J°, and her stability 
attains its maximum at G7'' in the first case, and at Qh"" in the 
second. 

The curve, T, is that of the ThaTnea, a fine-lined passenger 
steamer belonging to the Peninsular and Oriental Company, assumed 
to be loaded with 600 tons of coal and 2,700 tons of cargo stowed 
homogeneously to the main-deck. Under these conditions her deck 
edge becomes immersed at an inclination of 30°, and her maximum 
stability is reached at 67^"^. 

The four curves, CI (with suffixes 1, 2, 3 and 4), are those of the 
S.S. Claymore, a vessel running between Glasgow and the North of 
Scotland. She is an awning-decked vessel, but has an opening the 
full breadth of the ship in the awning-deck forward at the fore- 
hatch, so that if steadily heeled until the deck edge became immersed, 
she would begin to take in water at this opening. The curve, 02 . 1 ., 
was calculated on the assumption that no cargo is carried above 
the main-deck, and that no water gets into the opening forward. 
The curve, 02 . 2 ., assumes the cargo to be carried homogeneously 
to the upper or awning-deck. In calculating the curve, 02 . 3 ., it 
was assumed that the cargo is so arranged that its centre of gravity 
is at the same height as in curve, CI ,1 ., but that none of the space 
between the upper and main decks, except the poop, excludes 
water. For the curve, CJ . 4 ., the centre of gravity was assumed 
to be at the same height, and the ship under the same conditions 
as to water-tightness as for curve 02 . 3 . The stability of the ship 
vould probably never be better than in curve 02 . 1 ., and it need 
not be worse than in curve 02 . 4 .; generally it would be something 
l)etween those, depending on the stowage of cargo. 

The table referred to on the preceding page is as follows : — 
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Diagrams, Fig. 74 to Fig. 77, are also derived from the Tn^iwoc- 
tiona of the Inatitviion of Naval Architects, occurring in a paper 
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Fig.7B. 




read by Mr. W. H. White in 1881. In Fig. 74 are shown the curves 
of metacentres and centres of buoyancy for a cargo-carrying screw- 
steamer, whose dimensions are given in the table which follows. 
She has a deep water-ballast tank above her floors. When this ship 
is in the light condition, with no water in the ballast tank, but with 
her boilers full, the common centre of gravity is at 0, about 1'25 feet 
above the metacentre, M. If the whole of the cargo spaces were 
filled with homogeneous cargo, Q^ would be the position of the 
centre of gravity, about '8 foot above the metacentre, her draught in 
this condition being 18 feet 3 inches. Fig. 75 shows the curve of 
stability, B, given by this position of the centre of gravity. 
Assuming the cargo to be so stowed as to give a metacentric height 
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of 2-26 feet with the same draught o£ water, the centre of gravity 
would be at G^, Rg. 74, and A, Fig. 75, is the corresponding curve 
of stability. 

Kg. 76 shows the curves of metacentres and centres of buoyancy 
for a cargo and passenger steamer of the dimensions given in the 
table below. G is the position of the centre of gravity when the 
ship is light and without water-ballast, the metacentre, M, being then 

FigJre. 





'7 foot below the centre of gravity. Assuming the ship to be filled 
with a homogeneous caigo giving her a draught of 23 feet, G^ is the 
centre of gravity, coinciding, in this case, with the metacentre. 
The curve of stability corresponding to this assumed condition is 
shown by the curve A in Fig, 77. If the cargo were so stowed as to 
give, with the same draught of water (23 feet) a metacentric height 
of 2-25 feet, the centre of gravity would be at Gj, Fig. 76, and the 
corresponding curve of stability is shown by the curve B in Fig. 77. 
Gjis the position of the centre of gravity, assuming the ship to be 
laden with a homogeneous caigo, which would give her a draught of 
25 feet ; the metacentre would then be about 6 feet above the centre 
of gravity. 
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In Fig. 78 we give two curves of stability which are of special 
interest, being those of two steamers, in the launching condition, 
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which were successfully launched upon the Clyde. The ship whose 
curve is marked A has a length of 275 feet ; she is 35 feet broad and 
21 feet 6 inches deep ; her mean draught at launching was 6 feet 
8 inches. The ship of which B is the curve is 430 feet long, has a 



S'5 

i'0~ 


I 


Fig.7S. 
A 




t't' 


y^ 


1 


"^^ 


J.0- 


y/^ 


! 


^ — ^*'*'*^'^ 


f'O- 


X\ \ 


1 ^^ 


Nv 


•8' 


.^^ — V — r^^ 


I 


i \ 



to' so* 



40* SO' 



breadth of 43 feet, and a depth of 35 feet 1 inch, her draught at 
launching being nearly 11 feet 8 inches. Curve A may be taken as 
illustrating the large amount of stability up to comparatively laige 
angles that a ship may have in the launching condition, while curve 
B shows the small amount that may be made sufficient when careful 
precautions are taken. The striking contrast between the two 
curves illustrates in a very marked manner the great difference that 
may exist in different types of ship under approximately the same 
conditions. In curve A the stability increases very rapidly at small 
angles, attains its maximum at an angle of about 46 degrees; and 
then decreases as rapidly, being lost completely at 90 degrees. In 
curve B, on the other hand, the stability increases very gradually 
up to an inclination of 50 degrees, then a little more rapidly until its 
maximum is reached at about 75 degrees; thence it decreases very 
gradually, being comparatively little less than the maximum at 
90 degrees. 
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CHAPTER VIL 

Stftbility of Certain War-Ships— Stability of the Frigates IneofutarU, Inrnndble, 
Iron Dukey die, — Stability of War-Veaaels Comparatively easy to Ascertain— 
List of War-Ships whose Carves of Stability are Given — Admiralty Form for 
Metacentrio Heights and Stability— Serious Diminntion of Stability Caused by 
Low Freeboard— if oiaare^'A and Captain*s Compared— Case of the AtalatUa^ 
Effects upon Stability of Differences of Form and Relative Proportions — 
Tabulated Examples— Amount of Stability Requisite in Merchant-Ships— 
Stability at Large Angles of Heel— The Torpedo-ram PoZypAemtw— Comparison 
of her Section with Wall-sided Section— Investigations in the Geometry of 
Carves of Metacentres. 

In the last chapter we considered the stability at various draughts 
of water of several merchant-ships, taking into consideration condi- 
tions of stowage both favourable and unfavourable. It will be both 
instructive and interesting to pursue this branch of the subject, and 
in the next place to bring into comparison with those cases the 
stability of some of H.M. ships of war, and more especially such of 
them as have had their stability more or less called in question, 
observing that the height of the centre of gravity undeigoes less 
variation in a. war-ship than in a merchant-ship, owing to most of 
the weights of the war-ship being fixed in amount and in position 

In 1871 a large committee of scientific and nautical gentlemen, 
presided over by Lord Dufferin, reported to the Admiralty, at their 
Lordships' request, upon the qualities of several ships of the Royal 
Navy. Among other things they said — '' Naval architects have been 
induced " (in order to secure accuracy in the fire of their guns) '' to 
seek steadiness of platform by diminishing, as far as safety would 
allow, the statical stability and stifihess of the ship. In some recent 
instances (e,g., the InconstarU and the Invincible) this was carried 
to a degree which» together with an alteration in the distribution of 
weights during construction, has led to a considerable weight of 
ballast being placed on board these ships in order to correct the 
crankiness so caused." It may be well to state at once that the 
displacement of the Inconstant was 5,782 tons, and the amount of 
ballast put into her was 180 tons, or slightly over 3 per cent.; while 
the displacement of the Invincible was nearly 6,000 tons, and the 

8 
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Fig.79. 



amount of ballast put into her 135 tons, or a little over 2 per cent 
It will at once be seen fix)m these figures how little "crankiness" 
there was to correct ! 

The initial stability of the IvconstavJt in different conditions as 
to weights on board is illustrated in Fig. 79, which represents the 
relative positions of the metaoentre, centre of gravity, and centre of 

buoyancy under such conditions. 
M M is the curve of metacentres 
and BB the curve of the centres 
of buoyancy at corresponding 
draughts of water. 

The height of the centre of 
gravity, G^, which was ascertained 
by experiment^ was found to be 
1*8 feet below the metacentre, 90 
tons of ballast being on board at 
the time, the draught of water 
being 22 feet 9^ inches. A fur- 
ther 90 tons of ballast was placed 
in the ship, which, with the other 
weights put on board had the 
effect of increasing the draught of 
water to 23 feet 10^ inches, and 
the metacentric height to 2*8 
feet^ the centre of gravity of 
the ship when in this condition 
being indicated on the diagram 
byGy 

When the vessel was at a lighter draughty viz., 21 feet 2 inches 
with the 180 tons of ballast on board, but with the boilers and con- 
densers empty — a condition of things which need never take place 
at sea— the ship still had a metacentric height of 1-66 feet^ Gg being 
the position of the centre of gravity. When all coal, provisions, and 
water were consumed, the boilers and condensers being filled—* 
condition of things which might possibly happen at sea — ^the meta- 
centric height was increased to 205 feet, the draught of water being 
21 feet ^ inchea O^ on the diagram represents the position of 
the centre of gravity in this case. 

Fig. 80 is the curve of statical stability of the IncoMUi'nt when 
the ship is floating at a mean load-draught of water of 23 feet 
10 J inches, the displacement at that draught being 5,782 tons; 
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the centre of gravity below the metacentre, or the metacentric 
height, at this draught being 2*8 feet, as illustrated in the preceding 
%ure. The height of the edge of the upper-deck above water, 
when floating at this draught, is 15 feet S^ inches, and from the 
curve it will be observed that the vessel heels over to an angle of 
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Fig,80. 




33"^ before the edge of the deck becomes immersed; the righting 
moment at this point being 11,362 foot-tons. The angle of maxi- 
mum stability is 52^"", and the righting moment at this angle is 
16,276 foot-tons, the length of the arm of the righting lever, GZ, 
being 2*82 feet 

When this vessel lias been heeled over to an angle of 72 J°, it 
will be observed that she possesses the same amount of righting 
force to return her to the upright position as she had at the 
moment the edge of the upper-deck became immersed, the length 
of the righting lever being about 2 feet. The range of stability of 
the Inconstant when in the loaded condition is very large, the 
stability not vanishing even with the ship on her beam-ends. 

The following are the principal particulars illustrated by this 
curve of stability : — 



Curve of Stability of the Inconstant. 



Angle at which edge of deck is just immersed, 
„ of maximum stability, 
„ „ no stability, .... 
9, where stability is the same as at 33"", 

Stability with deck just immersed, 

Maximum stability, .... 

Displacement in tons, .... 

Mean draught of water, 



33° 

52i° 
105i° 
72i° 
11,362 foot-tons. 
16,276 „ 
5,782 „ 
23 ft, lOi ins. 
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Fig. 81 shows the relative positions of the metacentre, centre of 
gravity, and centre of buoyancy of the Iron DvJce, which is a sister- 
ship to the Invincible, under various conditions of draught of 
water and weights on board. MM is the curve of metacentres, 
and B B the curve of centres of buoyancy. G^ is the centre of 
gravity when the vessel is floating at the constructed load-draught 
of 22 feet. Owing to the disposition of weights on board, it will be 

observed that the vessel has a meta- 
centric height of 3 feet when loaded for 
sea. Gg is the centre of gravity of tbe 
ship when floating at a draught of water 
of 20 feet 11 inches, and shows the vessel 
to have a metacentric height of 188 feet. 
The centre of gravity of the Iron Duh 
was ascertained by an inclining experi- 
ment, and its position is indicated on the 
diagram by G3, the draught of water at 
the time being 19 feet 10 inches, and tbe 
metacentric height about 1 J feet. G^ is 
the centre of gravity of the vessel when 
all coals, provisions, and water are con- 
sumed, and with the boilers and engine 
condensers empty. The metacentric 
height when in this condition is -65 foot, and the draught of water 
18 feet 9 inches. This is a condition in which the vessel should 
never be placed, even although the whole of the consumable stores 
are exhausted. There is no reason why the boilers and engine 
condensers should remain empty, and thus unnecessarily reduce the 
metacentric height. 

It will be noted that, in order to construct the metacentric 
diagram of the Iron Duke more accurately, an offset has been cal- 
culated at the comparatively shallow draught of water of 14 feet 
8 inches, at which draught the centre of buoyancy has been found, 
and the point set off" on its corresponding vertical, the curve of 
centres of buoyancy being extended and made to pass through this 
point. The corresponding position of the metacentre has also been 
ascertained, and set off on the vertical above this centre of buoy- 
ancy, which enables the direction of the curve of metacentres to be 
continued accurately beyond the points previously obtained as 
described above. 

Fig. 82 is the curve of stability of the Iron Duke when the ship 
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is floating at a mean load-draught of 22 feet. Tliis curve has been 
constructed in disregard of the increase of stability derived, at large 
angles of inclination, from the continuous bulwarks on the upper-deck, 
and the ship is treated as if she had no bulwarks or forecastle, the 



isFeti 



F%g£2. 




space enclosed by the central armour-plated battery only being 
taken into consideration. It will be seen from the curve that the 
angle at which the edge of the upper deck becomes immersed is 
Sli"*, the length of the arm of the righting lever being 1*7 feet, the 
amount of righting force at this point being about 10,000 foot-tons. 
The angle of maximum stability is about 45'', the length of righting 
lever 2'4 feet, and the maximum righting moment 14,000 foot-tons. 
When the vessel has been heeled over to the large angle of 63°, the 
righting moment would be precisely the same as when she was so 
inclined that the edge of the upper-deck became just immersed. 

The angle at which the stability of the Iron DxJce vanishes is 
84'', that is, supposing the space enclosed by the central armour- 
plated battery to remain water-tight, and this space has been 
considered in constructing this curve as contributing, as it mani- 
festly must, to the stability of the vessel at large angles of inclina- 
tion, and more especially as opposing sudden inclining forces. In 
the event of the space enclosed by the battery not remaining 
wholly water-tight, and water finding access from any cause to the 
interior of the battery, such, for instance, as the doors being open 
which lead into the battery, then the stability of the ship would be 
proportionately diminished, the curve of stability under these con- 
ditions being marked A A on the diagram. Supposing these doors 
to be open in the battery after the vessel had heeled to about 50^ 
the water would flow into the enclosed armoured space and reduce 
the range of stability of the ship to about 76°, as illustrated in the 
diagram. 
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The following are the particulars relating to the curves of 
stability of the Iron Duke : — . 

Curves op Stability of the Iron Duke. 

Angle at which edge of deck* is just immersed, . 31 J° 

Angle of maximum stability, 441'' 

„ , „ no stability, 84° 

„ where stability is the same as at 31°, . . 63° 
Stability with deck just immersed, . . 10,021-5 foot-tons. 

Maximum stability, . . 1 4,000*6 „ 

Displacement in tons, > . '■ 5,895 

Mean draught of water, . < 22 feet 

In Pig. 83 we have brought together the curves of statical 
stability of several of H.M. ships, a careful study of which, in 




1. OlcUUm, 

2. Mjdlner, 

3. MiarUonomoh, 

4. DevasteUion, 

6. Peter the Qreat, 



6. Captain, 

7. Inconstant. 

8. Badetzky. 

9. Achillea. 
10. Monarch. 



11. Custozza. 

12. Iron Duke. 

13. KoMer, 

14. Serapi8, 



conjunction with the table of particulars which follows, will be 
found interesting and instructive. To add to its interest we give 
also, in the same figure, some curves of ships belonging to foreign 
powers, the particulars of which will also be found below. These 
curves all refer to the fully laden condition. The low freeboard 
ships in our own Navy, such as the Devastation, GlycopSy &c, 
differ considerably from the simple monitor, such, for instance, 
as the Mjdlner of the Norwegian Navy, by having a central breast- 
work of great volume, which adds materially to the effective height 
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1 Name of Veasc 


Length 
1 between 
'• Peraendlcn- 


Breadth, 
Extreme. 


^^^ 


Displace- 
ment in 
Tons. 


Height 
ofMeta- 
oentre 
aboTe 
Centre 
of 












Gravity. 




Low-SmxD Sh 


tt. in. 
IPS. 


ft. In. 


ft In. 




ft. 


■ * 


Glatton, . 
MjSlner, . 


. . 245 
187 6 
250 


54 
45 6 

55 2 


19 
11 4 
14 3 


4,910 
1,566 
3,842 


13-8 
15-8 


1 Pure 
1 Moniton. 


Devastatioii, 


. . 285 


62 3 


26 U 


9,062 


3-85 


1 Breast-work 


Peter the Grea 


t, . 321 


64 


23 9 


9,662 


8-64 


j Monitors. 


Captain, . 


320 


53 3 


25 4 


7,916 


2-6 


.*• 


HiGH-SlDSD Se 


OPS. 












Inconstant, 


. . 337 4 


50 3 


23 lOi 


5,782 


2-8 


... 


Radetzky, . 


. . 253 


47 


23 2 


4,033 


3-32 




Achilles, 




380 


58 31 


26 5 


9,484 


... 


... 


[i^ ftnH.T^^hj 




330 


57 6 


26 


8,306 


2-37 


... 


OnstoKza, 




287 


71 H 


24 10 


7,390 


... 


... 


Iron Duke, 




. 280 


54 


22 


6,000 


3^ 


... 


Kaiser, . 




285 


62 


24 6 


7,600 




... 


Serapis,. 




360 


49 


19 5 


5.976 


... 


... 



of freeboard, and, beyond the angle at which the water-line meetB 
the junction of the breast-work with the deck, entirely changes the 
character of the curve from that of a simple monitor. The curve is 
very much modified beyond this point by an increase in the length 
of the ordinates, and by the greater angle to which the ship may 
incline before losing her stability. The Mjdlner is a pure monitor, 
or vessel with a nearly flat deck a little raised above the water, 
upon the centre of which deck a turret is supported. She is without 
masts, designed purely for defensive purposes; the amount and 
range of her stability are obtained by means of a very great meta- 
centric height; this is as much as 13*8 feet, as may be seen by 
reference to the table. 

The Miantonomoh, of the United States Navy, is a low freeboard 
monitor of the type originated by Ericsson, with a freeboard of only 
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2 feet 6 inches amidships. In fact she is, in many respects, a re- 
. production of the old Miantonomoh, being of the same type and 
arrangements, and nearly of the same dimensions. The Peter the 
Oreat, of the Imperial Eussian Navy, is a breast-work monitor similar 
to our Devdstcdion, but larger and more powerful, having a breast-work 
which extends to the full width of the deck, with a forecastle that 
extends to the breast-work, and a flying deck over all : her large 
amount and range of stability are likewise obtained by a great 
metacentric height, which is 8*64 feet, or nearly double that of the 
Devastation. 

The BadetzJcy, of the Imperial Austrian Navy, is a fast un- 
armoured steam frigate with high sides, owing to which she 
possesses a large range of stability, and her power to resist inclina- 
tion compares favourably with that of other vessels of known good 
sailing qualities. The Cuatozza, also of the Imperial Austrian Navy, 
is a powerful ironclad with projecting battery, and possessing, as 
will be seen from the diagram, a very large range of stability. 

The Kaiser, of the Imperial German Navy, a sister-ship to the 
Deutachland, was built from the designs of the author, has a central 
battery, and a large amount and range of stability. 

The vessels belonging to our own Navy, the curves of which are 
given, are too well-known to require any description in this place 
beyond what is to be found in the table. 

The complete knowledge of the stability of a war-vessel in the 
various conditions of load- and light-draught can be much more 
readily arrived at, and more accurately determined than that of a 
merchant-ship, because in the latter the variations of the distribution 
of weight due to the differences in kind, and consequently in the 
stowage of the cargoes she may have to carry, make it necessary to 
asaume conditions of stowage for the purposes of calculation, to 
which the actual conditions in practice may approximate only in a 
greater or less degree; whereas, when the distribution of weight 
for a war-vessel has once been arranged in a design it is practically 
fixed (as already intimated), and the deviations from that arrange- 
ment for different conditions of draught due to the consumption of 
stores, coal, &c, can be made with any required degree of accuracy. 

To this is doubtless due in large measure the fact that, whereas, 
no information relating to the stability of their ships has, until 
recently, been given to the commanders of merchantmen, it has 
for some time past been the practice with the Admiralty to include 
1^ " statement of stabjlitj'' " jn the information supplied for each of 
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H. M. ships. This "statement" gives the metacentric height when 
fully equipped, and also when light, what is considered the light 
condition being clearly specified. The angle of heel at which the 
ship reaches her maximum stability when in the load condition is 
also given, as well as the angle at which her stability completely 
vanishes in that condition. These angles are not given for the 
light condition, because the " reduction in metacentric height gener- 
ally lessens these angles more than greater freeboard increases 
them." The form in which this information is supplied is as 
follows: — 



H.M.S. 



STATEMENT OF METACENTRIC HEIGHTS AND STABILITY. 



CONDITIONS 


FEET 


BEHABKS 


The ship when fully equipped at a mean draught 
of feet inches haa a metacentric 
height of 

When lightened to a mean draught of feet 
inchM, fir when hoilers are 
engine condensers empty, and all coals, water, 
provisions, and one-half Warrant Officers' and 
Engineers' stores consumed, the metacentric 
height is 






* The angle at which the ship reaches her maximum 

stability in the load condition, and beyond 
which the righting force diminishes, is . 

* The angle at which her stability entirely vanishes 

in the load condition, is ... . 


DEQBEES 





Admiralty,^ 



_188 



^ These are not calculated for the light condition. Reduction in metacentric 
height generally lewens these angles more than greater freeboard increases them. 
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Mr. We H. White says,* in connection with this subject, and 
speaking of the Royal Navy, ''in cases where special precantions 
are needed, special standing orders are given. For instance, in 
some low freeboard ships it is stringently ordered that a certain 
maximum load-draft shall not be exceeded, because any diminution 
of the corresponding freeboard would cause an objectionable decrease 
in the range and area of the curve of stability. Again, in some 
vessels, as coals and stores are consumed, the stability is considerably 
diminished, aud then orders are given that the ship shall not be 
lightened beyond a certain minimum draught, that draught being 
maintained, if necessary, by the admission of water-ballast. AH 
these regulations are based upon careful experiment and detailed 
calculations." 

The very serious diminution in the stability of a ship at con- 
siderable angles of inclination that may be caused by low freeboard, 
when this is not compensated for in some way (by a lowering of 
the centre of gravity, for instance, or by increased beam) is 
strikingly illustrated by the case of the Captcmi. For purposes 
of comparison we will take the Monarch as an example of a ship 
with high freeboard, and will consider both ships in their fully 
equipped condition, ready for sea. Fig. 84 represents upon the 









1 


. 


A 




^^'^***« ft 


i 

i 

j 


i^n 








.^^^^ j 



same scale the curves of statical stability for the two vessels, 
C C being that of the Captain and M M that of the M(mardL^ 
There are three things to be noted in examining these curves: 
First, their very small difference up to an inclination of 16^ the 
Captain having slightly the advantage of the Monarchy her 

* In Nature, dated 15tli November, 1883. 

t The curve of stability of the Captain was given in a previous chapter, to 
illustrate a somewhat dijfferent point ; it is convenient to reproduce it here. 
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righting levers being somewhat longer ; second, the great difference 
in amount of the maximum stability of the two vessels, and in 
the angles of inclination at which the maximum occurs — that of 
the Gaptai/n being reached at 21°, and amounting to a righting 
lever of only 10 J inches, whereas, when the Captain* 8 stability 
has thus alarmingly decreased, the Monarches has not ceased to 
grow with every increase of inclination, attaining its maximum at 
40^ where the length of righting lever is 21| inches, or double the 
maximum of the Ociptain^s; third, the very great righting power 
still possessed by the Monarch when the Captain has reached 
her extreme limit of stability at 64^''. 

This enormous difference between the statical stability of the two 
ships arises solely from the one ship having a low freeboard, and the 
other a high freeboard. As we have seen, the stability of the low 
freeboard ship compares favourably with that of the high freeboard 
ship up to an inclination of 16 degrees; but it is precisely at that 
inclination that the edge of the Captain* a deck begins to be immersed, 
and to this fact is due her decrease of stability compared with the 
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Monarch, as the inclination increases. If, all other conditions of the 
Captain remaining unaltered, her side had been as high as the 
Monaavh'a, she would have retained 'an advantage over the latter at 
all angles of inclination. 
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Fig. 85 is a diagram showing the curves of metacentres, curve of 
centres of buoyancy, and positions of centres of gravity of the late 
training-ship, Atalanta (which disappeared at sea*) as calculated in 
the Admiralty Office. BB' is the curve of buoyancy, and MM' is 
the curve of metacentres. The centres of gravity at the draughts of 
water shown, and under the conditions hereafter stated, are situated 
in each case respectively at the lower ends of the dark portions of 
the vertical lines drawn downward from the respective metacentres. 
The upper group of three water-lines, L W L (one of which is short) 
represent the load conditions of the ship, with guns removed, but 
with small variations of load, the highest line (the short one) of the 
three answering to an extra 10 tons of ballast, the centime of gravity 
is at G. The line next below this group (at draught 16 feet 9 inches), 
marked E C for ** Experimental Condition," corresponds to the con- 
dition of the ship when the experiment for ascertaining the position 
of the ship's centre of gravity wjas made at Pembroke. The centre 
of gravity for this condition is marked G. The next line, marked 
LL, answers to the usual light condition of the ship, but with half of 
her hold water-tank full. The centre of gravity is at G". The lowest 
group of lines, marked FLO, indicates the final light condition, 
with all the hold water-tanks (109 tons) empty, and provisions and 
culinary coals consumed. The centre of gravity is at G"'. The 
short lines in each case indicate the extra immersion due to the 
extra 10 tons of ballast, &c. Some further consideration will be 
given to this case hereafter. 

Table I. 



P4 


Begifltered Dimensions. 




Load- 
Draught 


Load 
Displace- 
ment 


Light- 
Draaght 


Light 
Displace- 
ment 






Length. 
L 


Breadth 
B 


Depth. 
D 


D 
B 


L 
B 


A 
B 
C 
D 
E 
F 


Feet 
273-0 

267-0 

230-3 

197-5 

197-4 

1480 


Feet. 
431 

39-3 

37-9 

32-2 

33-9 

26-9 


Feet 
23-6 

23-3 

231 

19-9 

210 

141 


Tons. 
1,931 

1,571 

1,280 

799 

853 

340 


Ft Ins. 

19 11 

20 li 
19 9 
17 3 
19 64 
12 74 


Tons. 
3,980 

3,407 

2,910 

1,775 

1,990 

787 


Ft Ins. 

9 74 

9 11 
10 3 

8 64 
10 84 

6 5 


Tons. 
1,440 

1,235 

1,180 

643 

767 

290 


-54 
•59 
•60 
•61 
•61 
•52 


6-3 
6-8 
60 
6-1 
5-8 
5-6 


•59 

•56 
•59 
•56 
•53 
•54 



Juno, 



* The Atatanta was originally the beautiful Symondit^ 28 guns, sailing frigate 
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We next proceed to consider the carves of metacentres of several 
ships, in order to further show the eflfects upon stability of differences 
of form and relative proportions. We give their principal dimen- 
sions and other particulars in Table I. above, assigning to each ship 
a distinguishing letter for the purpose of future reference. 

* In Table II. we give the heights of the metacentres and centres 
of buoyancy above the bottom of keel, for the light- and load- 
draughts respectively, and also the heights of the centre of gravity 
of the ship when light, and of the homogeneous cargo, as well as 
the height of the common centre of gravity of the hull and cargo — 
all these heights being taken above the bottom of keel. We give 
besides the position of the centre of gravity relative to the meta- 
eentre for the light and load conditions respectively: — 

Table IL 



b* 




Light-Dnnght 




Height of Centre of 

Gravity of 

Homogeneons Cargo. 




Load-Draoght 




1 
& 


5^ 




Centre of GraTity 

Light, a bore or 

below Metaeentre. 




2 . 

« 


•si 

Kg 


III 

f4- 

a w 


PI 

m 
III 




Feet 


Feet 


Feet 


Feet 


Feet 


Feet 


Feet 


Feet 


Feet 


A 


6-0 


23-6 


2-7 below. 


20-9 


16-4 


11-5 


19-9 


180 


1-9 


B 


6-2 


20-6 


1-3 above. 


21-9 


160 


11-9 


18-7 


180 


•7 


C 


6-4 


19-9 


0-9 „ 


20-8 


15-7 


11-6 


18-4 


17-7 


•7 


D 


5-4 


170 


0-8 below. 


16-2 


13-5 


10-2 


15-46 


14-6 


•9 


£ 


7-0 


17-7 


0-8 ,. 


16-9 


J40 


121 


17-9 


151 


2-8 


P 


4-2 


14-8 


2-0 „ 


12-8 


9-2 


7-6 


12-9 


10-5 


2-4 



In examining the fourth column of Table II. it will be seen that 
two of the vessels, viz., B and C, have their centre of gravity above 
the metaeentre, in the light condition, and would be therefore unable 
to remain upright without the aid of ballast. Ships D and E have 
the centre of gravity a little below the metaeentre, while A and F 
possess sufficient metacentric height in the light condition to enable 
them to be shifted about in harbour with perfect safety. The 

* Tables I. and II. are abridged from the Report on Masting, principally written 
by Mr. W. John for the Committee of Lloyd's Register. 
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metacentric heights given in the last column of Table II. are those 
obtained by assuming that each ship is stowed with a homogeneous 
cargo of such a density as would bring her down to her assigned 
load-line. These metacentric heights are in every case less than 
should be possessed by a saiKng-ship about to proceed to sea, though 
there are evidently considerable differences in their approach to what 
would be considered a sufficient metacentric height. For instance, 
assuming the requirement to be a height of 3| feet, and considering 
the relative amounts of dead weight the ships would require with 
similar cargoes to bring them into this condition, we can see clearly 
that ships, A, E, and F, whose metacentric heights are already con- 
siderable, would require very much less than B, C, D, whose meta- 
centric heights are so smalL Another interesting comparison to be 
made from Table II. is that of the differences between the meta- 
centric heights of the several ships in their light and load conditions. 
For instance, ship A has a metacentric height of 2*7 feet when light, 
which when loaded is reduced to 1*9 feet. Ship F has nearly the 
same metacentric height (slightly more) when loaded as when light. 
Whereas, ship E, whose metacentric height ia only '8 foot when 
light, has, when loaded, the very greatly increased one of 2-8 feet 
These differences can to a certain extent be explained by a reference 
to the 3rd and 8th columns of Table II., giving the heights of the 
metacentre above the keel at the light- and load-draughts respec- 
tively. We find that for ship A the metacentre at the load-line is 
3*7 feet lower than at the light-line ; for ship F it is 1*9 feet lower 
at the load- than at the light-line ; and for ship E it is '2 foot higher 
at the load- than at the light-line. " By filling ship A, therefore, 
with a homogeneous cargo having a centre of gravity 6*5 feet below 
the light centre of gravity, and 7*2 feet below the light metacentre, 
the common centre of gravity is lowered 2*9 feet ; but, owing to the 
metacentre going down 3*7 feet, the metacentric height^ when so 
loaded, is actually less than it was when the ship was light by 
•8 foot. By filling ship E, on the other hand, with a homogeneous 
cargo having its centre of gravity 2*9 feet below that of tiie ship 
when light, the common centre of gravity is lowered 1*8 feet> and 
owing, in this case, to the metacentre rising -2 foot, the metacentric 
height, when loaded, is increased 2.0 feet, making 2*8 feet loaded, 
against -8 foot when light" — Report on " Mdsiing,'* 

These variations will be still more clearly seen and readily under- 
stood by a study of the curves of metacentres for these ships, 
Fig. 86 to Fig. 91 inclusive, taken from the Report just quoted. 
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In each figure the curve of metacentres, curve of centres of buoy- 
ancy, and the light- and load-lines are shown, and on the latter are 
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marked the corresponding displacements in tons. The difference 
in form of some of the curves is very noticeable. For instance, thai 
in Fig. 90 for ship E, with those in Figs. 86 and 89 for ships A 

FigSO. 



Fig31. 
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and D, may be compared respectively. The metacentric curve in 
Fig. 90, starting from the load-line, drops as the ship lightens, and 
continues to do so until it reaches its lowest point at about 
14 feet draughty when it commences to rise, and continues rising 
slowly as the draught decreases, until at the light-draught it is 
•2 foot lower than at the load-draught. The curve in Fig. 89, on the 
other hand, drops but very little for a short distance, and then 
commences to rise slowly at first, but more rapidly as the ship 
reaches her light-draught, where it is 1*5 feet higher than at the 
load-draught. The curve in Fig. 91 is almost level for some 
distance, and then commences to rise rapidly as the ship lightens, 
reaching a position 8*7 feet higher at the light-line than that it 
occupied at the load-line. 

In order to complete the comparison of the stability of the 
several ships we have been considering, we give in Fig. 92 curves 




showing their stability at large angles of keel. These curves were 
all obtained by assuming a metacentric height of 3^ feet in each 
case. The angle at which the deck edge becomes immersed is 
indicated by an ordinary dotted line in each case, and that at 
which the maximum stability is reached is indicated by a different 
kind of dotted line. The curves of the sailing-ships are marked 
with the reference letter used in the preceding tables. Those of 
H.M. ships are drawn with dotted lines ; that marked I D being 
for the Iron Duke, that marked M for the Monarchy and that 
marked Ca for the Captain. It will be noticed that the curves of 
four out of the five sailing-ships have a greater range than those of 
either of H.M. ships, the angle at which the stability vanishes being 
very large. This is, of course, due to the fact that, although the 
ships of the Eoyal Navy possess much greater proportionate beam 
than merchant-ships, and have greater metacentric height, the 
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heavy weights of armour and guns -which they have to carry 
above the water raise their centres of gravity very high, and, there- 
fore, at large angles of heel they stand at a disadvantage as 
compared with merchant-ships. The angle of maximum stability 
(Fig. 92) varies from about 40* to 50^ The ship whose curve is 
marked A was struck by a heavy squall in the Indian Ocean, and 
capsized when on her way home with a cargo of cotton ; she had a 
metacentric height of about 3 or 3^ feet. A very large amount 
of canvas was spread, and she was doubtless in a very critical 
position relative to the wave-surface when struck by the squally 
considering the large resistance to capsizing which her curve shows 
her to have possessed. 

The torpedo-ram, Polyphemus, presents an unusual and interest- 
ing example, as regards the stability of special types of ships. As 
first described, and as illustrated in lb. King's War-ahipa and 
Navies of the World, she is without the superstructures with which 
she was ultimately built^ and it is in her original condition that she 
presents the most interesting features. The vessel is essentially a 
torpedo-ram, her means of attack being the ram and the torpedo, 
and these only. She carries no guns, or only such as will suffice 
to protect her against small torpedo-boats — ^viz., Nordenfelt guns. 
The object aimed at apparently was to produce a vessel as low 
down in the water as is consistent with safety, so as to be as little 
liable to be struck by shot as possible, having great speed and great 
manoeuvring power, these latter elements being pre-eminently 
essential to her intended mode of attack. She is 240 feet long, 
40 feet wide, draws 20 feet of water, and has a displacement of 
2,640 tons. The total depth of her hull (exclusive of certain super- 
structures) is 24 feet, so that the height above water of the hull 
proper is only 4 feet. The transverse section of the vessel is very 
similar to the section of a peg-top, and is indicated on the accom- 
panying Fig. 93 by the drawn line. The line, W W, is the load 
water-lina It will be seen that the vessel had originally no sides 
above water such as are possessed by an ordinary ship. The upper 
rounded surface of the hull formed the upper-deck, or turtle-back 
deck, and this sloped away obliquely into the water, only extending 
4 feet above the water along its middle. In the side view, or 
elevation of the hull proper, the turtle-back deck rounded down- 
ward at each end to a point several feet below water. The fine 
portions of the hull, forward and aft, below which would constitute 
the fore-foot and heelj wer^ cut away to improve the manoeuvring 
power. 9 



Digitized by LjOOQIC 



130 



STABILITT OF SHIPS. 



[chap. VIL 



A novel and interesting feature in this ship is the carrying of 
300 tons of east-iron ballast in large blocks, in a recess or groove 
along the bottom of the ship, at the keel, so attached that they can 
be detached from the ship when required and allovred to sink. 
Their detachment may be regarded as a means of acquiring so muoh 



Fig3S. 




additional buoyancy available in case of necessity, aud as compensat- 
ing, in some measure at least, for the smallness of the capacity of the 
ship above water. If an ordinary war- vessel be badly hit in action 
and water enters the hull, she will sink in the water and draw upon 
her spare buoyancy, until the additional volume of displacement is 
equal to the volume of the water which has entered the vessel 
This process will go on if compartment after compartment be flooded 
— supposing the ship to remain stable — ^until the whole of the spare 
buoyancy has disappeared, when the ship will sink. In such a 
ship the displacement per inch of additional immersion (or the 
weight necessary to sink the ship 1 inch at that draught) would 
remain nearly constant for several feet of immersion; whereas, in 
the Polyphemus, the tons per inch of additional inunersion would 
rapidly decrease with every inch of additional immersion, and after 
a comparatively small increase of immersion would disappear for 
all useful purposes. The 300 tons of ballast may be regarded as 
representing about 20 inches of spare immersion, which would be at 
once used in the event of serious damage. 

The peculiar form of section adopted in the PclyphemuB was 
designed to give her a high centre of buoyancy and a low centre of 
gravity, since the stability she can derive from her form must be 
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veiy small indeed. She is worse off in this respect than the low- 
sided monitors, as these vessels derive great stability from their 
form until their edge of deck enters the water, when it rapidly 
decreases. But the Polyphemus (as shown by Mr. King) has, 
strictly speaking, no height of side above water, or, at any rate, what 
may be called her sides slope inwards so much that, as regards 
stability of form, the vessel has not very much more stability than 
the monitor class, when their deck has entered the water. The 
reason of this will be at once seen. Compare the condition of the 
ship with that of a ship having the same bottom, and the same 
height above water, but with vertical sides, as indicated by the 
dotted lines, acde. Fig. 93. Let B be the centre of buoyancy of 
this vessel, and suppose G her centre of gravity. The vertical 
through 6 must also pass through Q, and in order that the ship 
may have stability initially when she is heeled through a small 
angle, the vertical through the new centre of buoyancy must cross 
the original vertical through B and G at a point situated above G. 
Suppose the vessel heeled so as to float at the water-line, W W. 
Let B' be the position of the new centre of buoyancy, and let the 
vertical through it intersect the original vertical through B and G 
in the point M. 

"^We see that in this case the wedge of displacement, which travels 
from one side to the other and is lightly shaded in the figure, is 
very much smaller than that (W O W) for the wall-sided ship, 
neither does it travel over through such a great distance; the 
centres of gravity of the two wedges of hull displacing the water, 
would be situated about as indicated, viz., ^ and h' for the Poly- 
pJiemtbe, and g and h for the upright side. Hence, the centre of 
buoyancy will move through a very much shorter distance. Its new 
position for this case is indicated by b, and the corresponding 
metacentre by m, and we see that if Q were in the same position 
as that chosen for the wall-sided ship, the force of buoyancy would 
pass on the left of the centre of gravity, so that the couple formed 
by this force, and the weight of the ship would tend to heel her 
further from the upright, and the vessel would turn over. The 
centre of gravity must therefore be much lower, and is probably 
situated at or near the centre of buoyancy. As the wall-sided 
vessel heels over, the distance through which the wedge of displace- 
ment is shifted increases until the edge of deck passes into the 
water, when it begins to decrease very rapidly ; but in the case of 
the Polyphemu8y this distance begins to decrease at once as the 
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water passes over the round top of the deck ; hence, as we have 
stated, the stability due to form in the Polyphemus is approximately 
the same as in the monitor class when the water reaches the edge 
of the deck. 

Mr. W. H. White has worked out some interesting considerations 
connected with the geometry of curves of metacentres,* which may 
be briefly noticed here. He first investigated the conditions under 
which the curve becomes hxyrizontal, which corresponds, of oourae, 
to the circumstances that, notwithstanding differences of draught 
of water, the metacentre remains at the same height on the axis 
of the ship throughout the range of the curve's hoiizontality. We 
have seen that in the case of a prism of circular section, and of a 
sphere, the curve of metacentres is throughout horizontal ; and we 
have also had before us repeated instances of curves of metacentres 
for actual ships in which the cui*ves were horizontal for a greater or 
less distance. Mr. White shows that one geometrical condition 
corresponding to this state of things is, that the principal transverse 
sections of the surfaces of flotation and buoyancy must be concen- 
tric ; in other words, that the centre of curvature of the curve of 
flotation must be coincident with the metacentre, a condition which 
is obviously fulfilled in the case of a spherical vessel, and of a 
cylindrical vessel floating with its axis horizontal. He proves the 
propositions generally by showing that the height of the metacentre 
above the water-line has for its value, under such circumstances, 

the expression, -j^ , or the differential of the moment of inertia, 

divided by the differential of the volume displaced, presuming the 

draught of water to be slightly varied, and this expression, -ry 

has been shown by M. Leclert (as we shall see hereafter), to be 
also the value of the radius of curvature of the curve of flotation. 
Another particular case, says Mr. White, is that where a ship is 
" wall-sided " in the neighbourhood of the given water-line. The 
centre of curvature then lies in the water-line (d I being zero), 
and if the curve of metacentres has a horizontal tangent at 
that water-line, the metacentre must lie on that line, that being, 



* See Tranaaciiom of Institution of Naval Arc?iiUcts, vol. xix., 1878. Mr. 
White designates them '* metacentric curves,'* a designation which, as previously 
stated, we desire to reserve for curves known as "metacentrics " [fea nUlacentriques 
of I^uguer). 
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in fact, the horizontal tangent. This, of course, presumes the wall- 
sidedness to exist from stem to stern — a very unusual case. 

It will be seen hereafter that Professor Leclert suggests the 
construction of a curve, of which values of V, the volume of dis- 
placement, shall form the absciss®, and values of r ^>^ , the radius 

of curvature of the surface of flotation at different draughts, should 
form the ordinates. Such curves (but having moments of inertia 
for ordinates) were employed by Mr. White (when teaching Naval 
Architecture at the Boyal School at Greenwich) to illustrate the 
fact that a curve of metacentres may become horizontal at more 
places than one, and the following are two examples given by him 
as having been constructed by pupils of his: — Fig. 94 represents a 
curve of metacentres obtained from an actual ship, and it is hori- 
zontal both at A' and at C Fig. 95 is a companion curve, con- 



Fig.9J^ 
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structed as just described, with volumes of displacement set off 
along B D, and moments of inertia (I) of the water-line areas set 
up as ordinates of the curve, AC. A tangent to the curve at any 

point represents the ratio, -7-^ , and consequently expresses the 

value of the corresponding radius of curvature of the plane of flota- 
tion. To the point, A', on the diagram, Fig. 94, corresponds the 
ordinate, A B, on Fig. 95. Hence, according to the general principle 

above stated, the ratio ^- at the point, A, should be equal to the 
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height of A' above the corresponding water-line; this height is 
indicated by the length of A' B' in Fig, 94, and is 14*8 feet, which 

/7 T ^ 

exactly equals the ratio of -p^ given by Fig. 95 at the point A 

Similarly it will be seen that at the point, C, in Fig. 95, the ratio, 

-j^ = 5'6, which again is exactly equal to the height, C D' of the 

metacentre above the corresponding water-line when the tangent 
(at C) to the curve of metacentres is horizontal. Figs. 96 and 97 




JJisplaoemenl* 



illustrate the corresponding conditions for another ship where the 
points, A', B', C on Fig. 96, at which the curve of metacentres has 
horizontal tangents, correspond to A, B, and C respectively, on Fig. 

/J T 
97. In each case the ratio -r-y equals the height of the metacentre 

above its appropriate water-line. Calling the tangential angles at 

A, B, and C respectively, a, /3 and y, it was found that tan. a 

4-26x10 ^^. . r, 48x10 Q . ^6-2x10 -^^ 
= — w:j — = 6'6o; t«,n. j8 = — ^ = 8 ; tan. 7 — ^ — = 107. 

Having had occasion, in this and the preceding chapter, to bring 
into view curves of stability constructed for diflferent draughts of 
water in connection with curves of metacentres and of centres of 
gravity, it is fitting that we should here describe the ordinary 
English method by which a curve of stability for a vessel at a 
given draught is deduced from a known curve of stability for 
another draught. This method was worked out by the Admiralty 
draughtsmen, and is now generally used. It was first publicly 
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described in a paper by Mr. G. F. Stanbuiy, M.I.NA» in the 
Annual of the Royal School of Naval Architecture, of which 
he is a distinguished Fellow. 

"Most of the readers of this Annual,'' remarks Mr. Stanbury, 
" will be acquainted with the fact that the range— or position of the 
angle of vanishing stability — of the ciu^e of stability is considerably 
less for ordinaiy ships when all the coals, water, provisions, stores^ 
&C., are consumed, than when these things are on board. This arises 
from the fact that, in all ordinary cases, the centre of gravity of a 
vessel ascends as the coals, stores, &a, are consumed, to such an 
extent as to more than counterbalance the contrary effect of the 
additional freeboard in lengthening out the curve of stability. In 
the case of a comparatively low fireeboard vessel, an increase of 
freeboard due to the stores, coals, &c., being consumed, has, of course, 
a greater proportionate effect on the form and range of the curve 
than an equal increase would have in the case of a high fieeboard 
vesseL Hence, in practice we generally find that the difibrences in 
the ranges of the load and light curves of stability is less with a 
low freeboard vessel than it is with a high freeboard. The fore- 
going remarks, of course, apply only to vessels properly stowed or 
equipped, or, in other words, it is assumed that the centre of gravity 
of the total weight of consumable stores, coals, &c., is below the 
centre of gravity of the whole vessel fully equipped. Heavy deck 
cargoes or bad stowage might, and no doubt often do, seriously 
modify the above statements. In such cases the curve for the fully 
laden condition might have a shorter range than the light curve. 

"Taking for granted the importance of calculating the curve of 
stability for the light condition of lading— especially for ocean-going 
vessels carrying a large spread of canvas — let us enquire what the 
worst conditions as regards the positions of weights on board would 
be. This is generally taken to be the case when — (1) The boilers are 
empty; (2) the tanks are empty; (3) all provisions consumed; (4) 
no water in engine condensers; (5) all coals consumed; (6) all 
eonsamable stores used. Some persons may consider this to be a 
very improbable condition for any captain to allow his vessel to get 
into. While admitting this, it must be regarded as a possible con- 
dition ; and the curve calculated for such a case must be considered 
as indicating the lowest limit to a vessel's statical stability ; while 
the curve for the fully-equipped condition shows the highest limit. 

"The weight of coals, stores, &c., consumed, and the vertical 
position of the centre of gravity of the vessel in her light condition 
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being calculated, let us now proceed to deduce the curve of stability 
for this condition from the calculations for the curve at deep drangbi 
The corrections to be made on the known curve are — (1) That due 
to alteration in mean draught ; (2) that due to the vertical rise of 
the centre of gravity. Any small alteration of trim is not taken 
into account in making these calculations, because it has been shown, 
in the paper already referred to, that the curve is not affected to any 
appreciable extent by it." 

The following is the Admiralty method of proceeding as described 
by Mr. Stanbury : Let d represent the total weight of the stores, 
water, coal, &c., consumed, or the layer of displacement between the 
light and load water-lines. If D be the displacement of the fully- 
equipped vessel and D^ the displacement when light, then 

D^ + c? = D. 

In Fig. 98,* let AW be the load water-line, Aj Wj the light Une, 
the displacement between AW and A^W^ being equal to d; B the 
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centre of buoyancy for the upright position at deep draught, G the 
centre of gravity at that draught, and G^ the centre of giuvity at 
light draught. Then G G^ is the rise of the centre of gravity. 
Now, suppose the vessel heeled to an angle, 6, for which the Tighting 
couple, GZ, has been calculated in the fully-equipped case, the 
load displacement remaining constant for all angles of heel, E F can 

* This figure has been so drawn as to show all the points of the process, and not to 
represent any actual case, 
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be drawn in its true position from the results of the calculations 
just referred to. Find by the usual process the position of the 
watei^line, H K, cutting off a layer of displacement of thickness, f, 
equal to d ; also the centre of gravity of the layer. Let a be the 
horizontal distance between the centre of gravity of the layer and 
the line, S N. Then B B^ — B S sin. d is the distance between the 
perpendicular through the centre of buoyancy, B^ (in fully-equipped 
condition), and S N. Again, a + (B B^ — B S sin. 0) equals the 
distance of the centre gravity of the layer from BjL. Taking 
moments about B^ L, we have 

d|a + (BBi - BS sin. 6) } := D, (B^B^) ; 

d^a+ (BBi - BS sin. e) I* 
B1B2 = p- 

The arm of the righting couple for the angle, 0, may now be found 
from the equation 

Gi Zj = B Bg - B Gj sin. 0. 

The values of B B, and G^ Z^ should be calculated for each of 
the angles at which the length, G Z, has been calculated. 

We may extend this chapter by giving a place to the following 
ingenious and instructive note on a case of a floating body in which 
the metaoentre is below the centre of buoyancy, which appeared 
in the Anmudjxx&t referred to, bearing the well-known initials of 
Mr. Crossland, late of the Admiralty: — . 

''In all ordinary cases of floating bodies the metacentre is 
necessarily above the centre of buoyancy. There is, however, a 
case in which the metacentre is below the centre of buoyancy. 
Suppose a box without a lid placed in the water with its mouth 

* *'It often happens," says Mr. Stanbury, *'that the line, BiL, and sometimes 
that the centre of the layer, are on different sides of S N for different angles of heel. 

The signs in the expression 4 a + (B Bi - B S sin. ^) 1- should therefore be carefully 

considered for each angle. In the case of a vessel with high fineeboard, the centre of 
gravity of the layer at the angles of inclination just before the edge of the deck is 
immersed, is on the immersed side of S N, then, of course, Bs falls on the opposite 
side of Bi L, to that shown in Fig. 98. These simple points are mentioned merely to 
call to them the attention of those readers who may not be conversant with the 
principles upon which the stability calculations are based. If Bs is on the immersed 
side of Bi L (as in the figure), then Bi Bs should be added to B Bi ; if on the emersed 
nde, it should be subtracted." 
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downwards and bottom upwards. Suppose it to be of such & 
weight as to float, the water being kept down by the air insdde, 
as in the case of a diving-bell. Let A B, Fig. 99, be the water-line 
outside the box, and C D the water-line inside the box. If the 
thickness of the box be neglected, then A B D C is the displacement. 
If we suppose a small angular displacement to take place, the two 
water-lines become a b and c d. It will be seen that the variation 
of the water-line, A B, has the effect of moving the centre of 
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buoyancy to the right, while the variation in the water-line, C D, 
has the effect of moving the centre of buoyancy to the left. And 
if y and y" be put for S B and S'D, it will be readily seen that the 
height of metaeentre above the centre of buoyancy is 

J 

3: 



or 






And it is obvious that in the case of the box, if A B be less than 
CD, the metaeentre will then be below the centre of buoyaniy. 
I have not here investigated the positions of the two water-lines 
with reference to the elasticity of the air, &c., as I conclude that 
it would not affect the truth of this proposition as to the mere 
metacentric stability. 

" If we turn the box up the other way, and let it float as in 
Fig. 100, with its open side uppermost, and if we suppose it to be 
partially filled with water, then the same principle. applies if we 
assume, as we may, that the displacement is A B D C, A B being 
the water-line outside the box, and CD the water-line inside the box. 
If y and y have the same meaning, we get the same expression 
for the height of metaeentre above the centre of buoyancy. From 
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ibis it is obvious, that if such a box have any tumble home,^the 
melacentre would be below the centre of buoyancy. These con- 
siderations show the great importance, with regard to stability, of 
water in the hold of the ship if capable of washiog from side to side." 

It is obvious that a curve of metacentres might be perfectly well 
constructed for a case like this, should the necessity for it arise. 

Since the previous part of this chapter was written, Mr. P. 
Jenkins, MJ.N.A. (a Surveyor to Lloyd's Kegister), has contributed 
to the Institution of Naval Architects* some further considerations 
in connection with the construction of metacentric diagrams and 
the initial stability of vessels, which exhibit much ability, and 
probably give practical completeness to the geometry of metacentric 
diagram& Observing how closely the curve of centres of buoyancy 
for an ordinary ship approximates (as W0 have seen previously) to 
a straight line — especially where it corresponds to draughts of 
water which are not veiy remote from the load draught — ^Mr. 
Jenkins observes that we can determine the straight line to which 
the locus of the centres of buoyancy will then closely approximate, 
by getting an expression for the tangeTit to that curve in terms of 
the elements usually ascertained in the calculations for displacement, 
&c. Such an expression may readily be obtained, indeed it may 
be written down at once by any one familiar with the subject, 
and with the doctrine of limits, in the form 

|Lg = cot.« = ^(Fig.l01), 

in which B Bj are centres of buoyancy at two draughts indefinitely 

Fiff.lOU 





* In the SMflion of 1884. 
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near, C is the point in which a horizontal line through B meets 
a vertical line through Bp 9 is the angle which the curve of 
buoyancy makes with the vertical, A is the area of water-plane, 
V is the displacement, and h is the height of the water-plane 
above B. It follows that for each foot of change in draught, 
within the limits in which the tangent may be taken to represent 

the locus of B, the rise or fall of the centre of buoyancy is-^. 

We have here, evidently, a ready and useful means of approxi- 
mating to a ship's curve of buoyancy. 

A corresi>onding equation can be obtained for the tangent to 
the curve of metacentres, but, as Mr. Jenkins points out, this cannot 
be reduced to an available form, " owing to the fact that it involves 
the ratio of the increment of the moment of inertia of the water- 
plane to the increment of the volume of displacement, or its equiv- 
fl,lent the radius of curvature of the curve of flotation." The 
equation referred to, which Mr. Jenkins gives — using A, V, and A, 
as before, calling the angle with the vertical 0, M and M^ being 
immediately adjacent metacentres, E the point of intersection of a 
horizontal through Mj and a vertical through M, and I the moment 
of inertia of the water-plane (see Fig. 102) — is 

ME , AI^VAA-AV^^ 
MiE ^ "" ^^' ^ " V^ ^ 

or, putting for -^, r, the radius of curvature of the curve of 

flotation, and m for the height of the metacentre M, above the 
centre of buoyancy, 

A A 

cot. = - -^- (m - A - r) = y Z-, 

where k is the distance of the metacentre, M, below the centre of 
curvature of the curve of flotation. 

The resemblance of this expi*ession for the cotangent of the 
angle which the locus of metacentre makes at a given point with 
the upright, to that for the cotangent of the angle which we just 
saw that the locus of the centres of buoyancy makes therewith 
is notable. The relation between the two expressions is thus 
geometrically illustrated by Mr. Jenkins. If, in Fig. 103, the 
curve MMM represent the locus of the metacentre, FFF the 
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locus of the centre of curvature of the curve of flotation, and B B 
the locus of the centre of buoyancy, the cotangent of the inclin- 
ation of the curve to the line T Y is expressed in the one case by 

A 

the product of ^ into the corresponding ordinate between the 

A 
curves M M M and F F F, and in the other by the product of -^ 

into the ordinate between the 

diagonal D D and the curve B B ; -^>-^^'^- 

observing that if the centre of 

curvature of the curve of flotation 

be above M, cot. <p is positive, and 

vice versd. 

The relation between and </> 
may be obtained from the fore- 
going equations, and is 

Jc 
cot ip = cot. J , 

and as cot. is very nearly con- 
stant, cot. will practically vary 
as the ratio of i to A varies. Where the curves M M M and F F F 
intersect, Aj=o, ^ becomes 90°, and the tangent to the curve M M M 
at that point is parallel to the water-plane. This agrees with the 
result of Mr. White, which has been previously set forth in this 
chapter. It is also evident that where the curve F F F intersects 

the diagonal D D, -ry becomes zero, the centre of curvature of the 

curve of flotation lies in the water-plane, and the moment of inertia 
of that plane is a maximum or a minimum. Above that point of 
intersection, Fig. 103, the centre of curvature of the curve of 
flotation lies below the water-plane, and above it at lighter 
draughts. 

From what has gone before, and more especially from the expres- 
sion first obtained for cot. ^, it will be seen that the radius of 
curvature of the curve of flotation may be obtained directly from the 
tangent to the locus of metacentres, and, therefore, without con- 
structing a curve of moments of inertia of the water-planes. 

In illustrating the relations which exist between the position 
of the centre of gravity of a body and the positions of those of its 
water-planes which give to the initial righting moment maximum 
and minimum values, Mr. Jenkins points out that these relations 



Digitized by 



Google 



142 STABILITY OF SHIPS. [CHAP. TO. 

are all conformable to a fixed law, which he defines as follows:— 
" For any given position of the centre of gravity, the initial rightmg 
moment is either a maximum or a minimum, when the water-plane 
is so placed that the centre of curvature of the curve of flotation is 
at the same height in the vessel as the centre of gravity." He gives 
a demonstration of this law, and a set of curves illustrating it. He 
also refers to the cross curves of stability given in Professor Elgar's 
Boyal Society Papers, which wUi be fully explained in a later 
chapter, and shows, as we shall see there, the application to such 
curves of the above principle. 
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CHAPTER Vm. 

ElementB to be Detennined in Calculating Stability— Atwood's Method of Calculating 
Volumes of Wedges— Mr. Samuel Bead's Method— Mr. Barnes* Method- 
Moments of the Wedges — Modifications of Mr. Barnes' Method by Messrs. 
White and John— Mr. Amsler-Lafifon's Mechanical Int^rator— Example of Mr. 
Barnes' Method— Explanation of Preliminary and Combination Tables— Tables 
—Mr. Benjamin's Method of Calculating Statical Stability— Loci of Centres of 
Buoyancy — Curves of Draughts — Stability Model— Tables— Modification of Mr. 
Benjamin's Method— Direct Explanation of Diagram. 

We have previously seen that the calculation of a ship's stability 
at any considerable angle of inclination resolves itself, in accordance 
with what has gone before, into the determination of the following 
elements, viz. : — 

1. The whole volume of displacement below the given water- 
line plane when the ship is upright. 

2. The position of a new water-line plane inclined to the given 
one at the required angle, and having below it precisely the same 
volume as in 1.* 

3. The volume of displacement comprised between the first and 
second water-line planes, on either side of the fore and aft line in 
which these planes intersect; or, in other words, the volume of 
the immersed wedge of displacement^ or of the emersed wedge, 
which is equal to that immersed. (The wedge immersed is usually 
called the " In,'' and that emersed the « Outr) 

4. The horizontal distance apart, measured parallel to the new 
water-line, of the centres of gravity of the volumes of the wedges 
of immersion and emersion. 

If the process of calculation adopted is such (as it sometimes is) 

* We shall hereafter describe systems of calculation in which it is not necessary 
to provide for cutting off fixed volumes of displacement. 
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as to give at once the product of the volume mentioned in (3), and of 
the horizontal distance mentioned in (4), or, in other words, the 
moment of the wedge about the longitudinal axis, there is obviouslj 
no necessity for obtaining thes0 quantities separately. 

5. The height of the centre of gravity of the ship above the 
centre of buoyancy in the upright position. 

The sine of the angle of inclination needs no separate calcula- 
tion, being readily taken from a table of natural sines. 

With these items ascertained, the righting arm or lever of 
stability can be at once determined by substituting these ascer- 
tained values for V, A, 6, and d in the formula 

GZ = ^-dsin. e. 

The methods of calculating the displacement of the whole immersed 
ship when upright, and of its centre of gravity (the centre of buoy- 
ancy) need not be discussed here ; nor need we stay at this point 
to explain either how the centre of gravity of the ship is approxi- 
mately calculated, or how it is experimentally ascertained from the 
actual ship. But this is a suitable place in which to speak of the 
methods of calculating the volumes of the wedges, and the positions 
of their centres of gravity. 

The manner in which Atwood's method may be applied has been 
summarised as follows :* — Let H D B (Fig. 104) be part of the half 
-. of a vertical transverse section 

'^' ''' " of a ship, T B being the pro- 

jection of the water section 
corresponding to the upright 
position, and HS the projection 
of the inclined plane of flota- 
tion, cutting T B in the point, 
S, so that the volume im- 
mersed, of which HDBS is 
the base, may be equal to the 
volume emersed (brought from 
the opposite side of the ship), 
of which B S' R is the base. Join H B, BR. Then conceive the 
area, HDBS, to be made up of the [triangle, S H B, and a po^ 
tion, H D B N, of a common parabola. By drawing S D so as 

* See Report of Messrs. Read, Chatfield, and Creuze. 
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2 
to bisect H B in N, and taking S Q = ^ SN, we obtain, Q, the 

centre of gravity of the triangle. The centre of gravity of the 

2 
parabola^ H D B N, is ascertained by taking a point at g of N D 

from K Then, drawing lines from this point, and from Q at 
right angles to S H, and meeting it in m and M, we have the hori* 
zontal distances of the centres of gravity of the triangle, H S B, and 
the parabola, H D B H, respectively shown by S M and S m. Hence, 
the horizontal moment of the " sectorial " area, S H B, about the point, 
S, is equal to triangle, S H B x S M, plus the parabola H D B x S m. 
Similarly all the sectorial areas for all the transverse sections, and 
their horizontal moments about the axis through S may be obtained, 
and then summed up by any suitable approximate method. In 
like manner the whole moment of the wedge of emersion, B S' R, 
may be obtained, and the two moments be then added together, 
thus giving the quantity, h A, of the formula. 

In order to simplify the calculations, the late Mr. Samuel Read, 
of the School of Naval Architecture, devised and often employed 
a method of calculating the wedges of immersion and emersion by 
means of radial ordinates, the following account of which ia by 
himself : — * 

The theorem npon which this, novel method is foiinded may be thus demon- 
strated :— Let H A X (Fig. 105) be a transverse vertical section of a ship, above or 



Fig.106, 




below the water's surface, as the case may be, the point, S, being the intersection 
of the two planes of flotation corresponding to the vertical and inclined positions of 
the ship respectively, passing through S A and S' X on opposite sides of the middle 
line, Y Z, and AST, coincident with the water's surface ; and let the angle, ASH, 

* See Transactions of fnatitution of Naval Architects, vol ii., for 1861. 

10 
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of inclination be bisected by the line, S P, passing through the point, P, in the ship's 
side, A P H. Let the middle vertical line be Y T Z, and A S' X be the corresponding 
inclined position of the volume emerged ; then the hydrostatical conditions of the 
ship involve the consequence of the equality of this volume with that of the volmne 
immersed in the volmne of the total displacement, which is a constant quantity. 
Now bisect the side, A S, of the triangle, A S P, in the point, M, and the side, S P, 

in the point, N; join PM and HN; and take MQ = 4- MP, andNR=4 NH; 

then Q will be the centre of gravity of triangle, PSA, and R that of HSP. i>Faw 
QG and BB perpendicular to HS, and QG parallel to AS, GD perpendicular to 
HS; also RE parallel to PS. Then* putting AS = ^i; PS = y,; and HS = ys; 
and the angle A S H = 6 ; we shall have the moment of the triangle^ ASP, from the 
point, S, in the direction S H, equal to 

(^-^ COS. ^ + y^coB. e\yiy^ sin. ^ : 
Va 2 3 / 2 "**^ 2 ' 

or, 

y, COS. 2 + yi cos. ey'^ sm. ^ ; 

and the moment of the triangle, P S H, in the same direction, will be 

^3 ^ 3 "^ 2/ 2 "°- 2' 

or, 

(ys + yjcos. |)^«g2^«8in.|-. 

Gonsequently, the aggregate moments of the two triangles, or the moment of the 
triangle, ASH, from the point, S, in the horizontal direction, S H, will be found 
equal to 

Q 1(^8 + yj COS. 2 ^ y, + ^y, cos. 2 + yi cos. 6^ yi| y« sin. -|- . 

This is not a valuable formula at the present time, when it has 

become the general and laudable practice to calculate the stability 

at large angles of inclination ; but it has been given as an example 

of the treatment of the sectional wedge areas by means of radial 

ordinates. When devised and employed by the late Mr. Bead, it 

was simplified by limiting the supposed inclination to 8 degrees, 

below which it was assumed that no serious error was introduced by 


supposing the cosines of ^ and 6 to be equal to the radius, or 1. 

The expression then became 

1 C 1 6 

6 1 (3^8 + y^ y^ + (2/2 + yi) yi^y2 sin. ^i 

and the operations pointed out by it in this form were not 
laborious. 

•SC=-^-SP, andSE = isH; DG=CQxco8. e, and EB=ERxcoe. |- 
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Mr. F. K. Barnes, of the Admiralty, produced at the Institution 
of Naval Architects in 1861 a very practical and satisfactory method 
of calculating the volumes and moments of the wedges of immersion 
and emersion for any angle of inclination, giving the following 
account of it (which we condense), observing that it "admits of any 
degree of accuracy, and can be readily applied by persons who are 
but indifferent mathematicians." It has been generally employed 
in this country ever since its introduction, as it well deserved to be. 

Let S H, Fig. 106, represent a portion only of one of the wedges 

Fig,106. 




of immersion or emersion, cut off by planes, S Lj L, E F H, perpen- 
dicular to S S', the intei-section of two planes of flotation. Imagine 
the wedge to be divided into a large number of thin slices by equi- 
distant planes, all perpendicular to S S', or parallel to the bounding 
planes, S L L^ and E F H, and imagine, further, each of these thin 
slices to be divided into the same large number of thin wedges by 
planes passing through S S', each such plane being inclined to its 
adjacent planes at the small angle, a. The volume of the whole 
wedge, S Lj H, is equal to the sum of all the very small wedges into 
which it is divided by the two sets of planes. The volume of one 
of these very small wedges, as S L^ M shaded in the figure, is equal 
to the small triangular figure, S L^ N, multiplied by the breadth of 
the wedge, which is the same as the distance, SI, between the 
transverse planes of division. Now, since the angle, L^ S N (= a), 
is very small, the side, L^ N, of the triangle, L^ S N, may be regarded 
as a small portion of an arc of a circle with centre, S, and is there- 
for© equal to S L^ x a; and the area of the small triangle (or 

sector), S Lj N (which is equal to S L^ x L^ N), is equal to 
- X SLi; and the volume of the one small wedge is - x S I x SLi. 
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In proceeding to find the aggregate volume of all the similar 
small wedges in the upper series (bounded above by the inclined 
water section and below by the adjacent plane), Mr. Barnes resorted 
to the device of setting off the wedge volumes as ordinates of a 
curve, and then finding the area of the curvilinear area so obtained. 
To do this he took a line, S E, Fig. 107, equal to S E in Fig. 106, 

and divided it into two equal 
^>-^^- parts at A, as S E is divided 

by the transverse plane, 
ABD, in Fig. 106, and 
through the points of division 
in Fig. 107 he drew lines 
perpendicular to S E, setting 
off upon them quantities equal 
at each point to the square of 
the corresponding ordinate 
in Fig. 106. The ordinate, 
SXj, at S, Fig. 107, was, of course, equal to SL?, that at A was ABf 
and that at E was EF^, the parabolic curve, X^ Xg X^, being drawn 
through the points. The whole curvilinear area, S Xg, when mul- 
tiplied by ^, was equal to the whole volume of the very thin wedge, 

SNF. Represent this area, SXiXgE by B. In the same manner 
curvilinear areas may be found to represent each of the series of 
thin wedges which together make up the whole wedge, S L^ H, and 

the sum of all these curvilinear areas, multiplied by ^, will give the 

volume of the whole wedge, S L^ H. 

But in order to reduce the work thus set before us, Mr. Barnes 
introduces a further artifice. He takes a line, F Q B, Fig. 108, to 
represent the angle, I, of the ship's inclination, and divides it into 
as many equal portions as the whole wedge, S Lj H, Fig. 106, is 
divided into very thin wedges, SNF, &c., drawing, at the points of 
division, ordinates perpendicular to PR. On these ordinates he sets 
off distances numerically equal to the curvilinear areas (of Fig. 107) 

which, when multiplied by ^, represent the several volumes of the 

wedges comprised in S L^ H. Joining the extremities of the ordinates 
so determined by a parabolic curve, he obtains a curvilinear area» the 
divisions of which (viz., the small areas between the consecutive 
ordinates) represent the volumes of the successive wedge-slices. 
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S N F, &c., and the whole curvilinear area of which will represent 
the volume of the whole wedge, S Lj H. In this case, however, as 
in the previous one, instead of dealing with every ordinate, he deals 
only with the two extreme ones, and an intermediate one, which 
hero is SOG, Fig. 106, dividing the angle, LSL^, into two equal 
portions. Q is the corresponding point in Fig. 108. The curvi- 
linear areas, SY^YjE and 
SZiS^E, in Fig. 107, are ^^S-ios. 

found representing the vol- 
umes of the thin wedges 
adjacent to S O G, and to the 
upright water-plane respec- 
tively, and these are repre- 
sented by C and D respec- 
tively, so that C X - and 
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D X ^ will be numerically 

equal to the volumes of these thin wedges. Then in Fig. 108 set off 
perpendicular to PR, PM^ = B, QM2 = C, and RM3 = D, and pafis 
a parabolic curve through M^ Mg, and M3. The area of the curvi- 
linear area bounded by this line will be equal to the entire volume 
of the wedge, SL^H. 

The above processes must, of course, be applied throughout the 
whole length of the ship, and the complete voluvfie of the wedge of 
immersion or of emersion may be thus obtained. Like processes 
are pursued for obtaining the TnomeTita of the wedges of immersion 
and emersion. Mr. Barnes pointed out the great difficulty of 
getting these wedges exactly equal, and adopted the usual method 
of equalising them by drawing a new water-plane paraUel to the 
inclined water-plane, and at a distance, d, from it given by the 
formula 

, __ Difference of wedge volumes. 
"" Area of inclined water section. 

The determination of the exact water-line by this means is some- 
times not practised, the inclined water-plane section being supposed 
to pass through the middle point of the upright water-section (as 
projected on the plane of the ship's body-plan), corrections for the 
error thus involved being subsequently introduced. 

In proceeding to find the Tnoments of the ins and outa, i.e., the 
moments of all the small wedges into which the lai^e wedge, S L^ H^, 
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has been divided, Mr. Barnes points out that it is manifest that the 
distance of the centre of gravity of one of the small wedges, SEN 
firom S Sj, Fig. 106, is the same as that of the small triangular area, 

2 

S Lj Nj or ^ S Li ; and, therefore, the moment of that wedge about 

SSjis 

2^ ^^i^^ 



= SIxf X SL!x|sLi, 



= SIx| X SL'. 

Also, the moment of any other small wedge in the upper series 
about S S' is similarly equal to S I x ^ X cube of ordinate measured 

on the water-line section parallel to S 1^. 

The moment of the whole thin wedge may, therefore, be found 
in the same manner as its volume was found. 

Using the same figure, 107, set oif the distance Sa?^, numerically 
equal to SI^; also, make Ax^ numerically equal to ABj and £0:3 
to E F* ; through the points x^, x^ and x^ draw a parabolic curve, 
and the area thus enclosed will represent the moment of the upper 

thin wedge about S S', and if multiplied by ^ will be numerically 

equal to it. 

Similarly the moment of the wedge, S P O, may be dealt with, 
observing that, as the distance of its centre of gravity from S has to 
be measured in the direction of S Lj, or parallel thereto, and wt in 
the direction of SO, we shall have to multiply the distance 

S O by the cosine of the angle f - j which its centre line makes 

with SL; and, therefore, the expression for the moment of this 
wedge, S P O, becomes 

S I X ^ X cos. ^ X S 03. 
o Z 

The co-efficient S I x „ X cos. ^ will be the same for all the small 

wedges lying next (below) the plane, S G, and their moments will 
vary only as the cubes of the ordinates. Proceeding as before, 
therefore, we may construct the curve, t/^, y^, y^ Fig. 107, and the 
area lying within it will- represent the moment of the entire thin 
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wedge adjacent to the plane, SOGp and when multiplied by 

^ COS. ^ will be numerically equal to it 

In like manner the area Sz^z^ E may be made to represent the 
moment of the lowest series of their wedges, and when multiplied by 

^ COS. Ii will be numerically equal to it. 
o 

Now, let P R, Fig. 108, be taken to represent the ship's angle of 
inclination ; bisect it in Q, and draw ordinates through P Q R 
perpendicular to P R — ^all as before. Make P Fj numerically equal 
to the curvilinear area, Sx^ ; Q Fg equal to the area, 8^3, multiplied 

by cos. ^ ; and R F3 to the area, S^g, multiplied by cos. I. Draw the 

parabolic curve, Fj, ¥^ Fg, and the area lying within it will represent 

the moment of the entire wedge, S L^ H about S S', and ^rd the 

o 

area obtained by the common rule will be numerically equal to the 

moment. 

This calculation, like that for the volume of the wedge, must, of 

course, be extended for the whole wedge extending from end to end 

of the ship, and for both the wedges (iiis and outs). Their sum will 

be the quantity 

V X hh' 

of Atwood's fundamental formula. 

In the Paper of Messrs. White & John, read at the Institution of 
Naval Architects in 1871, an account was given of the extensions 
and modifications which the above system of calculation, introduced 
by Mr. Barnes many years before, had subsequently undergone in 
meeting the wholly modem conditions under which stability has 
now frequently to be calculated, more especially in the Admiralty 
Office. With the sanction of the Admiralty Council of Construction, 
an official specimen calculation was produced, and to this we shall 
presently revert when we come to explain the formal methods of 
conducting calculations of stability. 

All the time such calculations had to be effected without direct 
mechanical aid, it was a matter of much importance to facilitate 
them by the introduction of whatever devices tended to simplify, 
shorten, and relieve from the risk of errors and oversights the actual 
processes of calculation. But the invention and employment for 
this purpose of Mr. J. Amsler-Laffon's mechanical integrator has 
brought about a great change, enabling the draughtsman, as it does^ 
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to ascertain the area, the statical moment, and the moment of inertia 
of any closed curvilinear area, by simply passing a pointer along its 
boundaries, and reading off the results. In using this instrument^ 
the areas and moments of the wedges of immersion and emersion 
are found directly from the body-plan of the ship. The readings of 
these areas and moments are set off as ordinates of new curvilinear 
figures of which the abscissae are given by the positions of the 
stations at which the sectional areas have been taken. The areas 
of these new curvilinear figures are then obtained by means of the 
instrument, and are equal to the volumes and moments of the 
wedges. When this instrument was first brought to the notice of 
naval architects, it was thought that it would be chiefly valuable as 
furnishing a ready check upon calculations made by the method 
of Mr. Barnes. But those calculators who have now had great 
experience with it, claim for it, not only greater simplicity, but 
greater accuracy likewise, and both these combined with much 
economy of time, and with the further economy of enabling the 
calculations to be effected by young and inexpensive persons. The 
perfect success with which young apprentice boys (and in some 
instances girls) are found to make calculations of stability with the 
Amsler Integrator has frequently been mentioned to the author, one 
ingenious friend observing — " I find boys more accurate in these 
calculations than men, who have a lot to think about." But further 
remarks on this instrument must be deferred until the ordinary 
process of calculation has been described. 

We will now give an illustration, taken from the author's office 
records, of Mr. Barnes' method of calculating stability. We select 
the case of the Kaiser, an ironclad central-battery ship, 285 feet 
long, 62 feet beam, and about 7,600 tons displacement, designed by 
the author for the Imperial German Government. Thd example 
shown consists of the " Preliminary " and " Combination " * tables, 
for the ship inclined to an angle of 34 degrees from the upright, and 
is accompanied by a description of the tables. 

It may be again noted that the calculation relating to the alteration 
in the position of the longitudinal centre of gravity, caused by the 
heeling of the vessel, is found in general practice to be unnecessary, 
as the alteration is so slight as not to practically affect the righting 
moment, even at large angles of heel. The following is a description 
of the method of calculating the stabilities set forth in the accom- 
panying tables : — 
* Se9 MeBsrs. White ft John's Paper on <* Stability^" Transactions. I. N. A,. 1871* 
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The vessel is assumed to be floating in still water. The body- 
plan is prepared from transverse sections 26*64 feet apart, with 
additional sections 13*32 feet apart, at the extremities of the ship. 
The load water-line of the vessel is drawn, and through the inter- 
section of this and the middle line, radial lines are drawn at such 
angular intervals as to allow one of them to pass through the edge 
of the deck when that is just immersed. This interval is in the 
example 8^ degrees. 

The lengths of the ordinates of the transverse sections measured 
along the radial lines are arranged in the " Preliminary " table (page 
1 55), as also the squares and cubes of the ordinates, under the heading 
of the respective wedges, both " Immersed " and " Emerged." These 
quantities are then treated by Simpson's rule, &om which the 
functions of the ordinates of the inclined water-plane are obtained, 
in order to find its area ; the functions of the squares of the ordinates, 
in order to obtain the position of its centre of gravity, and also the 
excess of the volume of one of the wedges over the other ; and the 
sum of the functions of the cubes of the ordinates, in order to deter- 
mine the moment of inertia. 

It will be observed that the functions above referred to are 
divided by 3, so that the common factor for use in the " Combina- 
tion" table for areas, moments, &c., is the longitudinal interval. 

In the " Combination" table (pages 156-7), the various angles of 
inclination, from the body-plan, are entered up to the one to which it 
is desired to calculate the stability, and the results or functions from 
the " Preliminary " table above described are arranged in the proper 
columns opposite their respective angles, observing that it is 
necessary to prepare a "Preliminary" table for each angle of 
inclination used in the calculation. These are treated by the 
correct multipliers, and care must be taken to make the angle 
at which the deck becomes immersed a stopping-point in the 
integration in order to avoid discontinuity. The area of the 
inclined water-section is now ascertained, as also the position of 
its centre of gravity; the calculation showing the excess of the 
volume of either of the wedges over the other is next proceeded 
with, and is obtained from the functions of the squares o^ the 
ordinates for volume of wedges, for the various angles of inclina- 
tion, taken from the respective preliminary tables. 

Should this excess prove to be on the ''Emerged" side, as in 
oor example, it shows that the total displacement of the ship 
at this inclined line is less than when in the upright positioiu 



Digiti: 



zedbyGoOgk 



154 STABILITY OP SHIPS. [CHAP. vm. 

In order to make the necessary correction for this deficiency, and 
find the true water-line at this inclination, the volume of 'the 
layer, after correcting for appendages, is found and divided by 
the area of the inclined water-section, which gives its thickness. 
This thickness is added to the assumed height of the water- 
section, and gives the true position of the inclined water-line. 
If, on the contrary, the "Immersed" wedge is in excess, the 
thickness of the layer must be deducted. 

The sums of the functions of the cubes of the ordinates as taken 
from the respective " Preliminary " tables are now dealt with by the 
same multipliers, and their products multiplied by the cosines of 
the angles of inclination. The sum of the functions thus obtained 
being divided by 3, and multiplied by the longitudinal interval, 
and also by one-third the angular interval, gives the moment of the 
wedges of " Immersion " and " Emersion/' uncorrected, taken about 
the intersection of the middle line and the inclined water-eection. 
The corrections for the appendages and layer are now taken into 
account, observing that for the latter the centre of gravity of the 
layer lies toward the immersed side, and the emerged wedge being 
the greater, the correction must be added. Had this centre of 
gravity been toward the emerged side the correction would have 
had to be deducted. Dividing the result, after the necessary correc- 
tions have been made, by the total displacement in cubic feet, the 
horizontal distance (BR in the table) between the centre of buoyancy 
in the upright position and the centre of buoyancy in the inclined 
position is obtained. Deducting from this distance the vertical 
height between the centre of buoyancy and the centre of gravity of 
the ship when in the upright position (B G in the table), multiplied 
into the sine of the angle of inclination, the length of the arm of the 
righting lever (GZ in the table) is obtained, and this, multiplied by 
the displacement, gives the righting moment in foot-tons. 

The moment of the wedges, uncorrected, for the dynamical 
stability is obtained by multiplying the same products of the soms 
of the functions of cubes of the ordinates as were used for the 
statical stability, by the sines of the angles of inclination, dividing 
the sum of the functions so obtained by 3, and multiplying by the 

longitudinal interval and by ^ of the angular interval Corrections 

for the appendages and layer are now made, observing that in finding 
the dynamical stability the correction for the latter is always deducted, 
irrespective of the position of the centre of gravity of the layer. 
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This result divided by the displacement in cubic feet gives the 
distance (B^ R in the table), on a vertical line drawn through the 
centre of buoyancy in the inclined position, between that centre and 
a horizontal line drawn through the position of the centre of huoy- 
^cy in the upright position. The vertical height between the 
cpntre of gravity of the ship and its centre of buoyancy in the 
upright position, multiplied by the versed sine of the angle of 
inclination is now deducted, and the remainder multiplied by 
the total displacement in tons represents the work expended in 
foot-tons in heeling the vessel to the angle of 34 degrees. 

Mr. Ludwig JBenjamin has recently devised a method of arranging 
and carrying out the calculations of statical stability in a novel 
manner, which is employed by some firms upon the Clyde, and 
is marked by considerable skill and ingenuity. Mr. Benjamin's 
object has been to indicate in a single diagram " the stability for 
every angle of heel, every draught, and every position of the centre 
of gravity," and to accomplish this object " in less time than the 
usual method required for one draught only." Mr. Benjamin further 
regards his results as at least as correct as those of the usual method. 
An account of his system will be of interest, at least as a means of re- 
garding the doctrines of stability from somewhat novel points of view. 

la Fig. 109 is illustrated the first step taken in following his 
method, a line, K I, being drawn through the upright axis of the 

Fig.109. 




ship at the height of the top of the keel, at any given inclination of 
the ship, say a, from the upright. From the centre of gravity, G, 
and also from the new centre of buoyancy, B', draw perpendiculars 
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upon K I. Calling (as he does) the perpendicular firom B', a, and 
that from G, b, and the height, K G, H, we have the lever of 
stability = a — 6 ; and & = H sin. a. Values of the latter (H sin. a) 
may be conveniently obtained for varying values of H and of sin. a 
by constructing a diagram, Fig. 110, in which the lines radiating 
from a fixed point, O, are drawn for numerous values of a, from 
up to 90"*, and circular arcs are described about the point O, with 
radii corresponding to various heights of the centre of gravity above 
the top of keel. It is obvious that if we measure the horizontal 
distance from the upright line of any point of intersection of a 
radial line with a circular arc, we shall have the value of H sin. a 

Fig.no. 




for the corresponding height of G and the corresponding draught 

of water. For example, p q (Fig. 110) = H sin. a, when H = 10 ft., 

and a = 40^ 

Mr. Benjamin next calculates the Displacement and the Centre 

of Buoyancy of the ship for various draughts of water, as in 

Fig. Ill, and further calculates the position of the centre of buoyancy 

for a series of successive inclinations, and describes the loci of these 

centres for each of the successive given inclinations, and at the 

respective draughts, as illustrated by the curves, Zc6, in Fig. 112.* 

*8«e also Fig. 88, chap. iv. We think it right to state that, although Mr. 
Benjamin's method finds a place here, and Mens. Daymard's comes later in this work,' 
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Upon these loci, or curves, are marked the points which correspond 
to the different upright draughts. To facilitate this operation, Mr. 




Benjamin makes use of curves such as those shown in Fig. 113, 




marked deb, which represent the distances, at various inclinations, 
of the centre of buoyancy from any given water-line (the first in 

the MS. of Mons. Daymard was in our hands Beveral months before Mr. Benjamifl's 
Byfltem oame to our knowledge. 
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this case). An ordinary displacement scale being made from the 
results of the calculations, the distances from the given water-line 
of the centres of buoyancy corresponding to the calculated displace- 
ments are also set up to scale from the base-line, and curves passed 
through them. From these curves the distance from the given 



fig.ns. 




Di$plactment ^n 7Vn« 



water-line of the centre of buoyancy for any displacement and 
inclination can be readily obtained. 

The curves marked « ci in Fig. 112 are obtained by joining those 
centres of buoyancy at the different inclinations which correspond 
to the same displacement, and are used only as a means of checking 
the calculations. 

By aid of Fig. 112 measurements of the value of a (the per* 
pendicular from B' upon KI, Fig. 109) can now be made for 
different draughts and different inclinations, and can be set off 
horizontally in Fig. 110 from the upright line through O, and curves 
being then passed through the points thus obtained corresponding 
to each draught, a new series of curves is described which Mr. 
Benjamin designates " Curves of Draughts." The diagram, Fig. 110, 
being thus finished, constitutes a complete representation of the 
statical stability for every inclination up to 90 degrees, and for every 
draught of water between the limits employed in the construction of 
the figure. To find in this diagram the lever of stability for a given 
draught and inclination, it is only necessary to mark the two points 
upon which the line for the given angle of inclination is intersected 
by the ** curve of draughts/' and by the circle of centres of gravity 
respectively, and to measure the distances of these points from the 
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Tertic&l axis, Oo% of the figure : the difference of these distances is 
the stability lever. When the circle lies within the curve of 
draughts the lever is a rigJUmg lever, because b will be less than a 
in the previous expression for the lever, a — b; when the circle Mis 
outside of the curve of draughts, the lever will be an upsetting one. 
In dealing with the case of the deck-edge becoming immersed, Mr. 
Benjamin, in order to get his curves exact, in the first place 
supposes the side continued up (as is often done in other systems), 
afterwards making deductions for the deficiency caused by the deck 
entering the water. Quarter-decks, bridge-houses, &C.9 are accounted 
for in like manner. 

Mr. Benjamin has conceived and carried out the idea of employing 
the ''curves of draughts" in the construction of a model whose 
horizontal sections correspond to the respective draughts of water, 
the planes of which consequently may be supposed to intersect the 
model, and may be easily drawn upon it. Badial planes corresponding 
to the respective inclinations are also supposed to intersect the model, 
and their intersections may likewise be readily drawn upon it If 
the model be built up of annular sections, corresponding to the 
circular arcs in Fig. 110 (which represent heights of centres of 
gravity), the intersections of such arcs with the surface of the model 
will also be shown. From such a model measurements giving the 
levers of stability may obviously be readily measured. Mr. 
Benjamin considers that this model will facilitate comparisons 
between ships, and help to convey to captains of ships and otheis, 
in a more impressive form than a drawing, the necessary informa- 
tion with respect to the stability of the vessels in which they are 
concerned. 

The calculations necessary to obtain the displacements and posi- 
tions of centres of buoyancy required for the construction of such a 
diagram as Fig. 110 can be readily made by the aid of Amsler's 
Integrator ; but as this instrument is not in general use, we give 
below a specimen of each of two tables used by Mr. Benjamin in 
making his calculations directly from the body-plan of a ship. His 
mode of applying well-known rules will be found somewhat different 
from that usually pursued in such cases, but will be easily under- 
stood by means of the following explanation. 

The two Tables given, which contain the figures for an actual 
ship, are used to find the required data for one inclination only 
(IS""), and similar tables would have to be used for each inclination 
for which the data may be required. Beferring to Fig. Ill, i^e 
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water-lines (arbitrarily chosen) used for this inclination are there 
shown upon the body-plan of the ship, as well as theaxis^BS 
(arbitrarily fixed), relative to which the absciss© of the centres of 
buoyancy are to be calculated, this axis being so chosen that all 
moments taken about it shall be to the same side of it In the 
column to the extreme left of Table I. the numbers of the transverse 
sections used are placed, and in the next ''Simpson's multipliers" 
corresponding to them. It will be seen that each water-line has 
four columns devoted to it. In the first of these are entered the 
breadths of the ordinates at the several sections (as m. Fig. Ill), 
and in the third the distances of their centres firom the axis, B S 

(5 — ^ ^^ ^ + n, as the case may be\ The ordinates are multi- 
plied by Simpson's multipliers, and the products placed in the second 
column ; their sum being divided by the sum of the multipliers, the 
length of the mean ordinate is obtained. The fourth column con- 
tains the functions of moments of the ordinates about the axis, B S, 
these being arrived at by multipljdng the quantities in the second 
column by those in the third : their sum is divided by the sum of 
the multipliers, the result being the mean moment. 

In Table II. the first column on the left contains the numbers of 
the water-lines used, and the second their distances (in multiples 
of the interval) from the 1st water-line ; in the third are placed the 
mean ordinates for the several water-lines, and in the fourth the 
mean moments, the two latter being taken from Table I. The fifth, 
sixth, seventh, and eighth columns form a group headed " Up to 1st 
W. L.," and the remaining columns comprise similar groups. The 
fifth column contains Simpson's multipliers corresponding to the 
numbers of the water-lines, by which the mean ordinates in the 
third column are multiplied ; and the results (functions of mean 
ordinates) are placed in the sixth column ; their sum is divided by 
the sum of the multipliers, and the mean of all the ordinates is thus 
obtained, which, being multiplied by the distance between the 
extreme water-lines, and by the length of the ship, gives the volume 
of displacement The seventh column contains the functions of 
vertical moments, arrived at by multiplying the quantities in the 
sixth by the numbers in the second column, and the sum of these 
functions being divided by the sum of the functions of mean 
ordinates (sixth column), the result is the vertical distance (in 
multiples of the interval) of the centre of buoyancy below the 1st 
water-line ; this multiplied by the interval gives the same distance 
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in feet. In the eighth column are placed the functions of mean level 
moments, obtained by multiplying the mean level moments (fourth 
column) by the multipliers (fifth column) ; and their sum being 
divided by the sum of the functions of mean ordinates (sixth 
column), the result is the distance, parallel to the water-lines, of the 
centre of buoyancy from the axis, R S. The results obtained in the 
groups headed " between 1st and 4th W. L. " and " between 2nd and 
4th W. L." are combined with the results of other groups, in order to 
give the positions of the centre of buoyancy for displacements up to 
2nd water-line and up to 4th water-line. 

The displacements and vertical and level distances of the centres 
of buoyancy are recorded at the foot of the table, and these results 
are used for constructing the loci of centres of buoyancy in Fig. 112 
already explained. 
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Subsequent to the writmg of the above account of Mr. Ben- 
jamin's method of calculating the statical stability of vessels, that 
gentleman has communicated to the author a modification of his 
system, by means of which he dispenses with the calculation of the 
position of the centre of buoyancy in relation to the water-line, 
requiring only its position in relation to the vertical axis which he 
uses, in order to determine the line of action of the resultant pres- 
sure of the water upon the immen^ed hull of the vessel, Mr. 
Benjamin's own exposition of his modified method is as follows : — 

" If a vessel is immersed in water in an inclined position there 
are two forces acting — ^viz., the weight of the vessel, and the 
resultant pressure of the water, which is equal and opposite to the 
resultant of the weight of that body of water which is displaced 
by the vessel. Both forces are acting in lines vertical to the sur- 
&jce of the water, and equal to the displacement, D. If the distance 
between their lines of action is a, the moment of the couple thus 
formed is 

Da, 

which is the moment of stability. In Fig. 114 the line of resultant 
pressure is shown by P. Its position is known, if the point, A, 
is given, in which it intersects iJie middle line of the section repre- 
senting the vesdel. I shall call this the point of action. Let its 
height above the top of keel be = H, and that of the centre of 
gravity = g, then 

"^ sm. a 

when a is the angle of inclination; 
and thus, for a given angle of heel, 
the distance between G and A 
bears a certain proportion to the 
lever of stability. When G lies 
below A, the stability is positive ; 
when G lies above A, it is nega- 
tive; while, when G and A feJl 
together, there is equilibrium. The 
value of AMepends on two items — 
viz., the height of the centre of 
gravity, G, and the height of the 
point of action, A. The first is due to the distribution of 
weights^ the latter to the shape of the vessel. Only H, therefore, 
needs to be calculated. But 
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H = 



sin. o 

Where b is the distance of the line of the pressure, P^ from aQ 
axis, X X, through the top of the keel, and vertical to the surface of 
the water ; and we need, therefore, only to calculate the different 
values of 6. 

"Now, if the inclination is constant and the displacement variable, 
as indicated in Fig. 115 from 0^ to 0^, the line of pressure passes 
through the different positions, Pj to Pg, and the point of action 
from Ai to A^. The height of the latter above the top of keel 
varies from H^ to H^ while the distances of the line of pressure from 
the axis, x x, vary from &| to 6^. 

" Suppose the values of b for different displacements to be cal- 
culated, and divided by sin. a ; then, as 

6 



H = 



sm. a 



we have as the result of the calculations the displacements, D^, D^, D„ 
&c., and the heights, Hj, H^, H3, &a We can construct a curve 
(Fig. 116) using the displacements as abscissae and the heights as 
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ordinates. If now any position of the centre of gmvity is given, 
the height, /t, which is wanted, is 

and if we ditiw a straight line parallel to the axis of Fig. IIC at the 
distance, g, the distances of the points of the curve from this line 
represent the heights, h. If this is carried through for different 
angles of keel, the diagram (Fig. 117) is produced. 

" By means of a displacement curve, as shown in Fig. 117, we 
find those abscissae which correspond to given upright draughts, and 
the corresponding ordinates give the heights, H and &, respectively. 
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"As this diagram is not very handy for use, and only gives the 
heights of the points of action above the centre of gravity, and not 
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the levers of stability themselves, and as the lines are generally 
confusing, I transform it into another diagram (Fig. 118). In this 
diagram the heights, H, are used as ordinates, and the angles of 

Fig.llS. 




W 12 U /0 IS 

HtighU of Centrt of CrecvUy in Feel 



Digitized by 



Google 



170 STABILITY OF 8H17S. [CHAP. Ym. 

heel are used as abscifisse, which fonn, according to their DataiB, a 
system of polar co-ordinates starting fix>m the point, K, on tbe 

" The ordinates for that abscissa in Fig. 117, which corresponds to 
a given displacement, are placed in Fig. 118, on the different lines 
for angles of heel, measuring from E, and form thus a curve for 
that displacement, and any number of such curves can be produced 
without further calculation. 

"Any given height of the centre of gravity evidently produces 
a circle, as it remains constant for all angles of keeL 

" Thus, for a given condition of the vessel, the heights, A, are 
found as the distances between one of the circles and one of the 
curves of the diagram, while the righting lever 

A = h sin. a, 

is found as tbe difference of the distances of the points in which 
the line for the angle intersects the curve and the circle. 

" A model is formed by placing each of the curves of Fig. 118 in 
parallel planes; this model is intersected by a system o{ polar -plmea, 
which pass through the angled lines, and are vertical to the system 
of parallel planes, and the intersections of these polar planes with 
the surface of the model evidently are the curves of Fig, 117. In 
the model the circles for the centres of gravity produce cylindrical 
surfaces, and using these the model can be constructed of annular 
cylindrical pieces, which can be readily separated. 

" On each of these, and on the curved surface, the lines are to be 
shown in which they are intersected by the two sets of planea 

" For a given centre of gravity, only that part of the model which 
lies between the corresponding cylindrical and the curved sur&ce 
has to be considered; it gives by the distances between the sets 
of lines the heights, h, for any displacement and any angle of keel 

" The only calculations necessary for this method are to find the 
positions of the lines of action for different draughts at given angles 
of heel. Taking the moments round the axis, x x, Fig. 114, we have 



6D = JydD, 



where y is the distance from xx o{ a particle, c2D, of the displaced 
volume of water; therefore, only a common moment calculation is 
needed to find b. This can be done for all angles of heel by means 
of the tables already given, leaving out those columns used for [the 
calculation of the vertical position of the centre of buoyancy. For 
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an indefinitely small angle of heel^ i.e,, for the upright position, it 
is necessaiy to consider that the point of action, A, falls into the 
metacentre, and that the curve in Fig. 117, for the heights, H, in 
the upright position is, therefore, a curve of metacentric heights, 
which can be calculated by AUoood'a formula. 

Direct Explanation of the Diagram. 

'' In Fig. 119 the vessel is shown under different angles of heel, 
in such a manner that the top of keel remains a fixed point, and 
that the angles are measured from an axis, xx, which coincides with 
the middle line in the upright 
position of the vessel; thus, this ig-iio- 

axis always remains vertical to 
the Burfaoeof thewater,and the 
latter takes the positions 0^ 0^, 
OyOj, successively. The line of 2l 
pressure passes fromP^to P^jFj, 
&c.^ and the centre of gravity 
from G^ to 0^,02, &c. The 
pointof action passes on acurve 
Ap, Apl Ay the distances of 

which are measured on the 

angled lines, given by the suc- 
cessive middle lines of the vessel, which all pass through K, forming 
with XX the angles of heel, a-^ya^, &c., and A moves therefore on 
one of the curves, as shown by the diagram. Fig. 118, while the 
centre of gravity moves evidently on a circle, so that, in heeling 
the vessel in this manner, the diagram is produced. 

"It wiU be distinctly understood that the centre of buoyancy 
has no bearing on the question of stability. However, if for com- 
parison with other methods, its position is wanted, it must be 
remembered that it always lies on the line of action, and that 
while for a constant angle the latter passes through Pj, P^, &c., Fig. 
115, it moves on the locus of centre of buoyancy, as shown in 
Fig. 112. Here a double moment calculation would be necessary, 
and this can be made, if Simpson's Bules are adhered to, by the 
tables already given. To get on these curves the points which 
correspond to given draughts, the diagram Fig. 118 needs to be 
constructed, and the points on the different loci of centre of 
buoyancy corresponding to the same displacement give the usual 
curves of centres of buoyancy." 
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CHAPTER IX. 

Mr. Macfarlane Gi'ay's System of Diagrams and Calculations — Stability Curve- 
Alteration of Position of Centre of Gravity— Stability Diagrams— FoUr 
Diagram— Construction of Same — ^Template Arc— Example of Practical Appli- 
cation of Mr. Gray's System— Importance of Position of Centre of Gravity- 
Stability of Example compared with that of the Capicun — Stability Diagruns 
for the Athulchni—FormB for Amsler's Integrator— Co-ordinates of Centres of 
Buoyancy— Explanation of Use of Forms — Determination of Righting Levers 
from Functions of Displacements— Other Forms — Explanation of Use of Same. 

A SPECIAL system of diagrams and calculations now used in the 
Board of Trade for stability (and longitudinal strength) has been 
contrived by Mr. J. Macfarlane Gray, an able officer of that Depart- 
ment A paper on ''Polar Diagrams of Stability" by him was 
published in the Transactions of the Institution of Naval Archi- 
tects for 1875, giving " practicable methods of constructing stability 
diagrams that might be adopted by naval architects, and drawn 
upon the midship-section in the plans furnished to the owner, to be 
a guide in stowage, and a help in settling freeboard" Only the 
last of the methods there given has been used practically; the otheis 
are now regarded by Mr. Gray as merely interesting and suggestive 
features in the geometry of stability,* by which he was led to the 
simple practical diagram now used. Since the date of that paper 
Mr. Macfarlane Gray's system has been improved and extended, and 
the following account of the methods pursued is now prepared from 
notes kindly supplied by him, vnth the permission of the authorities 
of the Board of Trade. We give also the preliminary features, 
although these are not discernible in the practical diagram. 

Beginning with Fig. 120, the well-known diagram, G is the 
centre of gravity of the hull ; B is the centre of buoyancy; M B is 
the vertical line through B ; and GZ, the perpendicular from G upon 
MB, is the righting arm. We might have indicated GZ (as in 

* Other gentiemen are nevertheless now engaged, as we have just seen, and shall see 
a^ain hereafter, in carrying out systems of calculation, based upon the same fanda- 
mental considerations, and turning them to practical account for determining 
exhaustively the stability of ships. 
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Fig. 121) upon the hull upright on the page, but with the water- 
line inclined. If the inclination of the water-line alone is to be 
noted, the water-line itself may be erased, and G Z will sufficiently 
denote the inclination. 



Firf,m. 





Let these GZ arms be drawn for a number of inclinations, with 
the centre of gravity in assumed coincidence with the upright centre 
of buoyancy for a given displacement, the line drawn through a 
series of these Z points is the stability curve given in Fig. 122, 
which represents a prism of square section immersed ^ths of its 
depth. The GZ lines may now be erased, and for any required 




inclination a GZ line can be drawn (limited in length by the 
stability curve) giving the righting arm for that inclination with the 
centre of gravity at G, the centre of the upright buoyancy. The 
curve as drawn is for a capsize through ISO''. 

The reading of the curve is indicated by the skeleton hulls 
sketched in; the shading marks the part of the hull that is 
immersed, and the radial line through G gives the inclination of the 
water-line. The water is always at the same side of that line as it 
turns round. The skeleton hulls are all vertical on the page. 

A stability diagram for any point, G, as origin is at once con- 
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verted into a stability diagram for any other position of the centre 
of gravity by merely describing a circle on the line joining these 
two points, and taking the GZ, shortened by the chord of the cirde 
at each inclination, as the stability lever. The reason of this will 
be seen by reverting to the general expression for G Z, which is the 
difference of two lengths, the one being the length, B R, which is 
equivalent to G Z, presuming G to coincide with B, and the other is 
B G sin. 0. This latter length, B G sin. 0, is clearly equal to the 
chord of a semi-circle described upon the height B G, the said chord 
being drawn from B at any angle, 0, to the horizontal. As the 
stability curve is drawn through the centre of buoyancy for the 
upright position, that point is now, Fig. 123, lettered B, and the 




actual position of the centre of gravity is lettered G. For any 
inclination, at the same displacement, the righting arm is the 
segment of the inclined line between the circle and the stability 
curve. If the intersections of the radial line and the circle are 
lettered g, and those with the curve are lettered b, then, reading 
from the centre, ^& is a righting arm, and &^ is an upsetting 
arm. Reading round the diagram through ISO"" from the right, the 
arms are gb at first, or righting. At e the arm is nil; this is 
a position of unstable equilibrium, and the hull will turn over from 
that to d, impelled by the capsizing force acting on the upsetting 
arm, bg. At d the condition is stable equilibrium, that is to say, 
the vessel will settle with the masts at the angle, c2BG, below the 
water level, but perhaps at the opposite side to that they entered 
at, according as c2 is near to B, or distant from B, having regard to 
the dynamic feature of the diagram. From d to e the arms are 
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righting levers (with reference to the last position of stable 
equilibrium corresponding to (2) as indicated hj gb: at 6, another 
position of unstable equilibrium occurs, and beyond that point the 
arms are upsetting levers until the position B is reached, when the 
vessel is bottom up and in stable equilibrium. 

The usefulness of this diagram, as was pointed out by Mr. Gray 
in 1875, is impaired by the acuteness of the angles at the inter- 
sections near the upright position. At an inclination of 90°, bow- 
ever, the intersections are nearly at right angles, and if we could 
transfer this quality to the neighbourhood of the upright position, 
we should then have the sharp definition where it is most required 
in a stability diagram. 

In Fig. 124, on the left side, stability diagrams are drawn, as 
described above, from the prism whose transverse section is given. 




The stability curves, OaA and OcA, are for the centre of gravity 
at the point O, and for the two displacements indicated by the two 
water levels shown. 

"It may seem a ridiculous position," says Mr. Gray, **for the 
centre of gravity, so far to one side ; but that is only a device to get 
a curve that wUl give definite intersections at moderate indina- 
tiona For the centre of gravity at the point, E, describe a circle 
on OE, as diameter, viz., OF A, that circle and the stability 
curve for the immersion constitute a stability diagram. At the 
immersion, a, the righting arm at 30**, inclination is F B. In this 
figure, the skeleton hulls are shown on an arbitrary circle of 



The sense in which the arm acts in the first quadrant is that 
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when the cirde intersection is within the curve, it is a righting arm, 
when beyond the curve, it is a capsizing amu At 160^ GZ is a 
capsizing arm, because the action in the second quadrant, being 
represented at the oppasite end of the radius vector, has the opposite 
sense. 

The outcome of all these methods of representing stability for 
different positions of the centre of gravity is the polar diagram, 
given on the right-hand side of Fig. 124, which Mr. Macfarlane 
Gray regards as practically accurate, but justly describes as '*not 
mathematically correct." About the centre, C, a point in the 
vertical centre line, an arc of 90"* is described through the point 
A, the mean position of the centre of gravity. (The radius may be 
conveniently 8 inches, if the beam is more than 32 feet, and the scale 
half-inch to a foot.) The righting arms are set off on the radial 
lines from the circular arc towards the centre, C, on their respective 
lines of inclination, and a curve drawn through the points, thus 
obtained, is the stability curve for the corresponding immersion, 
with the centre of gravity at A. The stability diagram for any 
position of the centre of gravity, E, and the same immersion, is 
completed by describing an arc with the sarne radius through E 
and E. Practically the original quadrant arc is erased, and a 
card-board template applied to the fixed point, K, and to the position 
of the centre of gravity, giving at once, without drawing, the 
complete diagram of stability. The assumption which underlies 
this device obviously is, that the originally assumed centre of 
gravity and the new one, and consequently the centres of the 
circular arc in the two cases, will in practice be sufficiently near to 
each other to justify the assumption that the radial distance between 
the two arcs may be taken as always equal to the distance apart of 
the two centres of gravity multiplied by the sine of the angle of 
inclination — an assumption which may fairly enough be made 
for the average run of office-work, but which it would be unsafe to 
make in many supposable cases of ship stability. 

The two curves shown. Fig. 124, are for water levels, a and c. 
It is obvious that the first part of the curve from K, is a portion of 
a circular arc that would pass through the upright metacentre for 
that immersion, and that its radius is C E. It is also obvious that 
the height of the point, L, is determined by the intersection of the 
horizontal normal of the curve of buoyancy with the vertical centre 
line. 

Since the date of the paper referred to, the template arc has 
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Fig,lf^. 
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been modified, as shown in Fig. 125. The quadrant is completed, 
but beyond the quadrant the template line falls outside the circular 
arc. This makes the template applicable for positions of the centre 
of gravity below as well as above the original 
point, A. For use in the Board of Trade, the 
range of stability does not require to be con- 
sidered through even 90^ and a further refine- 
ment is then available. The template is made 
to lie slightly outside the circular arc from 
78**, touching the arc again at 90**. This is 
so very little that its efiect is generally not 
appreciable, and for any practical use this 
may be neglected. The set off beyond 90"* is of greater amount, and 
it does not in any other way impair the usefulness of the template. 

The following is an example of the practical application of 
Mr. Macfarlane Gray's system to a 
case which came under the con- 
sideration of the Board of Trade, 
taken in substance from a Parlia- 
mentary Paper.* S S, Fig. 126, , 
represents a midship section of the 
vessel. From any point, C, in the 
vertical axis, with any radius, Qk, 
an arc of a circle was described 
cutting the axis in gr. (The point, 
jr, should be near to the lowest 
position of the centre of gravity.) 
Badial lines were drawn at equal 
angles, and upon these were set off 
from the arc, kg^ the righting 
arms for the centre of gravity at 
the point, g ; that is, a i> was made 
equal to the length of the righting 
arm for 40"* inclination, &c., the points, A, b^ \, b, k, were joined 
by a fair curve, which was the curve of stability for radius, C k. 
As the point, g^ was taken arbitrarily, and in ignorance of the actual 
position of the centre of gravity, the arc, kag, was then erased. 




* We do not reprodnce the fiill particulars of the case, or the name of the yesBel, as 
there was a misunderstanding involved as to the draught and freeboard contemplated; 
baft the example is none the less instrnctive and interesting as an illustration of the 

12 
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The peculiar property of this stability diagram is that, if a 
hollow curve (circular arc) be cut out of paper to radius, C k, and 
applied to the point, k, and also to any point on the vertical centre 
line, as B for example, it will cut the radial lines at a distance from 
the stability curve equal to the length of the righting arms at the 
respective angles, if the centre of gravity be at the point, B. When 
the radius, C k, is great in proportion to the length of righting arm, 
as in this diagram, the departure from mathematical exactness is veiy 
small. In Fig. 126 the points, M and B, are respectively the meta- 
centre and the centre of buoyancy of the vessel, and the distance, 
M B, is 3 feet 8 inches. The usual position of the centre of gravity 
was assumed for this case about 4 feet below the metacentre, and 
the circular arc, k B, was therefore drawn with radius = C fc; kBhbk 
was then the complete diagram of stability for centre of gravity 
at B, with centre of gravity 3 feet 8 inches below the metacentre. 
The stability curve begins at A;, as a portion of the diagram arc 
through M, " diagram arc " signifying an arc of a circle with C t 
radius; the same arc is used for all positions of the centre of 
gravity. 

In his description of this case, Mr. M'Farlane Gray said : — ^'•Tbe 
stability curve at first inclines to the inside of the arc, that is, to 
give greater stability than that due to a constant metacentre. At 
the point, c, however, the gunwale being just immersed, the stability 
curve begins to turn outward, giving less stability. With one foot 
more freeboard the stability curve would have kept within the arc 
for another 5"", and it would have terminated at the point 2, and the 
stability curve* would have been kel* The radial lines between 
the curve kel and the arc k B, increasing up to 60** of heeling, 
represent the righting arms at the respective angles in an ordinary 
sea-going vessel of this size, according to the authorities cited above.! 
By reason of the unusually low freeboard, the stability curve is 
moved from kel to kb K; that side of the diagram is the result of 
form of hull, the arc side, as 4 B, is the result of stowage. . . . 
The importance of the position of the centre of gravity is seen by 
considering the condition of stability that would obtain with the 
centre of gravity placed at A, that is, 6 feet below the load water- 
line. The maximum righting arm would be at 34** — ^it would be 
only one foot, or about the length of righting arm usual for 15** of 

* This curve has not been constructed except for points k,e,L 
t Rankine, Barnes, Napier, and Watts, in Shipbuilding: Theoretical cmd 
Practical. 
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heel in ordinary vessels; and another way of stating this is: the 
heeling force which would incline an ordinary vessel of this size 15**, 
would capsize the present vessel, even if the centre of gravity were 
as much as 6 feet below the load water-line." 

Mr. Gray further says : — " In comparing the stability of a special 
vessel with that of other vessels of known character, it is advisable 
to draw all the diagrams to one radius ; say, as in this example, to 
10 feet radius, or 5 inches, using a scale ^-inch»l foot. An arc of 
horn, 5 inches radius convex, rather more than a quadrant, is the 
standard arc, and it can have engraved upon it the curves for some 
reference vessels, as that of the Captain. The point C is not 
necessarily always on the deck-line. To make the annexed diagram 
complete in itself, I have applied," he adds, "the diagram for the 
Captain to the curve for the other vessel, viz., the portion of the 
diagram that is shaded. It is shown by the arc, k h, falling within 
the field of the diagram of the Captain's stability, that the righting 
arm in the other vessel, with centre of gravity at h, would be for 
these angles less than that of the Captain. The metacentric 
depth of the centre of gravity was, in the Captain, 2 feet 8 inches; 
with the centre of gravity at ^ in this case the metacentric depth of 
the centre of gravity is M A=2 feet 4 inches. It may be thought 
that that would be quite right, this being a smaller vessel. The 
reverse of that is the proper relation ; the smaller the vessel the 
longer should be the righting arm." 8 8 in the figure represents the 
midship section of the Captain, 

These Board of Trade methods of calculating stability are further 
illustrated by the polar stability diagrams, Fig. 127 (next page), for 
the S.S. Athulchni, a vessel (which disappeared at sea when grain 
laden) having an equivalent of about 200 tons of empty ceUular 
bottom space. A, B, and C are the curves of stability calculated for 
draughts of water of 16, 18, and 20 feet respectively from top of 
keel, M^^, M^^M^ being the corresponding metacentres; the curves 
marked 18°, 36^ and 54° being the curves of righting levers at 
those inclinations. D E is the curve of displacement. 

The righting arms are calculated by means of Amsler's Integrator, 
the readings of this instrument being entered on Forms similar to that 
which follows this description (page 187). It will be observed that 
the labour of calculation is greatily reduced by using logarithms, and 
the arrangement of the tables in these Forms is such that they can 
be worked out by practically unskilled persons. It is immaterial 
that the inclined water-lines by this method should cut off any 
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particular displacement, as we obtain for each inclination a function 
of the displacement cut off, and also the length of the righting ann 



Fig.irr. 




F%g,lSS. 



corresponding to that inclination and displacement, and this is 
adapted to intermediate displacements or draughts of water by a 

method which will be described here- 
after. Thus we do away with the 
necessity of calculating moments of 
correcting layers, and the wedges of 
immersion and emersion are ignored, 
as we deal only with the total displace- 
- Lm' ^^^^^ ^P ^ ^^ several inclined water- 
~ lines, and with the centres of buoyancy 
corresponding thereto. 

It is very clear that by fully 
determining the position of the centre 
of buoyancy, and having an assumed 
position of the centre of gravity at the intersection of the upright 
water-line and the middle line of the body-plan, we can readily 
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determine the length of the righting lever in terms of the co-ordi- 
nates of the centre of buoyancy. In Fig. 128 let G be the position 
of the centre of gravity, and B the position of the centre of buoy- 
ancy corresponding to the inclined water-line, W^ h^, with reference 
to which it is desired to obtain the length of the righting arm for 
this position of G. Through Q draw Q Z perpendicular to the 
upward line of action of buoyancy through B, and draw B H, B K, 
parallel to W L and H Q respectively, and through H draw H C 
parallel to Q Z. Then, if 6— .inclination, and x and y are the co- 
ordinates of B referred to the middle-line of the body, and to the 
upright water-line as axes, we have Q Z=x cos. O—y sin. 0. From 
this value are obtained the lengths of the righting levers for any 
possible position of the centre of gravity by means of the template 
mould previously explained. 

In order to obtain the values of the co-ordinates, x, y, the body- 
plan is first prepared by taking transverse sections at equal distances 
apart, and so that the number of ordinates shall always be odd; they 
are numbered 0, 1, 2, 3, 4, 5, 6, 7, 8. . . . 12, commencing from 
the foremost ordinate, and arranged in pairs; thus, if there are 13 
ordinates^ they are grouped 1 and 11^ 3 and 9, 5 and 7, 7 and 5; 
and and 12, 2 and 10, 4 and 8, 6; and each group is styled odds 
or evens, according as the numbers representing the ordinates are 
odd or even. It will be observed that the midship ordinate, or 
number 6, is not combined with any other ordinate, there being 
none left for it to be paired with ; this will cause a slight modifica- 
tion of the system of traversing the sections, which we shall refer 
to hereafter. This simple form of numbering the ordinates has been 
found to be very convenient in practice, as the sum of the numbers 
of any pair of ordinates is equal to the number of the last ordinate, 
and thus affords a very simple aid to memory when traversing the 
sections with the pointer of the Integrator. 

A circle is now drawn sufficiently large to enclose the whole of 
the body-plan,* and diameters of this circle are drawn, having the 
same inclination to one another as the angles for which it is desired 
to calculate the righting arms. In our example (given in the 
following Table) these angles are 18 degrees; but, of course, if 
greater accuracy is desired, the respective angles of inclination must 
be smaller. The tracing of the body-plan is now fixed over the 

* This 18 tifliially done on a Boparate sheet of paper, and a tracing of the body- 
plan U placed over it. 
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circle, with the intersection of the upright water-line and the middle 
line of the body coincident with its centre, and with the upright 
water-line in the body-plan corresponding with the horizontal or 
zero diameter, or the diameter from which the inclinations are set 
off, observing that this water-line is taken at about the mean posi- 
tion of the centre of gravity. 

We will now explain how the Form (shown on page 187) is 
practically employed. The guide-batten of the Integrator* is set 
parallel to the middle-line of the body-plan by means of the 
gauge which accompanies the instrument, and fixed in that 
position; the Integrator is then placed on the guide-batten, 
and its pointer brought to the centre of the circle. Just pre- 
vious to starting, the readings of the instrument for area and 
moments are taken and recorded in the 1st and 3rd columns 
respectively at the top of the table headed " axis vertical." The 
letters O and E on the left-hand side of the table indicate odds 
and evens respectively, the inclined line against them thus 



^ / indicating the direction of the radial line under considera- 
tion, with reference to the upright water-line. The signs y- ^ 
are guides to indicate to the operator that the upper column has to I 
be subtracted from the lower, and the lower subtracted from the i 
upper respectively, the horizontal arm of these signs being in a line 
with the column on the right-hand side, where the results of the | 

subtraction are to be placed. The sign y signifies " repeat in next , 
column below," and the sign + on the right-hand side of the column 
means that the figures in the column are to be added together, and I 
the result tabulated below. The thick line on each of these sets of , 
columns denotes the position of the decimal point of the figures 
tabulated. | 

The Forms arranged by Mr. Macfarlane Gray, as described, are j 
convenient for applying a slightly modified form of Simpson's Rule ' 
to the finding of the volume and centre of gravity of displacement. | 
The first and last ordinates being usually very small, and their 
effect upon the final results being insignificant, they are ignored by 
Mr. Gray when preparing the columns, so that the only multipliers 
necessary are 2 and 1, and their application is easily recognised in 
the Form itself. 

* The reader who is unacquainted with the Integrator will find its coastmetion 
and use fully described later on in this work. 
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As the tables are exactly the same for all inclined water-lines at 
any draught of water, and also applicable for determining the dis- 
placement and the centre of buoyancy at any draught of water, 
when the vessel is upright, it will be quite sufficient to describe the 
manner of dealing with one of them ; observing that when the ship 
is upright, the value of sin. 6 is struck out. 

Proceeding, we traverse the pointer of the integrator along the 
radial line corresponding to the inclination under consideration, 
until we reach the 1st odd numbered section, and then continue 
round this section to the middle line of the body-plan; thence along 
the section paired with the one already traced, to the previous radial 
line produced through the centre of the circle, and along this radial 
line to the starting point. We now traverse the same radial line as 
at first, until we come to the second odd numbered section, and pro- 
ceed similarly until we have traversed the whole of the odds, and 
the pointer reaches the starting point. The readings are now taken 
for areas and moments, and placed directly under the corresponding 
readings taken previously. We traverse the evens in exactly the 
same manner as for the odds, but previous to starting we take the 
readings of the instrument and record them in their proper columns, 
as in the event of the operator being interrupted the instrument 
may possibly be shifted. We include in the evens the midship 
ordinate previously adverted to; in this case, however, we traverse 
round the section to the middle line of its body-plan, and then up 
this to the starting point, when the readings are taken, and entered 
in proper columns directly under the previous corresponding read- 
ings. It should be stated that the pointer is always traced round 
the sections in the direction of the movement of the hands of a 
clock. Having traced the whole of the odds and evens for this 
inclination of the radial line, we proceed to perform the same tracing 
of the sections for the opposite inclination of the same radial line, 
and record the readings as before. 

It is evident that by subtracting the readings for area and 
moment obtained at starting, from those readings when the complete 
traverse has been made, we determine the exact readings due to the 
traverse, which would have been the readings had the indices been 
set at zero before commencing to traverse in each case; we thus 
avoid the necessity of setting each index at zero before starting. It 
must be observed that the change from subtracting the upper read- 
ing for moments from the lower, to subtracting the lower reading 
from the upper in the columns for axis vertical is due to the fact 
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that, although the instrument indicates statical moments, it gives no 
indication of the position of the centre of gravity relatively to the 
axis, and on reference to a body-plan with inclined water-line in the 
position indicated by the tables at this place, it will be seen that the 
centre of gravity of the volume will evidently lie on the off side 
of the axis, and therefore should have a negative sign, and to make 
the columns for moments additive, recourse is had to the system 
adopted in the tables. We repeat the operation of tracing, &e., for 
all the inclined water-lines for this depth of immemon, and also for 
any other draught of water, both when the vessel is upright and 
when she is inclined, for which we should wish to calculate the 
curve of stability, before the guide-batten is removed firom its 
position parallel to the middle line of the body-plan. It should, 
however, be observed that since the axes remain the same for all 
draughts of water, and the position of the centre of buoyancy 
obtained with reference to these axes in each case, the lengths of 
the righting arms obtained from the tables are all for the same 
assumed position of the centre of gravity. 

The guide-batten is now placed in a position pai-allel to the 
upright water-line, using the same means as before, and the oper- 
ation of reading and recording is again proceeded with, the readings 
being put in the columns headed ''axis horizontal" in this case. 
We thus have determined submultiples of areas, and statical 
moments of the immersed sections up to the radial line under 
consideration, and when these submultiples are affected as described 
and indicated by the tables, the results marked A, in columns 
headed "axis vertical'' and ''axis horizontal" should practically 
agree, because each is the same function of the volume of displace- 
ment; of course the functions of moments in each set of tables, 
marked B, will not agree, because they are taken about different 
axes — viz., the upright water-line and the middle line of body. It 
is evident that if B be divided by A, in each case, and the result 
multiplied by a number which depends on the integrator and the 
scale of the drawing,* we thus find the distance of the centre of buoy- 
ancy from the two axes, or, in other words, the co-ordinates of the 
centre of buoyancy. Its position for a displacement, of which A is 

* In thifl case the integrator readings for areas slioiild be multiplied by 15 to give 

actual results, and the readings for moments by 40, if the scale of the drawing is 1 inch 

40 B X 4 32 B 
= 1 foot. The scale however being } inch = 1 foot, we have . " = ^^ ; 

tiiierefore, 10} is the multiplier in the case before ua. 
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the functioD, the vessel being inclined to the angle under consider- 
ation, is therefore fully determined. 

We can now. determine in the manner described previously, the 
righting arm corresponding to the assumed position of the centre of 
gravity from the data before us. In the table herewith it will be 
seen that logarithms are used to determine the lengths of the 
righting levers and the amount of the ^displacement; the several 
steps of the operation being of the usual character, and so clearly 
shown, need not be detailed — they are self-evident 

Although the displacement may be readily found from the 
tables, it is not necessary for determining the curve of stability, the 
function of the displacement being quite sufficient. It must be 
clearly borne in mind that the length of the righting lever obtained 
as described is the righting lever for a displacement of which A is 
the function, and for the inclination we are considering, with the 
centre of gravity in the assumed position, and net corresponding to 
the displacement cut off by the upright water-plane, which, how- 
ever, as we have indicated, must be calculated by similar tables. 
This point should not be overlooked, as the whole merit of this 
method of calculating stability is intimately connected with it. 
The expressions marked A, in the tables calculated for each angle 
of inclination, and each draught of water, are evidently proportional 
to the displacements ; if therefore the numbers representing them 
are set off from any point on a base-line to a certain scale, they will 
have the same relative position one to the other as the coiTesponding 
displacements would. In Fig. 129, let A B and C be the positions 



Fig,m> 



;w/f. 




of numbers representing functions of displacements marked A in 
the tables, corresponding to draughts of water of 16, 18, and 20 feet 
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respectively from top of keel, and set off on the base-line, D E, to a 
certain scale from a fixed .point, the vessel being upright in each 
case. If through these points we draw ordinates representing in 
length the corresponding draughts of water, and pass a curve 
through their extremities, we shall thus determine the curve of 
displacements, F G, for the vessel upright, such that any ordinate 
represents the draught of water, and the corresponding abscissa the 
the function of displacement On the base-line we now set off, from 
the fixed point, the functions of displacements taken from the tables 
for the inclined water-lines at each inclination, and through these 
points so obtained draw ordinates equal in length to the corres- 
ponding righting levers obtained from the tables, and pass curves 
through the extremities of the ordinates for the same angle of 
inclination. We thus obtain curves of righting levers for each 
angle of inclination as indicated in the figure, and for any draught 
of water comprised between the limits of the curve of displacement. 
To determine the length of the righting levers for any draught of 
water comprised between these limits, we have to determine the point 
on the base-line, D E, whose ordinate to the curve of displacement 
represents the draught of water under consideration, the length of 
this ordinate between the base-line and any curve of righting levers 
is evidently the length of the righting lever for that inclination and 
immersion, and for the assumed position of the centre of gravity. 

The mode of setting off the lengths th\is obtained to form the 
polar curve of stability, and the use of the template mould for 
applying this curve for any position of the centre of gravity have 
been previously described. 

The polar stability diagrams for the steamship Athulchni^ pre- 
viously adverted to in Fig. 127, are slightly modified from the 
previous description, the mode of calculating the lengths of the 
righting levers, however, being exactly the same. It was found 
after calculating the lengths of the righting levers with the centre 
of gravity at a height of 16 feet, that it would make the diagram 
more serviceable to make the centre of gravity normally at a height 
of 15 feet. To attain this end a quadrant was drawn from C, Fig. 
127, with a radius equal to the difference in height of the centre of 
p-ravity, viz., 1 foot, and the 8-inch radius quadrant was described 
for the datum-line. The length of the righting arms were set off 
from the arc or datum-line on the corresponding radii, with the 
' additions due to the 1 foot difference obtained by measuring from 
^the points, jp, 5, r, respectively, normally to the line C K. 
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188 STABILITY OF SHIPS. [CHAP. IX. 

The method described in the preceding pages may be applied to 
ascertain the lengths of the righting levers when the vessel has a 
list to one side, by applying the marked point on the template to 
the line, C K, as far from the point K, Fig. 127, towards the centre 
C, as the centre of gravity of the vessel has shifted, keeping the 
other end of the template to the original position of the centre of 
gravity; the template then cuts the stability curve at the angle of 
list, and the lengths of the righting levers may be taken as pre- 
viously described. 

The lengths of the arms of the righting levers for the several 
angles of inclination may also be obtained by means of a set of 
tables similar to those previously described, by dealing with a zone or 
belt of displacement, in order to determine the position of its centre 
of buoyancy. The first set of tables are much preferable when we 
are dealing with several draughts of water; but when only one 
draught of water is necessary, the method we are about to describe 
is employed. 

By reference to the set of tables (shown on page 191) it will be 
observed that they are arranged specially for inclined water-sections, 
but the same form is adapted for determining the displacement and 
the centre of buoyancy when the vessel is upright. Although for 
our purpose we do not require the actual displacement in cubic feet 
or tons, still it can be determined easily, and the several steps are 
indicated very clearly in the tables. The sheet contains two forms; 
the upper one is for the sections, and the lower for the zone or belt 
When the vessel is upright the upper form only is used, and the 
righting arm is the distance between the centre of gravity and 
centre of buoyancy. In order to fix the guide-batten in position, 
throughout the work, the body-plan is arranged in a manner which 
we will proceed to describe. 

The body-plan being prepared, and the sections numbered and 
paired, as previously described, a position of the centre of gravity is 
assumed such that if possible the lengths of the righting levers may 
all be positive. A circle, with diameters inclined at the angles of 
inclination under consideration, is fixed on the drawing board, and 
a tracing of the body-plan placed over it, with the assumed position 
of the centre of gravity coincident with the centre. The tracing is 
so arranged on a pivot or turn-table at the centre of the circle that 
it can move, about that point The guide-batten for the integrator 
is fixed so that the axis of the integrator shall pass through the 
c^tre of gravity, and also allow the tracing of the body-plan to 
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move under it with a covering of tracing paper. The covering paper 
has the axis of the instrument marked on it, and is secured so that 
it can only move parallel to that axis. It has also two lines square 
to the axis in a convenient position, these lines in every case repre- 
senting the inclined water-line and the corresponding water-line of 
the zone or helt of displacement on moving the lines into position 
corresponding thereto. By proceeding as described, the guide-batten 
may be fixed throughout the whole operation of tracing. 

We first deal with the upright water-section. The body-plan 
being placed in position with its water-line parallel to the axis of 
the instrument, with the bilge towards the guide-batten, we proceed 
to read the indexes, record the readings, traverse the sections, and 
so on, as detailed previously. In this case we traverse the sections 
twice, when the difference of readings in the two cases will be the 
same, if the readings are taken correctly. Proceeding as indicated 
in the Form, we determine the function of displacement and the 
length of the righting lever corresponding to that draught of water. 

The inclined water-lines are all taken to pass through the inter- 
section of the upright water-section and the middle line of the body- 
plan for the draught of water under consideration. We treat each 
inclined water-section in the manner previously described, and we 
obtain in the upper part of the Forms the length of the righting 
lever and the function of displacement. The layers for each set of 
sections are affected similarly to the sections, and we obtain similar 
results for them in the lower part of the forms. We now obtain the 
difference between the functions of displacement when the vessel is 
upright, and when she is inclined at the angle under consideration. 
This difference is affected by the submultiple of the distance of the 
centre of buoyancy of the zone or belt from the axis, in order to 
obtain the function of moment due to the excess or defect of the 
displacement up to the inclined water-line, the assumption in this 
step being that the centre of buoyancy of the zone or belt' of 
displacement agrees with the centre of buoyancy of the layer 
required to correct the displacement up to the inclined water-line. 

The function of moment due to the layer is added to or sub- 
tracted from the function of moment for the inclined water-plane, 
and we thus obtain the function of moment due to the inclined 
position, corresponding to the displacement when the vessel is 
upright at the draught of water we are considering. It will always 
be indicated by the tables if the function of moment for the layer is 
positive or negative. From this result we can readily deduce the 
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distance of the centre of buoyancy in the inclined position from the 
axis of the instrument, and this distance is evidently the length of 
the righting lever for the inclination we are considering, with the 
centre of gravity in the assumed position* These lengths of the 
righting levers are adapted for any special position of the centre of 
gravity by an application of the template mould previously de- 
scribed 

The several steps in the calculation which we have descrihed 
may be clearly seen by aid of the table herewith, where, as before, 
Logarithms are used to reduce the labour of calculation. 
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CHAPTEB X. 

Professor Elgar's Vertical or Gross-Curves of Stability — For Homogeneous VtisnmJtic 
Bodies — For an Actual Ship— Variation in Position of Centre of Gravity — 
Analogy between Ught-draugbt and Deep^lraugbt Stability — Remarks i^ Mr. 
Jenkins on these Curves — Cross-Curves of Stability described by Mr. Denny — 
Mr. Fellows' Method— Mr. Couwenberg's Method. 

Since the manuscript of this volame drew near to completion. Pro- 
fessor Elgar has contributed to the Boyal Society a Paper on " The 
Variation of Stability with Draught of Water in Ships/' from which 
it appears that it has been his practice for some time past to con- 
struct what we may call vertical curves of stability, or curves crossing 
the ordinary curves of stability, and formed from them. After 
calculating ordinary curves of stability at load draught, at light 
draught, and at an intermediate draught or two, he has constructed 
from them cross-curves exhibiting the righting forces at different 
draughts, each such curve corresponding, be it observed, to some one 
given angle of inclination. In accomplishing this object^ Professor 
Elgar has availed himself of the fact that the ordinates of the 
ordinary curve of stability represent (as we have fully seen in 
previous chapters) the differences between the B R's, and B G sin- 
k's, so to speak, or between the levers of stability of form, and the 
lever due to the height of the centre of gravity above the centre of 
buoyancy. It is obvious that when a curve of stability, with B R's 
as ordinates, has been formed for each of several different draughts of 
water, it is easy to take a vertical line, to set off horizontal lines in- 
tersecting it at corresponding draughts of water, and to set off upon 
these horizontal lines, from the vertical line, lengths correspondiDg 
to the ordinates of the curves of stability (B R's) at a given angle of 
inclination. Lines drawn through the points so obtained will form 
a vertical curve of stability at that angle of inclination. The 
stability^ at that angle, and at any draught of water (within the 
range of the curve) may then be measured by merely taking the 
length of the horizontal ordinate of this curve at a point coiTespond- 
ing to the given draught. Similar cross-curves, or vertical curves of 
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Fig.lSO. 



stability may be constracted for other angles of inclination by a like 
graphic process. By employing these curves in their turn, as 
famishing B B's for different inclinations and different draughts of 
water, the number of ordinary curves of stability may be increased 
to any desired extent In this way a very full record of a ship's 
stability may be quickly obtained. 

As Professor Elgar's " Royal Society " Paper furnishes the first 
exposition of this essentially English method of investigating the 
stability of ships at different draughts, and as he appears to have 
been, and doubtless was, the first person to devise it and put it in 
practice, we shall now give his own description of his diagrams : — 

"Fig. 130 shows cross-curves of sta- 
bility* at an angle of inclination of 30** 
for two prismatic forms of homogeneous 
floating bodies ; one being rectangular and 
the other elliptical in cross sections. The 
shorter axis is vertical when the bodies 
are upright, and is two-thirds of the longer 
axis, or extreme breadth. The measure- 
ments in the direction of OY give the 
depths of immersion, and those in the 
direction of O X represent moments. The 
curve A P O gives the values of the hori- 
zontal shift of the centre of buoyancy 
multiplied by the immersed volume or 
B R X V. Thus if O a be any draught 
of water, the ordinate a x gives the value 
of B B X V at that draught The curve 
A Q O is the corresponding curve of 

* " It should be remarked here that in dealing with cross-cnrves of stability, and thus 
oonsidenng the Tariation of stability with draught of water, the curves of righting 
moments require to be constructed, and not merely curves of lengths of righting 
arm, as G Z. The ordinary curve of stability usually has for its ordinates the lengths 
of 6 Z at the various angles of inclination. This is right enough for the conditions 
under which such curves are constructed, because the displacement is then constant, 
and the curves represent either lengths of righting arm or righting moments, according 
to the scale upon which the ordinates are measured. In the cross-curves of stability, 
however, draught is one of the variable conditions, and the displacement varies 
accordingly. A cross-curve whose ordinates represent the lengths of righting 
arm at various draughts, is therefore quite different in character from a cross-curve of 
righting moments, whose ordinates are length of righting arm, or G Z, x displacement. 
It is necessary, in order to judge accurately of the variation of stability with draught 
of water, to use curves of righting moments, and not merely curves of G Z, such as are 
considered suffident when the draught of water is fixed,'* 

13 
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moments for a prismatic body of elliptical section, and equal 
length to the above. The axes of the ellipse are of the same length 
as the sides of the rectangular section taken in the former case ; the 
minor axis being two-thirds of the major, and the minor axes being 
vertical when the body is upright A p O and A.qO are the ooite- 
spending curves of G Z x V at the various draughts of water, and 
are obtained by deducting Y x B G sin 30"* from the ordinates of 
the curves A P and A Q O. The bodies being homogeneous G 
is taken at the middle of their depth. These curves therefore 
represent the actual righting moments of the two bodies under con- 
sideration at all draughts of water. The ordinates measured to the 
right of A O give righting moments, and those to the left, if there 
were any, would be upsetting moments. It will be seen that the 
whole of the curves in Fig. 130 are similar with respect to a line 
drawn parallel to X at one-half the depth of total immersion. 
The elliptical figure tends to return to the upright^ when at the 
inclination of 30^, at all draughts of water, and exerts the maximum 
efforts to do so when immersed to the middle of its depth. The 
rectangular figure, when inclined to the same angle, also tends to 
return to the upright at all depths of immersion, but the maximum 
righting moment is not when floating at the middle of its depth, but 
at draughts which are at equal distances above and below it. 

''Fig 131 represents similar curves 
for a prismatic body, the upper half of 
whose section ia rectangular, and the 
lower half elliptical; the extreme dimen- 
sions of the section being the same as in 
the previous cases. This form of section 
is an example of the kind of departure 
from symmetry of form which exists in 
ships. It has been seen that if homo- 
geneous bodies of symmetrical form be 
altered in density so as to float alter- 
nately at water-lines which are at equal 
distances above and below the centres of 
such bodies, the righting moments at 
equal angles of inclination will in each 
case be the same at these draughts. In 
the body for which the curves in Fig. 131 
have been constructed, the departure 
from similarity between the immersed and out of water volume. 



FigJSl. 




Digitized by 



Google 



CHAP. X.] 



CROSS-CURVES OF STABILITY. 



196 



Fig.lS2. 



causes a variation in the righting moments at the draughts described. 
A Pj O and A Pg O represent the curves of B R x Y at angles of 
inclination of 30° and 60** respectively, and Aj^i O, Ajpj are the 
corresponding curves of Q Z x V, or curves of righting moments 
when G is taken in the position it would have if the body were 
homogeneous. The lines, a^ Xi and a^ x^ indicate draughts at which 
equal volumes are cut off above and below water, and m m shows 
the depth at which the immersed volume is one-half of the total 
displacement of the body. 

'* It will be seen that the righting moments are greater at 30^ and 
Off* of inclination when the body is deeply immersed, than when it 
is floating at light draught with equal volumes below water to what 
there are above in the other case. The relation between the right- 
ing moments at the two extremes of draught in a ship is, however, 
largely determined by the position of the centre of gravity, which 
in this case has been taken for a homogeneous body. ' This will be 
seen by the next example. 

"Fig. 132 gives curves of BR 
X V for an actual ship, at 80^ 60^ 
and 90** of inclination respectively. 
The vessel for which these have 
been constructed is 400 feet in 
length, 44 feet in breadth, and 32 
feet 6 inches in moulded depth. 
The extreme depth from the top of -^ 

keel to the highest point of the | »^ 

sheer of the upper deck, is 40 feet. "^ 

The point O is the top of keel, A is 

the highest point of the sheer of the 

deck, and A, the lowest point of 

the upper dedc at side, fix)m which 

the freeboard is measured. The 

horizontal ordinates of these curves 

represent the moments B R x V at &ai« <^Foou^far uom^mu 

the draughts to which they correspond. The displacement of the 

vessel when wholly immersed is 11,800 tons; and when displacing 

half this amount — or 5,900 tons — she draws 20 feet 6 inches of 

water, and the depth of flotation, with the corresponding value of 

BR X V are shown by the ordinate drawn at the point, a. a, 

represents the draught of water at which the vessel was launched, 

and Oi the draught at which there is an equal volume out of water 




^ n. 
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to what there is below water at the draught a^ The draught of 
water at the point a, is 11 feet, and the freeboard above the point 
tti is 7 feet. 

" If the centre of gravity be taken at 19 feet above the top of 
keel at all draughts of water — it always varies, and in some cases 
considerably, with the draught, as has been stated, but 19 feet is 
found to be a fair mean height for the ship in question — and the 
moment, V x B G sin. 6, be deducted from the ordinates of the 
curves in Fig. 132, we obtain new ordinates which represent the 
curves of righting moments, Y x G Z; and these are shown in Fig. 
133. It will be seen that the curves of righting moments, which 
correspond with the ordinary curves of stability show much lai^r 
moments at deep draughts than at light draughts. For instance, 
the ordinary curve of stability for the launching draught of 11 
feet at a^ gives very much smaller moments than the corresponding 
curve for the deep draught at a^ where there is an equal volume 
above water to what there is below in the other case, and the 
freeboard is only 7 feet. 

"The centre of gravity taken in Fig. 133 is 11 feet below 



Fig.lSS. 
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where it would be if the external surface of the ship enclosed 
a homogeneous volume. The relation which it bears to the posi- 
tion of the centre of giavity of a homogeneous body of the same 



Digitized by 



Google 



CHAP. X,] CROSS-CURVES OF STABILITY. 197 

form, largely determines the stability at all except small angles of 
incliDation, and also the relation between the stability of light and 
deep draughts. Figs. 134 and 135 show what Fig. 4 becomes changed 
into if the centre of gravity is, first, raised I'l feet so as to be in the 
same position as if the ship were a homogeneous body, and 2nd, 
if it is raised a further 1*1 feet so as to be as much above this point 
in Fig. 135 as it is below in Fig. 133. A comparison of these 
figures will show that, except in the case of a very high centre of 
gravity, the stability at light draughts, with various positions of 
centre of gravity, is less than at deep draughts. 

It appears therefore that in the case of the ship in question, and 
she is a type of many mercantile passenger steamers, the proposition 
respecting the equality of the stability at light and deep draughts 
in homogeneous symmetrical bodies, requires modification in a 
direction which is disadvantageous to light draughts. When there 
are equal volumes above and below water in this vessel, the righting 
moments at the light draughts are generally much less than at the 
deep draughts, except when the centre of gravity is raised ex- 
cessively, and for this class of ship unusually, high. 

"The analogy that exists between light-draught and deep- 
draught stability in forms that are approximately symmetrical, and 
particularly the point of resemblance afforded by the fact that what 
is a wedge of immersion in one case is that of emersion in the 
other, and vice verad, cannot &il to have struck some who have had 
to calculate the stability of bodies floating at light draughts, but 
attention has never been prominently called to it. It is time, how- 
ever, that the connection between the two cases were fully realised, 
and the dangers peculiar to very light draughts of water appreciated 
as thoroughly as are those which attach to low freeboard." 

It is of these curves of Professor Elgar that Mr. Jenkins remarked 
(in his Paper on "Metacentric Diagrams," previously quoted) — "These 
carves exhibit the peculiarities to which I have referred in connection 
with curves of initial righting moment, 
and the conditions which ensure maximum Fig,iS6. 

and minimum values of the moment are 
even more simple than those which hold 
in the upright condition." In illustrating 
and commenting upon this, he proceeds as 
follows : — 

" In Fig. 136, if W L be the water-plane at which 
a yessel inclined through an angle, % is floatmg, the 
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righting moment will be proportional to V.GZ. If, now, the draixght be increased by 
A jB to Wx Li, A y be the inoreaBe in volume, and y the distance of the oenlxe of 
gravity of the layer from the vertical through B, we obtain by taking moment about 
the vertical throogh B 



and 



-«^=^i^. 



Fig,lS7. 



H + AH = (V + AV)(GZ + AGZ) = yAV + VGZ+;AV-GZ. 
If V . GZ be sabtracted from this ezpreasion, we obtain^ 
AH = yAV + GZ*AV. 

.•.^=y + GZ.and|?- = y + GZ. 

When the righting moment is a maximum or minimum jf = - GZ, and- the cen^ of 
gravity of the water-plane, and therefore also the centre of curvatore of the carve of 
flotation and G lie in the same vertical line. 

*' Maximum values of the righting moment occur where the locus of the centre of 
gravity of the water-plane cuts the vertical through the centre of gravity of the 
vessel in passing from right to left in the diagram as the draught increases, and 
minimum values occur where the locus of the centre of gravity of the water-plane 
cuts the vertical through the centre of gravity of the vessel in. passing from the left to 
the right as the draught increases. A very good illustration of the above propo^ 
can be afiforded by reference to one of the bodies for which curves were given bj 
Professor Elgar. The rectangle, Fig. 137, is a section of a homogeneous prism, which 

is immersed at an inclination of 30°. The 
depth is two-thirds the breadth, and the tine 
ahedvA the locus of the centre of gravity of 
the water-plane, as the draught changes. 
The line ggy& the vertical through the centre 
of gravity of the prism. At the point t, 
where the two lines first intersect, the locos 
of the centre of gravity of the plane of floti- 
tion is passing from the right to the left as 
the draught increases, and the righting 
moment is a maximum ; at the next point of 
intersection, /, the moment is a mhiimum, and 
at A it is again a nuoimnm. 

'* The direetion of the tangent to a cross- 
curve of stability at any draught is capable of being readily expressed. Thus, ve 

have in the above equation ^^- s y + GZ, and this reduces to the form ^ — = 

A{yi-¥(jt Z), which gives the inclination of the tangent at any point of the curve. As 
the area of the water-plane and the position of its centre of gravity are both estimated 
in the determination of the value of G Z at a given draught of water, the drawing of 
the tangent for each value of GZ calculated wUl involve but littie additional lahonr, 
and will enable the curve to be drawn with a fewer number of spots. 

'* If the practice of constructing cross-curves of stability, to which an impulse has 
already been given, becomes more general— and they appear to be indispensable to a 
complete knowledge of the stability of a vessel under all the conditions of draught 
and lading in which she is liable to be placed— the above property will be of assistance 
in their construction, and in determining the exact depths of immersion at which the 
ri^htin^ moment attains its maTimum and minimum values.*' 
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Mr. W. Denny has also devoted himself, and the scientific staff 
of the film of Messrs. Denny Brothers of Dumbarton^ of which he is 
a member, to the prodaction of cross-corves of stability. '^Shortly 
after the Daphne inquiry," he writes, "it occurred to me that as 
stability curves were required for at least four draughts for each 
steamer, it would be well if some method of obtaining these curves 
could be arrived at which would facilitate their construction.'^ In 
pursuing this idea, Mr. Denny observed that the four conditions of 
draught at which such curves are usually required are the launching 
condition, the finished condition without weights on board, the fully 
loaded condition with coals in bunkers, and the same condition but 
with the coals consumed; and it occurred to him that, if in addition 
to the stability curves corresponding to these conditions, a curve 
were calculated for a draught intermediate between the finished 
condition without weights on board and the fully laden condition 
with coals consumed, he would then possess curves of stability at 
five fairly-distributed draughts, from which cross-curves could 
readily be constructed. As a matter of fact, he has since found it 
better to adopt six difierent draughts of water instead of five. He 
has also developed the fact that, with the systems of calculation 
pursued at Dumbarton, it is preferable to calculate these "cross- 
curves" first, and firom them to measure off the righting levers 
requisite for constructing the usual curves of stability at given 
draughts. The account of his system, with which Mr. Denny has 
been good enough to furnish the author, involves such close refer- 
ence to the use of the Amsler Integrator that we deem it better not 
to attempt here a complete record of his improvements, but to con- 
tent ourselves with describing the characteristics of the Dumbarton 
system. 

Mr. Denny and his scientific assistant, Mr. F. Purvis, have em- 
ployed two methods of proceeding — one suggested by Mr. Fellows, 
and the other by Mr. Couwenberg, both draughtsmen and calculators 
engaged under them. Mr. Denny thus describes the method of Mr. 
Fellows: — "A tracing or drawing, having upon it the ordinary 
displacement sections of the steamer, was pinned to the disc,* a 
centre of gravity being assumed in its middle line, and made coinci- 
dent with the centre of the disc. The disc was then turned round, 
80 that the centre line of the drawing formed an angle of 10"" or 15"^ 
with tho axis of the integrator, and a number of parallel water-lines 

* This dlflo or turntable esiables the tracing or drawing to be tamed ronnd, thni 
olrviating the neeestity of Bhiftfaig the aads of the integralor. 
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"were drawn across the sections at right angles to the axis-line of the 
integrator, dividing the range of draught of water into a suitable 
number of intervals. These extended from a draught somewhat 
under the launching condition to a draught somewhat over the 
loaded condition, so as to afford a sufficient number of spots for the 
cross-curves. The disc being fixed at the given angle, work was 
begun, each section up to the lowest water-line being circumscribed 
by the pointer of the integrator, and the results for the area, and 
the moment of the area, noted upon forms prepared for the purpose. 
The areas and moments of areas up to each water-line were then 
plotted off upon a base-line representing the length of the steamer 
between the extreme displacement ordinates, and upon this were set 
up at the proper distances of the sections, ordinates of length cor- 
responding to the areas and moments of areas at these different 
sections. Curves being drawn through these points, the integrator 
was again employed for their integration. The quotient obtained 
by dividing the areas of the curve of moments by the area of the 
curve of areas is the length of the righting or upsetting arm, as the 
case may be, with the assumed centre of gravity. The product of 
the area of the curve of areas and a suitable multiplier is the dis- 
placement at a given draught." The same operations being per- 
formed for each draught at the given angle of the inclination, the 
righting arms thus obtained are set up as ordinates from a horizontal 
base-line, each ordinate having for its abscissa the calculated dis- 
placement to which it corresponds. A curve passed through the 
extremities of these ordinates is the cross-curve of stability for the 
given angle. Any variation in the position of the centre of gravity 
from that assumed in the calculations can, of course, be readily 
taken into account, as in other methods. It is the custom of Mr. 
Denny's staff to work out cross-curves for angles at intervals of lb"" 
up to an inclination of 90"*, though in special cases it may be 
desirable to reduce the interval to lO"". For this method complete 
sections for both the fore and after bodies of the ship are 
necessary. 

Mr. Couwenberg arrives at the same results as Mr. Fellows, but 
by a different method* ^' The general principle upon which he pro- 
ceeded was,'' says Mr. Denny, " that for any inclination the integral 
of the statical moments of the number of parallel water-lines about 
a given axis wiU give the statical moment of the immersed part of 
the ship about that axis. The integral of the areas of these water- 
lines will give the displacement of the same part of the ship. From 
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these two integrals we therefore get the means of finding the 
righting arm at any inclined draught by dividing the integral of the 
statical moments by the integral of the areas of the water-lines." 
For this method half-sections only for the fore and after bodies^ such 
as are ordinarily used, are required. The number and positions of 
the water-lines for any given angle having been chosen^ an axis 
normal to them is fixed upon, about which to take the moments. 
The inclined water-lines are drawn out in a manner similar to that 
for the water-lines of an ordinary half-breadth plan, a horizontal 
line representing the fixed axis being taken to correspond to the 
ordinary centre Hne, and the widths of the various sections measured 
on either side of it. When the water-lines for the given inclination 
have been thus set out, the integrator is used to integrate them, by 
which means are obtained their areas and their moments about 
the fixed axis. These areas and moments are then set up as 
ordinates from a horizontal base-line, their abscissse being the 
distances between the water-lines, and curves are passed through 
the extremities of the ordinates. Integrating these curves by means 
of the integrator up to any draught, and dividing the area of the 
curve of moments by that of the curve of areas, the righting lever 
for the given inclination is obtained for that draught In this 
method, as in that of Mr. FeUows, the centre of gravity is assumed 
to be in a certain position on the middle line of the vessel, and the 
normal axes to the various water-lines are made to pass through 
that point. The displacement and righting arms for the different 
draughts at the required inclinations having been ascertained, it is 
easy to construct cross-curves of stability, as already explained. 
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CHAPTER XL 

Brief HiBtorical Survey of Geometrical Aspect of Stability — ^Bouguer's Xnvestigatuiu 
— Position of Centre of Gravity— Metaoentre and Metacentric — Expodtiaii of 
First Principles of Stability— Determination of Height of Metaoentre— Expres- 
sion for Same— Locus of Centre of Buoyancy — Change in Form of DisplaoemeDt 
—Change in DimensiouB of Displacement- Method of Finding Centre of Gravity 
—Great Value of Bouguer's Work— Bernoulli's Investigations — Dtfartntial 
Expression for Righting Moment— Rolling and Pitching — ^Don Juan d'UlIoa'i 
InvestigationB — Formula for Inclining Experiment— Euler's Investigations— 
Three Different States of Equilibrium— ** Measure" of Stability— MamentB of 
the Wedges— Moment of Inertia — Position of Centre of Gravity — ^Enler*B 
Expression for Stability — Chapman's Investigations — Romme's Investigations— 
Romme's Expression for Stability — Determination of Centre of Gravity. 

In the progress we have thus far made, we have been brought more 
than once to considerations which might be regarded more espedaUy 
as unfolding the geometrical aspect of our subject, and much ad- 
vantage will result if from this point we take a rapid survey of the 
developments which the doctrines of stability originally underwent 
in this respect. This survey is essential to a proper apprehension of 
the recent developments of the science with which we shall have 
presently to deal 

Although much was written on the subject at the end of the 17tb, 
and in the first half of the 18th century, and even great and famous 
controversies then took place — ^notably that originated in the great 
work of the famous Jesuit, F^re Y Hoste, in 1693 — it is not neoessaiy 
for our purpose to go back farther than the middle of the last 
century, when the illustrious Frenchman, Bouguer, of the Eoyal 
Academy of Sciences, formerly Hydrographer Royal at Croisie and 
Havre-de-Qrace, published his famous Traits du Navire, in which, 
as we have seen, the "Metaoentre" was first described, and the Meta- 
centric Theory of Stability was given to the world. This great 
work treated of many subjects connected with the construction and 
movements of ships, besides that of stability, but upon these we have 
not here even to touch. It is in his second book that he enters 
upon the consideration of ''the ship afloat," and under this head 
most of his remarks on stability are ranged. 

Bonder first shows that a ship afloat in still water must displace a 
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volume of water equal in weight to itself^ and that the resultant fluid 
pressure exerted upon the immersed bottom of the ship must act up- 
wards through the centre of gravity of the volume of displacement. 
He explains that the weight of the ship in tons may be directly 
ascertained by dividing this volume of displacement expressed in 
cubic feet, by the number of cubic feet of water which weigh a ton; 
and he describes various methods of approximating to the volume of 
displacement from the drawings of a ship. One of these methods 
differs from the method at present employed only in the use of the 
common ''trapezoidal rule" instead of the ordinary ''Simpson's 
Rule ^ for calculating irregular areas, &a* 

Bouguer next proceeds to treat of the distribution of the weight 
of a ship, and of the position which should be given to the centre of 
gravity. He first describes the method of determining a ship's 
centre of buoyancy. This, he says, can be done practically by sus- 
pending a solid block model of the immersed portion of the ship in 
different positions, and ascertaining the intersection of the lines of 
suspension ; or it can be done by calculations based upon the ship's 
drawings^ the method of doing this which he describes, resembling 
that now practiced by Naval Architects in all respects excepting the 
use of Simpson's Rules. 

We next arrive at an investigation of the maximum height at 
which the centre of gravity of a ship may be placed ; in which phrase 
is shadowed forth that conception of the " Metacentre " which he 
proceeds to develop, and which obviously involves the idea of a 
limiL We are therefore not left in doubt, as some have supposed, 
of the true meaning of the word metacentre, as it was originally, and 
long afterwards employed. At the same time it must be borne in 
mind that Bouguer himself, as we saw previously, extended the 
meaning of the word so as to embrace within it the points of inter- 
section of adjacent verticals through the centre of buoyancy at large 
angles of inclination. His 5th chapter (book ii., section 2), is 
headed " On more extended investigations on the metacentres, and 
on the curved line which these points form when the ship is in- 
clined," which curve he designates the metacentric (mHacentrique), 
It is described as being what we have in previous chapters seen 
it to be, viz., the locus of the centres of curvature of the curve 

* These and cognate matters oocnpy the 1st, 2nd, and 3rd chapters of the Ist 

section of book ii In chapters 4, 5, and 6, Bougner digresses into a dis- 

eossian of the Tonnage of Ships, exposing the faults of the Tonnage Roles then 
employed. 
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of buoyancy, and each point of it, even for considerable angles from 
the upright, is undoubtedly regarded by Bouguer as itself a meta- 
centre. In &uct, with him, the metcu^ntric was neither more nor less 
than the locus of his metacentres, just as it is now with us, in this 
work^ the locus of pro-metacentres. 

In giving the following summaries of Bouguer's investigations, 
we shall take the liberty of modifying the diagrams, and especially 
their lettering as far as may seem convenient.* 

Having determined the centre of gravity of the volume of dis- 
placement, he says: — 

'' The point is now known in which the pressure of the water is concentrated, and 
through which the vertical line of action of that pressare passes. The centre of 
gravity of the ship is always sitaated in the same vertical line, otherwise the pressure 
of the water would not be directly opposed to the weight and could not sustain it; 
these two forces could not counterbalance or neutralise (suspendroient) each other's 
action. This does not suffice however to keep the ship in a permanent positioii; 
because the particles of water, like those of all other liquids, are in continual motion, 
and so it happens constantly that some of these particles strike the ship's bottom 
harder on one side than on the other ;t and this suffices to produce an inclinsdon 
which is perhaps insensible at first, but would not fail to iacrease if the centre of 
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gravity of the ship were too high.*' He illustrates this by referring to the instability 
of a rod made to float end-on in water, and then proceeds:— "Suppose W E L (Fig. 

* In translating and abridging the substance of what is said in this chapter on 
Stability by Bouguer, Enler, and one or two other early writers, I avail myself in some 
degree of certain abridgments prepared for me some years ago by Mr. W. H. White, 
whose competence to perform such work with skill and accuracy is well known. 

t ** Bouguer oonsidered this force " (the disturbing force of the moving water) 
'* as exclusively produced by the blows exerted by the crests of the waves on the top- 
sides, a&d made it pass above the centre of gravity."-— ^frtifi. 
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138) to represent a transYerae section of a ship, G being the centre of graylly, and B the 
centre of bnoyancy in the upright position, for the disphicement W E L, B A being then 
verticaL If the ship is inclined to an infinitely small extent (which may resnlt from 
the irregolar shock of the smallest particle of air or water) and W L' be the new 
position of the water surface, the upward pressure of the water will no longer be 
concentrated in B, the centre of gravity of W E L, but in B', the centre of gravity of 
W £ L', the part actually immersed; and as the new vertical, B' A', instead of passing 
through the centre of gravity, G, of the ship passes on the side opposite to that inclina- 
tion, it ia clear that the upward pressure, instead of tending to restore the ship to 
the upright tends to incline her more. The ship cannot, therefore, remain upright, 
there being no force to retain her in that position, whUe the smallest force will make 
her begin to move from it, after which commencement she inclines further by 
herself. . . . 

"But if the centre of gravity of the ship were below the intersection M of B A 
and B' A', as at G', the pressure of the water would always tend to restore her to 
the upright if she were inclined, because its direction would always be placed on the 
inclined * side with respect to G'. Consequently there would always be a power to 
keep the ship upright, or at least to tend to restore her, however little she might be 
inclined, and this would increase according to the necessity. Hence is seen the great 
importance of the knowledge of the point of intersection, M, which not only shows the 
maximum height which may be given to the centre of gravity of the ship, but also 
distinguishes the case of a ship which will maintain an upright position from that of 
one which will upset even in harbour, and which cannot remain upright a single instant. 

" The point, M, which may justly be styled the metaeetUre, is the limit which 
the height of the centre of gravity of the ship must not pass or even reach ; f f or if 
the centre of gravity coincides with M, the ship will no more seek the upright than an 
inclined position — ^the two positions wiU be equaUy indifferent to her, and she will 
consequently be incapable of righting herself if heeled over b}' any outside influence." 

Having thus clearly stated the conditions of the problem, Bouguer 
proceeds to illustrate his remarks by considering the case of a 
hemisphere, and then describes in detail ^Hhe method of deter- 
mining the metacentre." To find the metacentre, M, at a very small 
inclination it is necessary to determine the corresponding centre of 
bnoyancy, B'; and the shift of this centre from B to B' he shows to 
be due to the immersion of W S W and the emersion of L S L". His 
investigation of the change of position of the centre of buoyancy is 
both simple and correct. Assuming that g^ and g^ Fig. 138, are the 
centres of gravity of the wedges of emersion and immersion, and 
that ^3 is the centre of gravity of the common part, W S L' E, he 
shows that, since the wedges are of equal volume, the ratio of f/g B to 
Bg^ must be the same as that of ^3 B' to B'^2' ^^ ^^^ ^^^ ^^^^ ^ ^' 
must^be' parallel to the line g^ g^ joining the centres of gravity of 

* Here and in the preceding remarks Bouguer uses the phrase c6t6s de VindincUion 
in the sense of immersed side, 

t The precise language here employed is important, as it is the original definition 
of the word '' metacentre." Bouguer's words are~'* Le point qvL*on petU djtute titrt 
mammermiUicenJtreetiJa terme quelahauteur du cerUrede graviUGy ne dcU pas passer^ 
ct ne doU pas mSme aUendre," 
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the wedges. He says: — ** The whole displacement, that of the small 
part L S L', and the distance g^ g^ of the centres of gravity, of L S L' 
and W S W, form three terms of a proportion of which the length 
B B' is the fourth term.'* This is a perfectly sound conclusion, as 
we have seen, and upon it he bases his further investigations.* 

In these he assumes that the form of the load-water section is 
known ; that for any longitudinal abscissa, Xy measured along tJie 
middle-line of that section the corresponding half-breadth ordinate 
is y, and that the infinitesimal calculus may be used. He then 
proceeds to calculate the volumes and moments of the small wedges. 
For the volume of an element of the wedge he obtains the expression 

aTy^d^> and for the moment he has ^j/^dxx ^y, or ^J^dx; ^ 

being the tangent of the infinitely small angle of inclination. 
Integrating these quantities, and making use of the proposition 
previously stated for finding the length B B', he obtains the expres- 
sion, 

where F = the volume of displacement ; and thence gets B M = B B' 
X cotangent of angle of inclination, 

_2yydx 
~3 P ' 

the well-known expression for the metacentric height still in use. 

In applying this formula to the case of an actual ship, Bouguer 
proposes to integrate the cubes of equidistant ordinates measured 
on the load-water section by means of the trapezoidal rule ; here, again, 
differing from present practice only in the rvie he uses. He further 
illustrates his method by applying it to particular forms. 

In the next chapter (5) (to which we have already referred, and 
the heading of which we have quoted) Bouguer, after stating that 
the limitation of the inclination in his previous solution rendered it 
insufficient, and pointing out the fact that, as the inclination of the 
ship increased, the line of action of the fluid pressure, which passed 
above the centre of gravity at small inclinations, might pass bdaw it 
and so tend to upset the ship, goes on to show that the investigation 
previously given for finding the shift of the centre of buoyancy is 

* AU this agrees mth what we saw from Atwood In a former chapter, bat it mmt 
be remembered that Bouguer wrote a half -a-century earlier than Atwood. 
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general, holding even for irregular bodies. Hence, he oondndes that 
the locus of the centre of buoyancy is a curve of which any infinitely 
small piece is parallel to the corresponding water surfetce, and of 
which the curvature is continuous. Also, that *Hhe pressure of 
the water always acts along a normal to the curve, which is the 
locus of the centre of buoyancy;" and that ''all these normals must 
by their intersection form another curve, which may be termed the 
metaicentric, of which we as yet only know the point M (Fig. 138), 
and which is the involute of the curve of the centres of buoyancy." 
In afterwards dealing with this curve he falls into a serious error, 
as we shall presently see. 
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Applying the conclusions just reached, he says — ** If it be desired 
to know whether any vessel, O E C (Figs. 139 and 140), of which 
the centre of gravity is placed below the metacentre M, in the 
upright position^ wiU be safe, it is necessaty first to detennine all 
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portions of equal displacement with W E L (when the ship is up- 
right). . . . Then to determine the locus, BB'B", of the centre 
of buoyancy, which can be done by determiniog the distances of 
various points on the curve from the line E A and another line at 
right angles to it/' Throughout all these remarks Bougner grasps 
the subject effectively, and illustrates his meaning by the simple 
cases of vessels with rectangular cross-sections, as well as of others 
with straight sides near the water-line, describing the character of 
the loci of the centres of buoyancy, as well as that of the loci of tbe 
intersection of consecutive planes of flotation. Passing thence to 
the general case, he says — *' The method previously explained for 
finding the height of the metacentre is generally applicable. It is 
only necessary to consider the plane of flotation when the ship is 
inclined: the axis or greatest diameter of this plane will not coincide 
with the middle-line because of its irregularity; but that axis must 
be made to pass through the centre of gravity of the plane, in order 
that the two small solids of immersion and emersion may be always 
equal, and the volume of displacement remain constant" 

He then shows that all the change consequent on this want of 
symmetry is that the cubes of the half-breadth measurements on 
either side of the axis of an inclined water-section have to be inte- 
grated separately, and summed, instead of one side only being dealt 
with, and the result doubled, as in the upright position. His practical 
deduction from these considerations is ''that the form of a ship ought 
to gain in breadth, or at least maintain its full breadth, up to the 
height to which the side is immersed when the ship is most in- 
clined ;" because the curve of centres of buoyancy would then he 
either a hyperbola or a parabola, and the branches, M F, M B> of the 
metacentric curve (Fig. 139) would rise above M, the metacentre in 
the upright position. In such a case, he adds, up to the inclination 
considered, "the centre of gravity of the vessel would depart further 
from the direction B'' A" of the upward fluid pressure . . . and 
would contribute to increase the length of the arm of the lever to 
which the upward pressure of the water is continually applied " 
It is here that Bouguer falls into the serious error to which we have 
adverted, and which was clearly pointed out by Atwood. Bouguer 
assumes quite erroneously that the mere rise of the metacentre (using 
the term here to express any point on the metacentric curve) will be 
attended by a decrease of stability. This is not necessarily the case, 
as we have already seen more than once. 

Having laid down his general principles, Bouguer proceeds to 
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urgo most strongly the desirability of calculating carefully the posi- 
tions of the centre of gravity and metacentre in a newly-designed 
ship, and argues that the amount of work involved is probably over- 
estimated, in proof of which he gives an account of the calculations 
made by him for a frigate. He supplements this by some state- 
ments respecting the position of the centres of gravity in the ships 
of that period, and illustrates the variations produced in that position 
by changes in the weights carried. 

Less practical departments of the subject next come under con- 
sideration, viz., the changes in position of the metacentre resulting 
from changes in the form of the displacement Here fiouguer dis- 
plays considerable ingenuity, and uses his fundamental formula for 
the height of the metacentre in the solution of several of the ques- 
tions he propounds. He supposes changes to be made in the length, 
the breadth, and the draught of a ship, and (with certain assump- 
tions) he investigates the effects produced in the positions of tlie 
centre of buoyancy and metacentre. All these are, however, little 
more than geometrical exercises, and have no great value now 
beyond the evidence they afford that Bouguer's investigations 
extended over most branches of the subject. 

The most noteworthy of his examples is that where the length 
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and breadth of a ship are supposed to be unchanged, while the 
draught is diminished. Assuming that the displacement is made to 
vary directly aa the draught, he describes a graphical method of 
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representing the various positions oooupied by the metacentie as 
follows: — 

'^ If a perpendicular, E H (Fig. 141} be drawn at tiie foot of the vertical, S £, and 
£ D be made equal to the height of the centre of buoyancy, B, while E H equaU the 
height of the metacentre, M, above E, then D H = B M ; and if the hyperbola, AHA', 
be traced, passing through H, and having S L and S D for asymptotes, all the otto 
ordinates, such as e A, drawn parallel to E H will mark the height of the metacentre 
above the bottom, e, of the ship for all the different draughts." 

This assumes that the centre of buoyancy always divides the 
total draught of the ship in the same ratio, and then, as Bonguer 
points out, the straight line, S D, will represent the locus of the 
centres of buoyancy at different draughts, while the line, S/, drawn 
at an angle of 45 degrees with S L will represent the corresponding 
water surfisrce at any draught, fiouguer in this particular case 
indicates, therefore, a method of graphical representation very 
similar to that now used for the metacentric and centre of buoyancy 
curves of ships floating at different draughts. 

Going a step further, he considers *' the changes in the force of 
the ship to keep upright resulting from changes in the dimensions 
of the displacement." He here defines the '' stability " of a ship as 
the " force " with which she attempts to return to the upright position 
when moved out of it ; and he fuUy explains the now familiar &ct 
that the righting force on a ship inclined equals the product of the 
displacement into the distance of the centre of gravity from the 
vertical line up which the fluid pressure acts. His various cases of 
changes in length, breadth, and draught, closely resemble those pre- 
viously taken in Connection with their effects upon the height of the 
metacentre, and rest upon similar assumptions, so that they have 
little practical value. 

Some of his remarks are, however, interesting. For example, he 
says — " As very large breadths are now given to ships, it would not 
be proper to increase those breadths much, except towards the bow 
and stem, and when thus increased, the ship's stability would be 
made greater." Again, for ships of the same length and draught, 
but of different breadths, he says, " the stabilities are as the cubes of 
the breadths," provided that the centre of gravity coincides with the 
centre of buoyancy — " a condition/' said Atwood 50 years afterwards, 
with needless asperity, perhaps, " which may be deemed amongst 
the most extreme cases that can be devised, and such as is rarely 
known to exist." Attention is also given by Bouguer to the effect 
upon the stability of various arrangements of ballast. 
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Next follows a clearly stated account of a method of finding the 
centre of gravity of a ship by inclining her in smooth water. Fig. 
142 illustrates this account. F is the weight used to incline the 



ship, B' A is the vertical line along which the fluid pressure acts 
when the ship is heeled, and G is the centre of gravity of the ship. 
*' As the inclination increases/' says Bouguer, " the distance of G 
from the vertical B' A increases, and the distance, G Z, fix)m this line, 
is continually proportional to the sine of the inclination, so long as the 
angle is small Knowing this distance, as well as the total weight 
of the ship, the moment of the force tending to restore her to the 
upright can be found. And since the situation and weight of P pro- 
ducing the inclination are equally ascertainable, the moment of this 
weight about B' A must equal that of the ship's stability, and so it 
will be easily discovered whether the centre of gravity is in the 
position desired." He proceeds to urge the necessity for great care 
in measuring the angle of inclination of the ship, and in keeping 
'' all the circumstances absolutely unchanged throughout the experi- 
ment^ in order that the inclination may be due solely to the weight 
P." People on board should occupy fixed positions during the time 
all the observations and measurements are being made; and the 
angle of inclination might be taken by means of a long plumb-line 
hung from the mast-head. He thinks that in some cases the weight 
of the crew of a ship might be sufficient to produce the necessary 
inclination. Having thus determined the position of the centre of 
gravity, G, "it will be easy," he says, " to discover how much it is 
below the metacentre." 

Bouguer assigns the credit of first suggesting such an experiment 
to Pire r Hoste, but he is himself evidently entitled to the honour of 
puttbg it into the form described. His recommendation is to uso 
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this experimental method as a test of the accuracy of the calculated 
position of the centre of gravity, in cases where such a calculation is 
made ii^hen the design is prepared. In cases where no such calcu- 
lation is made, and where the metacentre is unknown, he suggests 
that the inclining experiment might be made as a test of the proper 
storage of the weights carried. He concludes this section of his 
subject by remarking that it is necessary to know more than the 
weight and position of the centre of gravity of a ship, in order to 
deal with the question of rolling ; and in the next section devotes 
attention to the ''distribution of a ship's weight in relation to her 
rolling motion." 

Those who are familiar with the condition of naval science 
before the appearance of the Traite du Navire will be in the best 
position for fully estimating the value of Bouguer's work ; but the 
foregoing account of his investigations, however imperfect, can 
hardly fail to convey to the reader the just impression that they 
were as brilliant as they were original, and such as to furnish a 
sound and lasting foundation for the science of the stability of ships. 

We do not think full justice has been done in this country to 
Bouguer's labours in connection with this particular branch of our 
science. Too much stress has been laid upon his errors, which are 
rare; and too frequently he has been spoken of as having dis- 
regarded the differences that may exist, and do exist, between the 
amounts of stability existing at small and at large angles of inclination. 
We have seen that he by no means deserves this reproach, at least 
in so far as a perfect appreciation of those differences, their causes, 
and their magnitudes are concerned. 

Soon after the production of Bouguer's Treatise, appeared in 1757, 
Daniel Bernoulli's fiunous work upon Hydrostatical and Mechanical 
Principles; or, Memoir on the Means of Dvminishing Boiling and 
Pitching^ in which, notwithstanding some serious misconceptions, 
was laid the foundation of the accepted theory of " Rolling," and 
which treats preliminarily of the question of "Statical Stability." The 
memoir first lays down the fundamental conditions of equilibrium 
for a floating body, then follows a discussion of the change in the 
moment of stability produced by a very small inclination. Bernoulli 
follows a method very much resembling Bouguer's investigation for 
the metacentre, only he does not consider the position from which 
the inclination is measured to be one of equilibrium, but obtains 
what may be termed the differential expression for the righting 
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moment. Using Fig. 143, he supposes b c2 to be the water-line for 
an inclination, 9^ from the verti- 
cal, and m 71 to be the water-line, Fig.143. 
making an angle, d 9, with d b. 
Then, taking 8 as the centre of 
gravity, and /and g as the posi- 
tions of the centres of buoyancy 
corresponding respectively to the 
water-lines, bd and mn, he ob- 
tains an expression for the differ- 
ence between the two values of 
what we should call the corre- 
sponding arms of the levers (Q Z) for statical stability. He expresses 
this as 




""-(m,-')^- 



where q = breadth bd of water-line ; r = G Z in our notation ; 
m = area of immersed section ; and a = vertical height of the centre 
of gravity above the centre of buoyancy. It will be obvious that 
for a very small inclination from the upright this formula would 
become identical with Bouguer's for metacentric stability. 

Having established the formula for a particular cross-section, 
Bernoulli applies it to several prismatic bodies of known geometrical 
forms of cross-section, putting these investigations forward simply 
as examples illustrating the fact that the two most important 
elements in stability are the form of the water-section and the 
height of the centre of gravity above the centre of buoyancy. He 
does not give any practical rule applicable to ships. 

In the second chapter the connection between stability and 
rolling or pitching motions is discussed, the opening passage being 
as follows : — 

**An uniform and constant force acting upon a ship can only incline her to a 
certain angle depending solely upon her stability; and the greater her stability the 
less Trill she be inclined. For ordinary ships the sines of the angles of inclination 
wiU be nearly proportional to the forces producing them. In this respect increased 
stability is advantageous, because it is desirable for the vessel to remain as nearly as 
possible upright. A ship sailing in a wind may sometimes be heeled over 15 or even 
20 degrees, if the spread of sail is not reduced ; and when thus heeled she will still 
continue subject to oscillations similar to those occurring when she is upright. The 
masting will obviously be much more strained, however, when the mean position is 
greatly inclined than when it coincides with the upright. • • • Besides, the aMp 
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wonld always be in danger of capsmng, and the least accident might be fatal, more 
especially because the righting moments only grow with the sine of the angle of 
inclination, and consequently increase less rapidly as greater inclinations are reached. 
. . . Hence it appears that only an advantage can result from an increase in the 
stability to the greatest extent consistent with other good qualities in the ship.** 

Into the question of the oscillations of ships it is not our present 
purpose to follow Bernoulli 

In 1771 was published in Spanish, and in 1783 was translated 
into French by M. Lev^ue, the great treatise, entitled Examen 
Maritime, of Don George Juan d' UUoa. This work was chiefly 
notable for an elaborate theory of the resistance of fluids ; but it treats, 
although in a limited way, of stability, and deserves a brief notice. 
The treatise consists of two volumes, the first being wholly devoted 
to demonstrations of the principles of mechanics, hydrostatics, &c, 
and the second containing the applications of the investigations 
made in the first volume to the qualities and performances of ships, 
of the properties of the metacentre, and an investigation of a formula 
for its height above the centre of buoyancy. In these respects he 
scarcely goes beyond Bouguer, except in suggesting that the longi- 
tudinal, as well as the transverse, metacentre should be found, and 
in determining an expression for its height His proposed method 
for making the numerical calculations incidental to determining the 
metacentres is complicated, and not so good as Bouguer's rule for the 
traasverse metacentre. Like Bouguer, Don Juan urges the import- 
ance of finding the centre of gravitj'- of a ship, and gives an example 
of such a calculation. He also suggests that an inclining experiment 
should be tnade on a ship similar to the new design, in order to 
reduce the labour of finding the centre of gravity of the latter by 
calculation. His formula for the inclining experiment : 



Metacentric height _ Wei ghts moved x their distances, 
(above C Q) "" Displacement x sine of inclination, 

and difiers from that still in use only in having the sine instead of 
the tangent of the angle of inclination— an unimportant matter, so 
long as only small angles are reached. He proposes to determine 
the inclination by "measuring carefully the extent to which the 
ship's side amidships is emerged from the water by the inclination." 
Lengthy calculations follow, illustrating the use of the formula^ and 
various estimates are made of the value of GM (height of meta- 
centre above centre of gravity) for different classes of the ships of 
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that period ; but the resolts appear for the most part to be hypo^ 
thetical, and not baeed upon experiment. Don Juan considered 
Bouguer's estimate of 1 or 2 feet as the value of QM in three* 
deckers to be &r too small, and thought 8 or 9 feet nearer the 
truth. 

We have now to notice the very remarkable work of Leonard 
Eiiler, entitled Complete Theory of Construction and Properties of 
Vessels, which was published in Petersbuigh in 1773, and trans- 
lated into English in 1790, by Colonel Henry Watson,* Euler*s 
method of investigation is more analytical than that of Bouguer, 
but the results arrived at by him are substantially the same. After 
stating the fundamental conditions of equilibrium in a floating body, 
Euler defines the three different states of equilibrium, and illustrates 
them by the case of a ship which is made to alter her trim slightly. 
He says, however, that the same kind of reasoning applies to trans- 
verse heeling, and remarks that ships should be stable in the upright 
position. After showing that for any inclined position the stability 
depends upon the relative positions of the vertical lines passing 
respectively through the centre of gravity and the centre of 
buoyancy, he says : — 

''In order to form proper concliusions respecting the state of equilibrium in a 
vessel, it is necessary to make researches respecting both the axes (longitudinal and 
transverse), for the case might easily happen that a vessel had sufficient stability 
with respect to one of these axes, whilst its equilibrium with respect to the other 
might be indifferent or even unstable. It is likewise as certain that when a vessel 
shall have a sufficient stability with respect to the two principal axes, it wiU also 
have sufficient with respect to aU the other intermediate axes round which the vessel 
may receive any inclination." 

Passing on, Euler remarks that the " measure " of stability must 
be the ''moment of the forces with respect to the axis round which 
the inclination is made," which axis he considers to be some hori- 
zontal line passing through the centre of gravity of the vessel, 
although he does not assume the centre of gravity to be a fixed 
point. Using Fig. 144 to represent a longitudinal section of a ship, 

* Of this work, Dr. WoolAey in his celebrated Paper, read at the opening of the 
Institation of Naval Architects In 1860, said : — " Making allowances for the imper- 
fection of his theoiy of resistances, there was no work . published before the com- 
mencement of the nineteenth century which would better repay perusal than this. 
His mode of treating his subject is simple, philosophical, and highly instructive." 
Dr. Woolley noted, however, that Euler's propositions have appeared in a more 
Qiodeni form in later works. ... 



Digitized by LjOOQIC 



216 



STABILITY OF SHIPS. 



[chap. XT. 



of which A B was the water-line previously, and a 6 is the water- 
line corresponding to an inclined position produced by the action of 
a force, K, along the line K H, he says, that K x G H measures the 
moment of this force, if G be the centre of gravity, which moment 
must be balanced by " the efforts which the vessel exerts in order to 
re-establish itself in its state of equilibrium," or, as we should say, 
by '* the moment of stability " at that inclination. For small incli- 




nations, be says, the " moment of force requisite to maintain the 
vessel in its inclined state will always have the form S x ^ x sin. i; 
where S denotes a certain absolute force, t a certain line, and sin. i 
the sine of the angle i, the radius being supposed unity." The pro- 
duct, S t, is what he "means by the term atabUity** and he justifies 
its separation from the sine of the angle of inclination by the i-emark, 
that in speaking of stability, " we form to ourselves an idea that no 
ways depends on the quantity of the inclination, seeing that the same 
idea must belong as well to the state of equilibrium itself (the 
upright) as to all possible inclinations." 

Upon this assumption he shows how to apply his measure in 
calculating the comparative stability of two ships when inclined to 
equal, but very small, angles; and for estimating the stability of the 
same ship at different angles, supposing S^ to remain constant 
This reasoning, he admits, is applicable only to very small angles of 
inclination, and he urges the importance of providing a large reserve 
of stability, " many times greater than the greatest efforts which the 
vessel can ever be exposed to.'' 

Again, making use of Fig. 144, and taking as the centre of 
buoyancy of the original volume of displacement, ALB, Euler con- 
siders separately the effect of the fluid pressures corresponding to 
that volume, and the volumes of the wedges of immersion and 
emersion. For A L B he shows that the moment about G equals 
M X OQ Qin, I^ where M is the weight of the ship, and I is the angle 
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of inclination. This would tend to augment the inclination, and it 
is pointed out that if the wedges '' should not furnish a moment of 
force opposite to and greater than the effects of the first, the vessel 
would not have any stability, and the least inclination would over- 
turn it entirely." 

Supposing the angle, I, to be very small, Euler investigates an 
expression for the moments of these wedges, using differential co- 
efficients, and ultunately arrives at an expression for the righting 
moment, including both the wedges and the volume, A L B (so as to 
measure the effect of the new volume of displacement, a L b). This 
is done in a manner very similar to that described by Bouguer, and 
the result, as stated by Euler (but put into modem notation) gives, 
as his fundamental expression for stability. 

Righting moment = 

^ mjLl^jyldy^ X fyidyA-U x OGsin. I, 

where 11^= weight of ship, V = volume of displacement, ^i = I P, 
and y2=IQ, Vp and Qq being elementaiy pieces of the two 
wedges. 

Euler draws attention to the fact that the terras under the 
integral signs depend principally upon the form of the water-section, 
and that they express the moment of inertia of that section, or 
the sums of all the particles contained in the section of the water 
(A B, Fig. 144), each multiplied by the square of its distance from 
the intersection, I, which intersection, on account of the equality 
of the wedges, must be a line passing through the centre of gravity 
of the section A B. 

Fig. 143 is taken as a plan of the water-section represented by 
A B in Fig. 144, and on this 
plan, AB represents the fore 
and aft middle line, I corre- 
sponds to the same letter in 
Fig. 144, and C D is perpen- 
dicular to A B. Euler then 
demonstrates at length the 
well-known principle in dy- 
namics, that when the mo- 
ments of inertia of the plane 
about the two principal axes, 
AB and CD, are known, it is 
easy to calculate the moment 
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of inertia about any other axis, such as MN, of which the inclination 
to A B is known. As bounding cases, between which the actual 
f onn of a ship's water-section would lie, he takes a reckmgle and a 
rhombus formed by setting two equal isosceles triangles base to base 
[C D in Fig. 145, corresponding to this base]. For these two figures 
he finds the moments of inertia with respect to the axis, AB,the 
results being 

For rectangle = ^ AB x CD»; 
„ rhombus =^AB x CD*, 

and he remarks that similar expressions would represent tbe 
moments of inertia about C D. Calling attention to the feet that 
the numerical coefficients in these expressions bear to one another 
the same proportion as the squares of the areas of the rvater-sedions, 
he proposes to avoid the labour of integrating for the moments of 
inertia in an actual ship by the following device: — Find the 
proportion which the squares of the areas of the water-section and 
of the circumscribing rectangle bear to one another, and take this as 
the numerical coefficient of the product, A B x C D*, 

or, CD X AF. 
He tests this on an ellipse, and finds it approximately true. As- 
suming that this method removes all difficulty in finding the 
moment of inertia of the water-section, Euler proceeds to consider 
the remaining terms in his formula for the stability. He shows 
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that, other things being equal, the stability " is always proportional 
to the weight of the vessel." Then he takes Fig. 146 to represent 
the immersed part . of a ship, and approximates to what would 
now be termed limiting values of ''coefficients of fineness^ for the 
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area of the water-section and for the volume of displacement For 
the water-section he concludes that in the area = axABxCD, 
Fig. 146, a is less than 1 and* greater than ^ ; for the volume of 
displacement, say = a/8 x AB x CD x IE, aj8 is less than 1 and 
greater than J ; and for the depth, O F, of the centre of buoyaDcy, 
(O), l)elow the water he thinks a good approximation might be made 
from the equation : 

OF=jg^IE, 

where /8 is less than 1 and greater than ^. 

This latter equation is based tipon three cases only, viz. — ships 
with rectangular or with triangular cross-sections, and a ship which is 
a pyramid with its apex in E. Respecting the position of the centre 
of gravity, G, he says — ^* F G depends upon the weight of the whole 
vessel, and according to different distributions it may happen that 
G will be more or less elevated above the section of the water, or 
that it may even fall below it." 

Calling the quotient of the moment of inertia divided by the 
volume of displacement, I, Euler writes the expression for stability 
in the form, 

M(?~OG), 

and says that for stable equilibrium, I must be greater than G. 
The least value of I being that for transverse inclinations (about the 
axis, AB), he concludes that this is the critical case, and that if it 
gives stable equilibrium, the ship will be stable with respect to all 
other axes. 

Acting on this conclusion, Euler considers this critical case with 
a view to providing the requisite stability. His methods of approxi- 
mation are continuations of those previously described, the same 
coefficients of fineness being used, and his practical rule for moments 
of inertia being applied. With these assumptions he reduces his 
fundamental expression for stability to the form — 

and for stable equilibrium gets the condition — 

CD2>m.IE2 + n.rE X FQ, 

where m = ,, ^ ^^ ; n = — ^ • 

a{l X/8)' a , 
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Illustrations follow of the application of this condition, wiih 
assumed values for a, /8 and F G. No intei-est attaches to them 
now, but the evident intention on Euler's part was to fix some 
proportion between the breadth, C D, and draught, I E. 



Chapman's famous Treatise on Shipbuilding was published in 
Sweden in 1775, and possessed the merit of being much less specu- 
lative than most of the works that had been previously publisbed. 
It added but little, however, to the doctrines of stability. His 
method of determining the height of the metacentre was essen- 
tially the same as £ouguer's ; but in the numerical example which 
he gave, he improved upon Bouguer's process by making use of 
Simpson's ordinary rule, in lieu of the trapezoidal, for integrating 
the cubes of the half-breadths of the load water-line section. In a 
later work Chapman adopted and detailed a method of finding the 
vertical position of the centre of gravity by arranging the weights 
into two divisions, having their centres of gravity respectively above 
the centre of buoyancy, and coincident with or below it This \& 
followed by an investigation (resembling Bouguer's) of the efiects 
produced upon the height of the metacentre by changes in the 
under-water form and displacement of a ship. Into this discussion 
of rolling motions, and of the rise and fall of the centre of gravity 
during rolling, we need not enter.* 



In his notable work, LAvt de la Marine, published by M. Romme 
in 1787, a chapter is devoted to the stability and rolling of ships. 
Romme lays down correctly the conditions of equilibrium for a 
floating body, and his investigation of an expression for the stability 
is very like Bouguer's in principle, and in being limited to very 
small angles of inclination, but no use is made of the metacentre. 
Romme's expression for the stability takes the form — 



* Chapman's work was translated into French by M. Vial de Clairbois, who was 
Ch^ des Constructions Navales et IHrecteur (T etudes de VEcoU cT applictUion du O^nk 
MariUmey and who somewhat later published, himself, an EUmentcury Treatiae on the 
Conslnuition of Ships^ which seems to have been designed as a text-book for general 
use. It does not add materially to the other existing knowledge of the subject 
Chapman was also translated into English in 1820 by Dr. Inmao, then at the head of 
the School of Naval Architecture, who appended many useful notes and comments, 
with which we have not this place to deaL 
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^ I is . sin. fl . (Z E - 2 J (e c 7m) GP sin. dE* 

or, as it might "be better arranged in modem notation, 

Stability — ^ ^^^^^^ ^^ inertia of load-water section \ . „ 
i —Volume of displacement x B G ) ' ' 

It will be seen, therefore, that Romme's final result agrees with 
Bouguer's, only Romme prefers to keep separate the two terms, 
which depend respectively upon the moment of inertia of the load- 
water section and the distance (B G, as we should say) between the 
centres of buoyancy and gravity. 

Assuming that, as a rule, the centre of gravity of a ship lies 
above the centre of buoyancy, Romme arrives at the following 
practical deductions: — "To ensure stability to a vessel, the trans- 
verse vertical sections must be made upright in the neighbourhood 
of the water-line on the midship section ; this should be done from 
two or three feet above water to an equal distance below: for sec- 
tions nearer the extremities the upright part need not be so long as 
amidships, but may be reduced in the ratio of the respective 
breadths of the sections at the water-line." He again and again, 
in subsequent remarks, insists upon the advantages to be gained 
from following this course. 

Turning to the first term in his expression, he shows that a 
rectangle would be the form of water-section giving a maximum 
value to the moment of inertia; but adds that such a '^ form is in- 
admissible, seeing that it would be detrimental to other good 
qualities of the ship." As regards the second term, he advocates a 
reduction, so far as possible, in the distance between the centres of 
gravity and buoyancy, in order to increase the stability. He 
expresses the opinion that, in ships of war especially, little can 
be done towards lowering the centre of gravity, and, therefore 
recommends that suitable modifications should be made in the form 
of the ship, filling her as much as possible at the water-line, and 
fining her below in order to raise the centre of buoyancy, and at the 
same time to increase the moment of inertia of the water-section. 

* In this formula I = breadth of croas-seotion at L. W . L. 
(e c m) =s half-area of immersed cross-section. 

G P =s distance between centres of gravity and buoyancy for that 

cross-section, 
d E = element of length. 
9 = angle of inclination. 
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Throughout his treatise Bomme illustrates the points he raises 
by reference to the cases of actual ships; and here he cites the case 
of a 74-gun vessel named the Sovpion, which proved very crank 
when completed in 1779. At first, attempts were made to remedy 
the error by altering the stowage, and putting in additional ballast 
instead of a part of the water supply originally carried; but these 
fiailing, thick doubling planks were worked in the neighbourhood of 
the water-line, and with more satisfactory results. Bomme goes 
very fuUy into this case, and contrasts the vessel with other more 
successful ships. The only noteworthy passage occurring in this 
connection is, however, that in which he suggests that the vertical 
position of the centre of gravity may be found by experimeDt 
Supposing the ship to be heeled under sail to a certain angle, and 
then to be further heeled by shifting known weights — such as guns- 
through known distances, from the windward to the leeward side, 
he shows how the difference in the stabilities at the two inclinations 
may be made to determine the position of the centre of gravity in 
relation to the centre of buoyancy, and thence in relation to the 
water-line. 

Up to this point Bomme considers only transverae inclinations, 
but he remarks in passing, that his method of investigation is just 
as applicable to inclinations which take place about any other axis 
besides a longitudinal one. He also declines to enter into the dis- 
cussion of the effect produced upon the stability of a ship by her 
progression through the water, expressing the opinion that it would 
be " very, little different from, or superior to, that of the same ship 
floating at rest in still water," and sums up as follows : — 

'* The general principles by which the stability of a sea-going ship may be 
assured, leave undetermined the form of the greater part of the displacement, pre- 
serving only a large area for the plane of flotation, and for the water-lines lying near 
to it, and a smaller area for the lower water-lines. The contours of the displacement 
consequently, remain unfixed, and may be determined in accordance with the parti- 
cular conditions which secure the other qualities that are desirable in sea-going 
ships." 
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CHAPTER XII. 

Dupin's InvestigatioDB ; their Generality — ^Positioiis of Equilibrium — Surface of Buoy- 
ancy — Surface of Flotation— Geometrical Nature of these Surfaces— Surface of 
Buoyancy a Closed Surf ace— Tangent Planes to Surface of Buoyancy — ^Normals 
to Snr&ce of Buoyancy Correspond to Positions of Equilibrium — ^The Three 
Kinds of Equilibrium — Direction of Greatest and Least Curvature— /n(2«ca<na; 
Curve of Surface of Buoyancy— Planes of Symmetry — Relation of Sur&oe of 
Buoyancy to Surfiice of Flotation— Greatest and Least Kadius of Curvature — 
Creneral Theorems — ^Value of Radius of Curvature— Possible Positions of Equili- 
brium of Floating Body— Positions of Equilibrium Round a Fixed Axis — 
Resulting Theorems — Mixed Equilibrium — Absolute Number of Positions of 
Equilibrium when Axis is not Fixed — ^Absolute and Relative Stability — Inter- 
mediate Positions of Stability — M. Leclert's Formulas. 

It has been already intimated that the eminent French investigator, 
Dupin, took a very broad and general view of the question, and his 
researches brought him lasting fame, both as a geometer and as a 
participator in the higher developments of the theory of naval 
architecture.* Dupin was both a very able and a very eloquent 
writer, and his productions were received with unwonted approval 
and admiration by some of the most distinguished men of science of 
his day. It is not possible to do justice either to our subject or to 
him without devoting considerable attention to the results of his 
labours, although this book will probably have many readers by 
whom a mastery of all that follows in this chapter need not be 
regarded as essential. . 

It will be seen that Dupin sought to give the utmost generality 
to his work when we say that he started his inquiries from the 
centre of the earth as a fixed point, and proceeded to show the 
value of a vertical axis, and of a horizontal plane perpendicular 
thereto, to geometers and mechanics. We may here, however, pass 
over his remarks upon centres of gravity and the equilibrium of 
fluids, and take note at once of the fact that, for the purpose of 

* Charles Pupiu, it appears, was an "ing6nieur de la marine" when in 1814 he 
submitted his *< Memoir on the Stability of Floating Bodies" to the Institution of 
France, and on the title-page of the yolume in which it appeared, with other 
«« Memoirs," in 1822, he is described as an **Offickr Sup4rieur au Corps du O^ie 
Jfaritime," 
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developing his process of investigation, be assumed, for the time 
being, as be clearly was entitled to do, that the centre of gravity of 
a floating body may be shifted about without thereby changing the 
weight of the body; and in connection with this assumption he 
shows, what we need only state, viz., that no merely vertiad move- 
ment of the centre of gravity, either up or down, can either produce 
equilibrium, if it does not exist, or take it away, if it does exist It 
is equall}' obvious that if a body be floating in equilibrium, no mere 
movement of the body up or down can bring it into a new position 
of equilibrium, because it cannot thus be brought into any other 
position in which the weight and the buoyancy will be equal 
From this reasoning it follows that in the case of a partially-immersed 
floating body, say Fig. 147, by suitably placing its centre of gravity, 
it is possible to find a position of equilibrium in which the plane of 
flotation, w I, v/ 1\ or w'' V\ for example, shall be parallel to any plane, 
A A", A A", A A"', given in position in the solid. This proposition is 
equally true if the body be turned upside down. It further follows 
that if we suppose the centre of gravity of the solid, instead of 
remaining in the same vertical, to be moved into another straight 
line, which we then regard as a vertical, a position of equilibrium 
can be found for the body to suit these new conditions when floating, 
both in the new upright position and upside down. The new planes 
of flotation will be perpendicular, not to the original vertical, but 
to the new vertical. 

Let us conceive, says Dupin (whom we render freely and briefly)' 

that the divers planes of fiota- 

^^•^^''- tion, wl,w'l\w"V\ &C. (Fig. 

^ -^.^.^^^^ 147), have been determined re- 

j^ ^N. spectively parallel to all the 

Z _ X plaices, A A\ A A", A A'", &c, 

I >''^^!^j!' \ *^' ^^ ^® drawn from the 

I ^^-rr: ^' \ ^^ point, A, of the solid. To each 

\ ^^''''' Ji' ^®^ plane of flotation thus de- 

A • — _ .L<f"^ ^T lu termined will correspond a centre 

^^^^•^^^^''"' J§.^'ir"h'"y^^ of buoyancy, h or h' or 6", &c. 

>< ^ ^"^'^ ^^^^ All these centres of buoyancy 

will form in the aggregate a sur- 
face, called the surface of centres of buoyancy ^ B, or more simply, the 
surface of buoyancy,^ All the planes of flotation envelope or form 

* We also modify the lettering of the diagrams as seems conTe&ient. 
f This is a usual abbreviation, not Duptn's. 
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by their lines of intersection another surface, F, similarly deter- 
mined, called the surface efnvehpe of jlotcdionB, or more simply, sttr- 
face of fUytaiion. These two surfaces (of buoyancy and flotation) 
possess remarkable properties in relation to the equilibrium of 
floating bodies. 

The planes of flotation are determined, as we have seen, by the 
single condition that they each cut off from the solid a segment of 
given and constant volume ; each centre of buoyancy is merely the 
centre of the mean distances of tlie geometric volume of such a seg- 
ment, Dupin says, therefore, that thp "surface of buoyancy" and 
the ''surfieu^e of flotation'' have a definition purely geometric^, and 
"altogether independent of the gravity of the floating body.'** 
The foregoing property, which is based on geometrical considera- 
tions, serves as the basis of all Dupin's subsequent work. 

Adverting for a moment to the question of centres of gravity, 
and more especially to the fact that the centre of gravity of two 
masses is always situated between thetn, he points out that, from an 
extension of this consideration, it follows that the centre of gravity 
of any continuous volume whatever must always lie within the limit 
of the volume itself. This is not, however, strictly correct ; many 
examples to the contrary will readily 
occur to the reader; for example, a Ftg.148. 

rod much bent, or a curved frame '^ --^v. 

timber of a ship, or a twin-vessel may jT n. 

have its centre of gravity altogether / \ 

outside of it; but the limits of the L \ 

author's meaning will be seen without L™ri5'™^.:33,^re£=;:.]^ 
difficulty, and are substantially sup- r' P 1 j 

plied by himself in a foot-note, and \ i \ J 

in a more lengthy note appended to nTp' "*rT'""" «"/ 

his treatise. He goes on to say that, \^.^^^ ^ ^^^^y^ 

for the reason stated, the surface of 

buoyancy, B (Fig. 147), necessarily has all its points within the 
interior of the floating body. Therefore, in bodies of finite extent 
(such as ships) the surface of buoyancy must always itself be of 
finite extent, and usually closed in all its parts. 

Ij^iwYl^w'Y l\ Fig. 14.8, be two planes of flotation indefinitely 

* This last phrase mnst be taken with due limitation, because the gravity of the 
body obviously determines the magnitude of the volume to be cut off by the plane of 
flotation. What I>upin intended was correct, as he clearly had in his niiud not the 
(unoii9i<, hvl <Ae duponlion 0/ gravity, 

16 
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near each other. In order that the buoyancy may be the same 
with each, it is necessary that the two segments, w Yv>\ IW, 
by means of which alone they could differ, should be equal, the 
part below w'Fl being common to both cases. Let ^ ^' be the 
centres of gravity of the equal volumes, wF w\ IFV respec- 
tively, and draw through the centre of buoyancy, 6, of the 
volume wcl, the straight line, pbq, parallel to hh\ The dis- 
tance from the centre of buoyancy of w'c l\ to the line jphq, 
will evidently be proportional to the difference of the moments of 
wFw' and IFV about that line. Now, this difference is nothing, 
since wFw' ia equal to IFT, and hp is equal to h'q. Therefore, 
the centre of buoyancy, b' of w' cV, is situated in the line pbq, 
which is parallel to h h\ The angle of inclination being infinitely 
small, and the line A A' being nevertheless comprised within that 
angle, it will follow that its parallel, pbb' q, can depart but infini- 
tely little from parallelism to the plane of flotation, wFl. There- 
fore, the tangents through b to the surface of buoyancy are parallel 
to the corresponding plane of flotation. Hence follows the general 
property that: K through one of its points b, considered as an 
individual centre of buoyancy, we draw a plane parallel to the 
plane of flotation, which limits the volume of buoyancy, this will 
be the tangent plane to the surface of buoyancy, B, at tiie 
point b. 

Hence, also, for each position of equilibrium, the tangent plane 
to the surface of buoyancy through the corresponding centre of 
buoyancy is horizontal, because the plane of flotation, or fluid sur- 
face to which it is parallel, is necessarily horizontal. 

The surface of buoyancy also possesses the property of having 
for normals the straight lines drawn through each of the centres of 
buoyancy of which it is formed, and through that position of the 
centre of gravity of the floating body which, when the body is in 
equilibrium, corresponds to the centre of buoyancy. The condition 
of equilibrium is, that the centres of gravity and buoyancy shall be 
in the same vertical; and when the tangent plane of a surface is 
horizontal, the corresponding normals must be vertical 

Since the straight lines which join corresponding centres of 
buoyancy and gravity, in positions of equilibrium, are normals to 
the surfiMse of buoyancy, B, all the properties which belong to 
normals of surfaces belong equally to these straight lines. There- 
fore, these normals taken together present two distinct systems of 
developable surfaces; the developable surfaces of one system are cut 
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at right angles by all the developables of the other system; each of 
these cut the sur&ce B through one of its lines of curvature, && 
It is, says Dupin, from these developable surfaces, and the curves 
and centres of curvature, which correspond to them, that we learn 
the general conditions of the stability of floating bodies. 

Next, suppose that a floating body, placed first in one of its 
positions of equilibrium, is very slightly disturbed, without any 
change in the position of its centre of gravity. Suppose, further, 
for greater facility, that the weight of the body, and tiie immersed 
volume also remain unchanged during this very slight disturbance. 
' We have to see whether the equilibrium still subsists, or tends to 
re-establish itself, or tends, so to speak, to further disturbance. Let 
6, Kg. 149, be the centre of buoyancy corresponding to the given posi- 
tion of equilibrium of which the 
vertical is 6G,'G being the cen- Fig,i49. 

tre of gravity. In consequence 
of the slight disturbance, the cen- 
tre of buoyancy finds itself now 
at Vy immediately consecutive 
to 6, on the surface of buoyancy, 
and the new vertical, 6'c, like 
the former, is normal to the sur- 
face of buoyancy, B. Further, 
suppose for facility's sake, that 
the plane of projection of Fig. 
149 is parallel to the two con- 
secutive normals, he and Vc. 
Then the shortest distance be- 
tween these two consecutive nor- 
mals will have for its vertical 

projection the single point, c, the intersection of the two 
projections. It is evident that chz=ch\ since o is on the 
normal, h c, the centre of curvature of the element, h V. This 
point, therefore, was neither raised nor lowered by the inclination, 
and the movement of the floating body was the same as if the 
shortest distance between c h and c V had been a fixed axis round 
which the body had been infinitesimally turned. The whole system 
may be supposed to receive any vertical motion of translation, either 
downward or upward. 

It will now be seen : (1.) that if the centre of gravity is at G, 
below the centre of curvature c, the weight will operate to bring 
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back the normal c & to its primitive vertical position ; (2.) that if 
the centre of gravity is at G', above the centre of curvature of the 
element, 6 h\ it will operate to carry the normal, c 6, still farther away 
from its primitive position ; and (3.) if the centre of gravity be at c, 
the centre of curvature of 6 6', it will have no perturbing effect at 
all, and the body will not be solicited to turn either way by any 
force. We have here respectively the three cases of stable, unstable, 
and indifferent equilibrium. It is evident that in the first case the 
centre of gravity, G, is nearer the corresponding centre of buoyancy, 
6, than it is to anyother centre of buoyancy, V or V\ &c., on the line 
h b' h" V"j &c. In the second case, the centre of gravity, G', is farther 
from h than from any other of those centres of buoyancy (supposed 
always exceedingly near to 6). In the last case (3) the distances, 
ch.cV are equal Hence, Dupin deduces the following theorem :— 
In comparing a position of equilibrium of a floating body with 
positions very near thereto, the distance of its centre of gravity from 
its centre of buoyancy is a minimum or maximum, according as the 
equilibrium is stable or unstable; in indifferent equilibrium this 
distance is constant, or more correctly, the difference of the distances 
is of an order infinitely less than in the case of the maximum or 
minimum. 

The action of the weight of the body concentrated in G', or in G^ 
is evidently proportional to the distance, G' Z' or G^ Z^, of G' or G^ 
from the axis fixed at c. Therefore the more the centre of gravity 
is raised the more is the stability diminished ; on the contrary, the 
more the centre of curvature, o, is raised, the more is the stability 
increased. 

If the different centres which, on the same normal, h c, belong to 
the normal sections of the surface of buoyancy, B, are considered, it 
will be seen that they must all lie between two centres,* c and Cj, the 
one of the least and the other of greatest curvature of the surface B. 
The line which we have regarded as a horizontal axis of moments 
(and which is defined by the condition of its being perpendicular to 
cb and c6' passing through each) appertains to the position of 
maximum stability when it passes through the centre, c, of least 
curvature of B. On the contrary, when it passes through Cp the 
centre of greatest curvature of B, it will appertain to the position of 
minimum stability. Therefore, when the stability is greatest, the 

* The centre, c, of least curvature is very important for the determination of the 
stability of ships, says Dupin in a foot-note. It is the point that Bonguer has 
named the metacenire. 
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axia of rotation is parallel to the direction of greatest carvature 
of the surface of buoyancy; and when the stability is least, 
that axis is parallel to the direction of least curvature of that 
Borbce. 

We have previously seen Dupin regard the surface of buoyancy 
as closed, and incapable of having more than two tangent planes, 
a 6 c, a'b'c\ Fig. 160, parallel to each other; or rather, of having 
more than one other tangent plane 

paorallel to any given tangent plane, Fig.uo. 

for that is what is meant. These 
properties require that the two 
curvatures of the surface (meetiog 
at the point of contact with a tan- 
gent plane) shall always be directed 
towards the same side, i.6., both 
diverge from their common tangent 
plana The proposition is correct, 
but Dupin's attempted proof of it 
is unsatisfactory. 

The two curvatures of the surface of buoyancy are nevertheless 
on the same side, and in surfaces possessing this property, the centres 
of mean curvature are always situated on the normal between the 
two centres of greatest and least curvature. It follows that if the 
centre of gravity, G (Fig. 149) of the floating body finds itself below 
the centre of greatest carvature, c^, the stability, for the position of 
equilibrium which is under consideration, will take place in all pos- 
sible directions (i.6.,in whatever direction the body may be inclined); 
and this stability Dupin, therefore, designates absolute. If the 
centre of gravity is at G, above the centre, c^, of greatest curvature, 
but remains below the centre, c, of least curvature, the equilibrium 
will be stable in the direction of least curvature (i.e., stable on 
taking for its axis of rotation the horizontal axis perpendicular to 
that direction), but it will no longer be stable in the direction of 
greatest curvature. If, then, it is desired to determine which, among 
aU the intermediate sections, are those that separate the directions 
in which there is stability from those in which there is not, it is 
necessary to regard the centre of gravity, G, as the centre of curva- 
ture of a normal section through b of the surface of buoyancy, and 
to find the position of this section. Dupin shows how this may be 
done by means of the indicatri<c curve of the surface of buoyancy, 
as set forth in his D^veloppements de GSom6trie, Mimoire Premier. 
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It is not necessary to pnrsae the matter fnrtlier here.* Finally, if 
the centre of gravity of the body finds itself at G', Fig. 149, above 
the centre, c, of least curvature, the equilibrium will not be stable in 
any direction. In all cases for each (very small) inclination of the 
floating body supposed to be turning round an axis parallel to the 
directions of greatest or least stability, there will correspond a 
second inclination symmetrically situated in relation to those direc- 
tions, as well as to the centres of gravity and buoyancy. The 
degree of stability will be the same for both. Whence is inferred 
the following theorem: — ^''In the equilibrium of a body floating on 
a fluid, and bounded by any surface whatever (regular or irregular) 
the stability, considered in the divers directions in which it may be 
disturbed, is always symmetrical with respect to two vertical planes 
normal to each other." 

These planes of symmetry (passing, of course, through the 
centres of both gravity and buoyancy) are identical in direction 
with the two principal curvatures of the surface of buoyancy. In 
the case of ships, formed symmetrically with respect to a vertical 
longitudinal plane, this plane is one of the planes of sjrmmetry, and 
the other is normal to it. In bodies which are not thus synmietrical, 
and in which the planes of symmetry are not therefore indicated a 
priori, it is necessary to determine the principal curvatures through 
the centre of buoyancy, corresponding to the given position of equili- 
brium. For this purpose it is necessary to take the planes of 
flotation, &;c., into consideration. 

The " Surface of Flotation," as we have seen, is the envelope of 
all possible planes of flotation which can be obtained by placing a 
body, without change of total weight, or of exterior form, into all 
conceivable positions of equilibrium. This surface of flotation, like 
the surface of buoyancy, is, says Dupin, closed in all its parts, and 



* '*The inyestigation of the amount of stability when the vessel is displaced 
round an axis intermediate between these (axes of greatest and least stability) is very 
elegant, and is made to depend on the properties of the indicatrix, which is the 
section of the locus of centres of buoyancy made by a plane parallel to the plane 
touching this surface in the inclined position, i.e., parallel to the inclined water-line, 
and indefinitely near it. This curve is always 'an eUipse, whose greater and lesser 
axes are parallel to the directions of greatest and least stabUity. The stabilities in 
different directions are proportional to the squares of the corresponding diameters 
of the indicatrix, and these are proportional to the corresponding radii of curvatore 
of the surface. ''—From Dr. Joseph Woolley's Paper ** On the Mathematical Theory oi 
Naval Architecture,'' TratuaciUms L N. A, 1860. 
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the demoDstration before employed in connecti6n with the latter 
surface, shows, he considers, that this also has two principal curva- 
tures always directed towards the same side. This, however, is 
inaccurate. He next attempted to demonstrate that the surface of 
buoyancy and the surface of flotation of a floating body can never 
penetrate each other, but must always wholly surround each other, 
either after the manner shown in section only in our Figs. 2 and 3, 
chap, i., where the cylindrical portion. of the surface of flotation, F F", 
wholly embraces the surface of buoyancy, B B', or after the manner 
similarly shown in Fig. 4, where the reverse is the case. Dupin, in 
a note, more conveniently employs a sphere for illustrating this 
principle, but obviously our Figs. 2, 3, and 4, chap, i., will serve 
perfectly well for that purpose, representing the sectional state of 
the sphere in every conceivable position. The proposition itself, 
however, is not correct, and his attempted demonstration is, in our 

figJLSL 




opinion, altogether invalid, as can be made to appear at once by the 
simple process of reversing the figure which he employs in his 
demonstration. In the interesting Paper on Stability,* previously 
adverted to, Messrs.. White and John have adduced repeated cases in 
which the surfaces of buoyancy and of flotation penetrate each other. 

* '* On the Calculation of the Stability of Ships, and some Matters of Interest 
connected therewith.*' — TransaiAwM of InsHtvtion of Naval ArcJiUectSf voL ziL, for 
1873. 
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One of them is shown in Fig. 151, which Is that of a prism* of 
triangular and equilateral section, immersed as indicated The 
curve of flotation, F F, has six cusps, and intersects the curve of 
buoyancy, BB, at 12 points, each curve being made up of six 
branches of hyperbolas. The authors of the Paper here referred to 
have also pointed out that Dupin does not appear to have contem- 
plated the possibility of cusps in the curve of flotation resulting 
from the immersion of the edges of the decks of ships, and add, 
'* For ships, the occurrence of cusps in the curve of flotation may, 
however, be regarded as the rule rather than as the exception; and 
for other bodies of various forms the same thing is possible." 

It follows from what has just been said and shown that the pro- 
position of Dupin, which affirms that the two principal curvatures 
of the surface of flotation always lie on the same side, cannot be 
sustained. The existence of cusps in sections of the surface of flota- 
tion is incompatible with this condition. 

Dupin next considers the question of the point of contact of the 
plane of flotation with the sur£Eice of flotation ; and, supposing two 
planes of flotation, wFl^w'FV, Fig. 152, indefinitely near each other, 

shows that, in accordance with 
f^f^' the geometrical theory of the 

envelopes of surfaces, the line of 
contact of the plane, wFl, with 
the surface envelope is neces- 
sarily identical with the inter- 
section of the two consecutive 
tangent planes, this line of con- 
tact being represented in projec- 
tion by the point, F, the tangent 
planes being represented (in the 
plane of the figure) by their 
tmces,wVl,w'Vl\ He goes on 
to show that the volumes of the infinitesimally small wedges, 
wVw^n? l\ must equal each other, and thence (as did Bouguer long 
before) deduces the property that '* the intersection of two planes of 
flotation, infinitely near, always passes through the centre of gravity 
of the area of the plane of flotation of the body;'' and hecce infers 
the following definition, viz., '' The Surface of Flotation is the Locns 
of the Centres of Gravity of the Areas of all the Planes of Flota- 
tion/' these areas being, of course, bounded on all sides by the 
exterior 9ur^ce of the body. 
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Having first shown that, taking Fig. 153 to represent a 
solid floating body, and supposing 
FAA'F',FBB'F', two water-line 
planes, infinitely near each other, 
the volume of the very small wedge, 
F A F' B, divided by the tangent of 
A M B, is equal to the sum of the 
moments of the area, F AF', about 
the axis, FF', Dupin proceeds as 
follows: — If now we multiply the 
area> a a' a" a'" = aa' x aa" by 
i (Ma + May, we shall have the 
moment of that element about the 
axis, FF'. The sum of all such 
moments, extended over the whole 
area, FAF', will be the moment of 
inertia of that area. But the volume of the little solid, a h"\ being 

i jaa' X aa" {m + Ma") tan. AMB J , 

its moment about the same axis will be 

iaa' xaa" (Ma + Ma"y tan. AMB, 

whence results the important theorem : — 

The moment of the wedge, FAF'B (Fig. 153), divided by the 
tangent of the angle, AMB, is equal to the moment of inertia of 
the area, F A F', F F' being the axis of the moments. 

Dupin shows later on that the moments of the two infinitesimal 
wedges on opposite sides of F F' divided by tan. AMB, and by the 
displacement, are together equal to the radius of curvature of the arc, 
j8 fi\ of the curve of buoyancy (Fig. 1 53), when the plane of flotation 
ceases to be F A A' F', and becomes F B B' F'. Therefore, the radius 
of curvature of /3 /3' is equal to the moment of inertia of the total area, 
F A F' a (about F F'), divided by the constant volume of displace- 
ment. (This is a more general form of the expression for the height 
of the metacentre given by Bouguer, who anticipated substantially 
the steps of Dupin's demonstration.) As the radius of curvature 
and the sum of the moments of inertia bear a constant relation, 
they will have at the same time maximum and minimum values. 
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These results are summed up in the following thJorimes 
remarquailes : — 

I, The greatest nwiius of curvature of the surface of buoyancy at 
a given point is equal to the greatest moment of inertia of the area 
of the corresponding plane of flotation, divided by the volume of 
displacement. 

IL The least radius is, on the contrary, equal to the least of 
these moments of inertia, divided by the displacement* 

III. The direction of greatest curvature of the surface of buoy- 
ancy is that of the axis of the greatest moment of inertia of the 
area of the plane of flotation. 

IV. The direction of least curvature of that surface is that of 
the axis of the least moment of inertia of the area of the plane of 
flotation. 

Since the lines of greatest and least curvature of any surface 
whatever always cross each other at right angles, the principal axes 
of the greatest and least moments of inertia of the area of the plane 
of flotation are always at right angles to each other, whatever may 
be the form of that area. We thus come, says Dupin, by another 
route, to the admirable properties which Euler discovered relative 
to the principal axes of bodies. 

After demonstrating what he just before virtually assumed (as 
we saw) that the small shift of the centre of buoyancy fix)m ^ to j8', 
in Fig. 153, is equal to the sum of the moments of the small wedges 
divided by the volume of displacement, Dupin points out that the 
vertical, /8 c, does not pass, except in very special cases, through the 
intersection of consecutive planes of flotation, and says that this does 
not affect the generality of his proof. We can always pass, he says, 
and shows, from the general case in which the plane of the moments 
does not contain the vertical, fie, to the particular case in which it 
does contain it ; therefore, under aU hypotheses, the expression given 
for the radius of curvature, j8c, is correct He adds that we can at 
wiU displace horizontally the area of the plane of flotation, so long 
as the centres of gravity and of buoyancy remain at the same height, 
without varying either of the radii of curvature of the surface of 
buoyancy for the given position of equilibrium. 

* The above propositioiiB may be conveniently expressed by the equations— 

'■"V= 3 V~' and,R = ;^; 

where r and R represent the principal radii of curvatore, and t and I the principal 
moments of inertia of tiie plane of flotation. 
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Dupin next enters upon an argument which has for its object to 
show that no changes which it would be possible to make in the 
figtu^ of a floating body would at all alter its stability, all the while 
they caused no variation in the distance of the centre of buoyancy 
from the centre of gravity, nor in the curvature of the sur£Ekce of 
buoyaucy about the given centre of buoyancy, the weight of the 
body remaining constant. In pursuing this course of reasoning he 
requires to make use of, and therefore he demonstrates, the general 
property of projections of centres of gravity, afterwards applying it, 
with much skill and ingenuity, to the purpose stated. As the 
inquiry is ahnost whoDy a geometrical exercise, and as the pro- 
position to be demonstrated admits of readier proof, it is unnecessary 
to reproduce the investigation here. 

The next section of the MSmoire has to do with lines and radii 
of curvature of the sur£a.ce of flotation. He first lays down the 
preliminary theorem, that, of all the tangent planes of a surface 
which make the same infinitely small angle with the tangent plane 
at a given point, the plane which lies most distant from that point 
appertains to the line of least curvature, and the plane which lies 
nearest belongs to the line of greatest curvature, observing in a 
foot-note that, if we suppose these two lines of curvature to revolve 
about the normal to the surface, at the given point, of the two lines 
of least and greatest curvature, the former will envelope all the 
surface about the point, and the latter will be constantly enveloped 
by it Dupin goes on to illustrate the principle by reference to 
sections of curvature of bodies of cylindrical form, and proceeds to 
show generally for infinitesimal angles and for irregular bodies (that 
which bo had previously shown for finite angles of inclination, viz.), 
that (unless of cylindrical or other like section), a floating body, 
when inclined from a position of equilibrium, has usually to seek a 
new plane of flotation, separated from the former by a small interval, 
in order to equalise the wedges of immersion and emersion. The 
distance between this plane of flotation and a parallel plane through 
the centre of gravity of the original plane of flotation is determined 
(as we have already seen) by the obvious fact that this distance 
multiplied by the area of the plane of flotation will give the small 
volume of the layer lying between the two parallel planes ; and (as , 
the whole immersed volume must remain unaltered) the volume of 
the layer must be equal to the diflerence between the volumes of 
the wedges of immersion and emersion, supposing the second plane 
of flotation to pass through the centre of gravity of the first. 
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As has been already said, of all the planes of flotation making an 
infinitesimal angle with the surface of flotation about F, Fig. 154, 

that which makes the distance, 
^^'^^^ FF',awiaiBimttm,isatangentto 

the line of least curvature, and 
that which makes it a rninimuin, 
is a tangent to the line of greatest 
curvature. Therefore, in order 
to find at any point, F, the 
directions of the lines of least and 
greatest curvature of the surfice 
of flotation, it is sufficient to 
determine for which plane of 
flotation the thickness^ F M, consequently the volume of the layer, 
6 B B^ h\ and consequently also the difierence of the wedges, a F 6, 
A F B is a mrnvmum or a maoAmum. 

If the body be a cylinder floating with its axis vertical, the 
sides being everywhere parallel, the w^ges of. immersion and emer- 
sion will always be equal without change of the point, F. Conse- 
quently, if we regard such irregular figures as are shown at Figs. 
155 and 156, in order that the difference of their two segments 



Fig.lSe. 





a¥b, A F B, may be a maximum or minimum, it is sufficient to 
make a maximvAn or a minimum of the total volumes of the 
triangular parts, a b c, A B C comprised between the two planes of 
flotation infinitesimally separated firom each other, and the vertical 
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cylinder having for its base the area of the plane of flotation, and 

the sides^ ab, AB of the floating body. To determine the volume 

of these parts, extending throughout the length of the water-line 

plane — for example, that of a 6 c — as the angle a c 6 differs but ex- 

bc 
tremely little from a right angle, let us call T the ratio — 

the tangent of angle bac. Area of a 6 c = —^ , and there- 

CL C 

fore = T X -^. Designating hj dw the tangent of the infinitely 

small angle made by the planes, a F A and 6 F B, we have, 
a c = F a X d ic. Therefore, 

area of tnangle abc == ^ i— ^ — i — . 

If we multiply this product by d E, the thickness of an infinitesimal 
volume compressed between two vertical planes parallel to a given 
plane, we shall have, 

for the volume of this element of the solid. The sum of such 
elements will be the volume of the whole solid. 

In order to give this expression a form more convenient for our 
subsequent use, he supposes the triangular element to be divided 
into parts of constant thickness infinitesimally small, by planes 
normal to the contour of the water-plane, and puts 6 for T, and d 8 
for an element of the contour of the plane of flotation, then the sum 

of the elements ^ ^-| — x da, will be the total volume 

required. Whence results, says our author, the remarkable 
theorem : — 

" If we apply to each point of the contour of the plane of flota- 
tion, a weight proportional to the tangent, 6, of the angle which 
the vertical forms, at this point, with the surface of the floating 
body, a heavy continuous line will be produced; and the principal 
axes of the greatest and least moments of inertia of this line will be 
respectively parallel to the lines of least and of greatest curvature of 
the surface of flotation.'' 

It is evident, he says, that we shall have respectively for those 
two axes, represented successively in projection by the point F, 



/ 



L -I ds X the constant (dwy = a Tnaximum or a minimum. 
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Dupin next finds the lengths of the radii of corvatore of the 
surface of flotation at the point F. He takes a small arc, FNE, 
Fig. 167, of the osculatory circle coinciding with the radius of curva- 
ture under consideration, of 
which arc LN is the versed 
sine; the tangent, F' N = F'F, 
will differ from one-fourth of 
the chord, FK, only by an 
infinitesimal quantity of the 
second order. Therefore, the 




FI/ 

radius of the circle, ^ t xt is 

equal to ^^ . This is the 

value of the radius sought. 
To render it explicit, it should 
be observed that dWy being the tangent of the angle formed by a A 

and 6 B (Figs. 154 to 157), we have dw = ^^y^ = .pr™ by n^lect- 

ing the indefinitely small quantities of the second order. Therefore, 

FF' 1 __:,2FF'2 2FM 

FM 



1 ,2FF'2 



y:^-^^. But the layer, F 5' 6 B B', of which 

the volume is expressed by the primitive area of flotation, say A, 
multiplied by the thickness, F M, is equal in volume to the trian- 
gular element, of which the volume is the sum of the elements, 

{dw)__ I Q ^Ycn ,d8. Equating this with A x F M, we may thence 

obtain — 

2FM _ [ 6(Fa)Kd8 
{dwf] A 

which last is therefore the value of the radius of curvature of the 

surface of flotation. But I Q (Va\ . cZd is the moment of inertia of 

the contour of the plane of flotation, supposing each element, dsy 
thereof charged with a weight, as we just now saw. It follows 
that if we divide the greatest or the least moment of inertia of the 
contour of the plane of flotation, weighted proportionally to the 
tangent, d, by the area of the plane of flotation, the quotient 
obtained will be the radius of the least or greatest curvature of the 
surface of flotation (multiplied by the unit of weight). 

The next subject which engages Dupin's attention is that of the 
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divers positions of equilibrium which a given body can take up in 
floating upon a fluid. Hitherto he has considered the centre of 
gravity to be movable at will ; he now regards it as occupying a 
fixed position. Eecalling what has been previously demonstrated 
with respect to the surface of buoyancy^ and introducing the condi- 
tion of a constant position for the centre of gravity, he lays down as 
a first theorem this : The total number of positions of equilibrium 
which a floating body of invariable form can take up is equal to the 
number of normals to the surface of buoyancy, which can be drawn 
from the centre of gravity. In determining how many of these 
there can be, he supposes the body to be turned round any jvaxd 
axis, horizontal or not, but passing through the centre of gravity. 
For each position of the body there will be a corresponding centre 
of buoyancy, and the ens&wh'U of these will form a closed curve of 
buoyancy. When a position of equilibrium is arrived at, the tangent 
to the curve will always be horizontaL (But the normal to this 
curve, drawn through the centre of gravity, may not now be an 
absolute vertical, because of the axis being fixed.) 

Recalling the proposition before demonstrated — ^that the equili- 
brium is stable when the distance of the centre of gravity from the 
centre of buoyancy is a minimwm, and unstable when that distance 
is a rnaaimwm — ^he takes the Fig. 158 and infers that the total 

Fig.loS. 




number of positions of equilibrium will be equal to the number of 
normals which can be drawn from the centre of gravity, G, to the 
curve of buoyancy, gg'g'\ &c., and the positions of equilibrium 
(stable or unstable) are respectively those in which the length of the 
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normals is a maxi/mum or a mvnimum. He proceeds to prove that 
the number of such normak which can be drawn from any point, G, 
whatever is generally an even number. 

And first he shows that the maxima and mininfui normals, 
Ggr, Qg\ Qg'\ &c, must be successively less and greater than the 
corresponding radii of curvature. He supposes that through G 
straight lines are drawn to gr,, gr, g\ g'\ . . . &a, and that these 
are set down in Fig. 158 from the base-line, \, h, h\ &c. (which is 
an expansion of g^y g, g\ &c.) at right angles to it. Then the points, 
Qndjg'y &c-> become i,,i,i\ &c, the lengths Gg„ Qg, Gg\ &c., 
becoming h,\f hi^ K i\ &c., respectively. If two points, gr, andjr, 
indefinitely near each other, are placed on the curve, gr, g\ g'\ to, 
at an equal distance from the point G, the two ordinates, h^i^ and 
hi, in the expansion will be equal, indefinitely near, and parallel. 
Therefore the element, i,i of ii'i", &c., is, at i, perpendicular to the 
ordinate, hi, whence follows this principle : To each point, gr, where 
Qg is normal to the curve, g, g\ g'\ &c., there corresponds a point, 
A, at which the straight line, Ai, is normal to the curve, ii'i", &c, 
reciprocally. But when a curve, ii'i'\ &c., is put in relation to 
rectangular co-ordinates, if we consider only the ordinates, hi, h'i\ 
h"V\ &a, which are normal to the curve, they are alternately 
greater and less than those immediately adjacent to them, at least 
when there is no point of inflection. Therefore, if we determine the 
length of all the normals, Qg, Qg,, &c., which can be drawn from G 
on gg'g", &c.; and if we pass successively from one to the other, 
travelling round the curve of buoyancy, these normals will be alter- 
nately a maxvmuTa and a minimum in relation to the distances 
from G to the intermediate points of the curve. But when one set 
of lines which start from the same point are alternately a maximiLm 
and a minimum, the number of m/ixima must evidently be equal to 
the number of minvma. Therefore, first, the total numbers of these 
lines are even; and in any closed curve, gg'g"^ &c., the number of 
normals which can be drawn from any point whatever is even. 

Connecting all this with what was already proved, Dupin laj-s 
down the theorems : — 

(1.) The total number of positions of equilibrium, around a fixed 
axis, is an even number ; 

(2.) In the equilibrium of a floating body of any figure whatever 
moving round a fixed axis, the number of positions of stable 
equilibrium is equal to the number of the unstable positions, and 
these positions recur alternately. 



Digitized by LjOOQIC 



CHAP. XII.] POSSIBLE POSITIONS OF EQUILIBRIUM. 241 

Dupin points oat that the foregoing reasoning is open to the 
objection that it does not hold unless the assumption that the 
ordinates, hi, h'i\ &c, which are intersected at right angles by the 
curve, i i' i\ &a, are maaima or 'imnivMif which they are not 
neceaaarily ; and he shows that a demonstration of the same 
principle given by the £amous Foisson, is open to the same objection. 
The occurrence of a single case of mixed equilibrium, from which the 
body may return to a position of stable equilibrium (or unstable, as 
the case may be) without reaching the alternate position, so to 
speak, would bring about an uneven number of positions of equi- 
librium. To avoid this difficulty, Dupin suggests the treatment of 
a case of mixed equilibrium as one in which there is a reunion of 
stable and unstable equilibrium, which have moved up to one 
another. Whether this view be adopted, or whether we " suppress by 
thought," as he puts it, the case of mixed equilibrium, and leave it out 
of consideration altogether, the generality of his demonstration would 
remain. This he takes the pains to demonstrate in a simple manner. 

The next consideration is the absolute number of positions of 
equilibrium which are possible when the restriction of the axis being 
fixed is removed. We have already seen (1) that the total number 
of positions is equal to the total number of possible normals to the 
surfiBU» of buoyancy from the centre of gravity ; (2) that, either of 
these normals being vertical, the equilibrium is stable or unstable 
according as its length (from the centre of gravity to the centre of 
buoyancy) is a minimum or a mxjtaAmum. To determine these, 
suppose the body to revolve about any axis whatever through the 
centre of gravity, and the surface of buoyancy thus made to describe 
a surface embracing or enveloping all its successive positions. This 
"envelope," and the surface of buoyancy will touch at a series of 
points which will together form a closed curve, and at each of these 
points the normal common to the surface of buoyancy and its 
enveloping surface will pass through the axis. Among all the 
normals common to the two surfaces we must find those which pass 
through the centre of gravity of the body — the axis, be it re- 
membered, passing always through this centre. We must now 
suppose that the ^'nUridien'' of the envelope has been determined, 
and that fcom the centre of gravity we have to draw to this 
'• miridien^' all possible normals. We have just before dealt with a 
problem of this kind ; we have seen (1) that the number of such 
normals to a closed curve is even ; and (2) that they are alternately 
a maadmum and a mi/mmv/m, in relation to the neighbouring 

16 
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normals througli the centre of gravity. (Here the positions of 
mixed equilibrium, which, as we just now saw, present a difficolty, 
are regarded as double, or '' suppressed by thought," as before). We 
have now considered all the normals absolutely that can be drawn 
from the centre of gravity to the surface of buoyancy. Since the 
surface of revolution, which envelopes the sur&ce of buoyancy, 
touches it in all the points at which the normals intersect the axis 
of revolution, there must be included among these points all those 
for which the normals pass through a particular point of that axis 
— ^the centre of gravity. But for each such point there is a position 
of equilibrium. Hence we have now, in the most general form 
possible, the principles established — (1) that the total number of 
positions of equilibrium of any freely-floating body whatever is 
always even ; and (2) that positions of stable and unstable equili- 
brium (neglecting cases of mixed equilibrium) alternate. 

*^ AhaolvJte atability exists," says Dupin, " only when all around 
a given position of equilibrium, the floating body returns of itself to 
that position, whatever may be the direction of the inclination given 
to it. But the stability is relative only, if, in a single direction, the 
body tends to move still further from its primitive position when 
it undergoes the least disturbance. It follows from this that the 
number of positions of absolute stability cannot, at most, exceed the 
total number of positions of relative stability and absolute in- 
stability." He then goes on to show that the number of positions 
of equilibrium yielding absolute stability is always equal to the 
number yielding absolute instability ; and also that a floating body, 
whatever be its figure, can take at least one position of absolute 
stability and one of absolute instability. 

In demonstrating these propositions he employs a series of 
imaginary spheres, having for their centre the centre of gravity 
of the body, but of variable radii. When the sphere has the shortest 
normal to the surface of buoyancy for its radius, it is in contact 
tangentiaJly with that sur&ce internally, and indicates a position of 
absolute stability. Since that suiface is closed and continuous, an 
exterior sphere, corresponding to this interior one, can be drawn, 
touching the surface in at least one point, and marking a position of 
absolute instability. If the radius of this variable sphere is supposed 
to increase from its lesser to its greater value, it will become^ at any 
intermediate position of equilibrium, a tangential sphere to the 
sur&oe of buoyancy, and, according to the degree of its oontaet^ will 
determine a position of absolute or relative stability or instability. 
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If it lies completely outside the surfiEtce at the vicinity of the point 
of contact it makes absolute instability, and then, says Dupin, there 
may always be found another sphere lying between it and the 
largest sphere of all, and having internal contact, and there will 
always be a corresponding position of absolute etaiUity. He then 
deals with the remaining possible cases, and rebuts some objections 
to its generality, which may be brought against this method of 
demonstration. 

Hitherto have been considered only those inclinations which, for 
a given position of equilibrium, have corresponded to the directions 
of greatest and least stability. Dupin concludes by some remarks 
upon intermediate positions of stability. In doing this he deter- 
mines, for a position of equilibrium with its corresponding centre of 
buoyancy, the indicatrix (Vellipse indicatrice) of the surface of 
buoyancy. He designates as "conjugate stabilities" those which 
the floating body will possess when inclined successively in 
the direction of the two conjugate diameters of this indicatrix. 
These stabilities possess this property, that their sum, taken two and 
two, is constant, and is equal to the sum of the greatest and least 
stabilities of the floating body. They are, therefore, connected with 
the "principal stabilities " by an equation of the first degree. With 
the demonstration of the property aforesaid, Dupin concludes his 
extremely able and suggestive M&moire. 

In devoting to that Mimovre so large an amount of space, we are 
not immindful that much of it is of an abstract character, and not 
essential to the investigation of a ship's stability, because it is su$- 
cient for all practical purposes to calculate the stability of a ship (or 
other such floating body) about one axis, or at most about two axes. 
Still, as has been well said by Dr. WooUey, a thorough appreciation 
of it ^ cannot fail to be of the greatest service to the naval architect 
in giving depth and breadth to his views," and therefore we have 
considered it desirable to set forth its substance at some length in a 
comprehensive work of this description. 

M. Emile Leclert, of Paris, in 1870,* placed before our Institution 
of Naval Architects certain theorems respecting the geometry of 
ships, which extended in an elegant manner Dupin's investigations 
concerning the Surface of Flotation. Writing Dupin's expression for 
the radius of curvature of the transverse section of this surface in 
the form 
* M. Leclert was then a professor of the Ecolt Impdriaie du OHUe Maritime^ in Paris. 
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(where d a indicates an infinitesimal element of the perimeter of the 
water section, a the inclination of the ship's side to the vertical, 
and Qi the area of the water section), he proceeded first to establish 
certain new formulae of his own as consequences of (1), and after- 
wards demonstrated them independently. 

In deducing them from (1) he took the section of a body, as in 

Fig. 159, with two parallel water- 
planes, F L and X, separated by 
the distance, Ae. 0,i being re- 
spectively the area and moment of 
inertia of the water-plane, FL, 
which cuts off a volume of buoy- 
ancy, V, we have d V = Cldz, The 
volume cut off by ^X, may be 
called V + A V, and the moment 
of inertia of the water-plane, ^ X, 
about its longitudinal axes, i + A i. 
Now, if we project the two planes 
of flotation through FL and ^X, 
upon a horizontal water section, as 
in Fig. 159, A i will be the moment 
of inertia of the area lying between 
the projections. Let m 7i = d « an 
elementary portion of the peri- 
meter of F L, and draw mp and 
n q normals to the perimeter. Then 
0, being the ordinate and a the 
angle made by the ship's side 
with the vertical through m, we 
have 

mp = A tan. a. 
Area mnpq* = A tan. ads 

A i = 2 y* A tan. ads 
=: A S 2/* tan. ads. 

* Neglecting small quantities of the 2nd order 




Whence 
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C!onsequently, by virtue of equation (1) 

^^~ Q dz 

~ dY 

Transforming this equation, and employing it in connection with 
Dupin's expression for the radius of curvature of the curve of 

buoyancy, viz., r =^, we may write 

di ^ i 
dY "V 

Ydi'-idY 



r = 



Whence 



~ YdY 

-^ = ^ + 1^(2)- 



To this last formula M. Leclert gives preference, as it expresses r^ 
in terms of the quantities r and Y, which are usually shown in the 
French calculations for various values of z. 

In establishing this formula independently, M. Leclert employed 
Fig. 160, and Ist, for a volume of displacement, V, took F L as the 
upright water section, and Fj L^ -,. 

as a water section inclined to 
it at a very small angle, 0, 
C and Cj were the correspond- 
ing centres of buoyancy, m the 
metacentre, and r the height 
tn C. 2nd, for a volume of 
displacement, V+ A Vj, the up- 
right water section was X, 
the slightly inclined one, <t>i \i 
and r-fA r, the height, y /*. 
Call the centres of buoyancy 
of the slices comprised between 
the upright and the inclined 
water sections respectively A and a. 

* Measrs. White and John make the just observation that this expression for the 
radius of carvatare of the surface of buoyancy is quite in accordance with their own 
statement that cusps will occur in the curve of flotation, " seeing that whenever the 
edge of the deck of a ship becomes immersed there is a break in the continuity." They 
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The point of inteisediioii, O, of the lines A O, perpendicular to 
F L and a O, perpendicular to Fj Lj, tends to coincidence with the 
centre of curvature of the surface of flotation corresponding to Y as 
A y approaches zero ; and at the same time A O tends to equality 
with r^; y^ lies on the straight line, C^ a, and since O a, /^ yj m C^ are 
parallel, the point /u divides the distance, mO, in the same ratio as y 
divides A, and we thus obtain this set of equations, vizL: — 

qm^CA_ Om-CA V+A^V 
mfi Cy m/i— 07"" AV 

We have also 

Om-CA=(Om+Am)-(CA+Am) = OA-Cm=OA-r; 
and m/ti— Cy=(ym+mfi)—(C y+ym) = 7/11—0 m= A r. 
The two last terms of the set of equations among the ratios enable 
us to write down 

OA-r _V+AV 
Ar AV ' 

^' OA-r=(V+AV)^- 

In the limit this becomes 

which agrees with formula (2). 

''This method of calculation," says Professor Ledert^ ''is that 

which is usual in such cases — ^to take for =-^==r the ratio — = rela- 

a V A V 

tively to two consecutive groups of simultaneous values of r and Y. 
It is very easy, moreover, to draw a curve of which V is the abscissa 
and r the ordinate. Theoretically, formula (2) gives, with the help 
of this curve, a very simple construction for r, whatever be the 
scales on which V and r are set off. In any case such a curve will 
be a graphic auxiliary to the computation above-mentioned." 

In what has gone before the vessel has only been considered as 
upright If it were inclined, the analogous expressions correspond- 
ing to those for r, r^ would be those for the radii of curvature of the 

go on to observe that, "at the water section passing through the edge of the 
deck, any increase in the immersion, and consequently in the displacement, is 
accompanied by a decrease in the moment of inertia; whereas, at smaller inclinations, 
an increase in immersion and displacement is accompanied by an increase in the 
moment of inertia. Hence, it is clear that a change in sign of radius of curvature 
ooomrs at the angle where the edge of deck is immersed, and this points to a cosp, 
or some singular point.*' 
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curves of buoyancy and flotation corresponding to the given inclina- 
tion. This the author shows by a demonstration appended to his 
paper. 

Professor Leclert points out also that we can pass in succession 
firom the upright to any series of inclined positions by calculating 
for each of them, such as V L' (Fig. 161), the position of its centre 
of gravity, A', and the radius 

of curvature of the curve of Fiaiei 

buoyancy; because, if F"L", 
making a small angle, d, with 
F^'L' cuts off the same dis- 
placement, it will cut F' L' at 
a point, a\ such that 
A'a' = r/. tan.i©, 

r' = = will be the radius of 

curvature of the curve of buoy- 

B,ncy ; and r/ = r' + V ^^ 

will be the radius of curvature of the envelope of flotation. The 

ratio, ^r-y , employed for getting the coefficient^ -j^, will be found by 

means of one or two auxiliary water-plane sections parallel to F' L', 
and very liear to it. 

The desirability of checking the last of the inclined sections 
does not escape the notice of M. Leclert, who recommends its verifi- 
cation by a direct calculation of the volmne of displacement by some 
ordinary method. If a correction is found necessary, it can be 
attended by any other necessary corrections of the intermediate 
sections by means of interpolations obtained with the help of the 
auxiliary water sections. " They may even be settled," he observes, 
'^ by the simple consideration of the continuous character of the varia- 
tion of the lengths, A' a\ a' A", A" a", ... in consequence of 
the equality of the angles, 0, which the successive water sections, 
F'L; F"L", F'"L'", . . . make with one another." The 
author (doubtless having in mind the beautiful process of M. Beech*) 
goes on to add that there are not wanting methods of tracing the 
evolute of the curve of buoyancy by means of the calculated lengths 
of the radii of curvature, r, r\ &c., of that curve. K it should 



^ To be folly given in the next chapter. 
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become necessary to plot the flotation envelope and the evoluie of 
the curve of buoyancy for various values of V, it would obviously 
be easy to give the extension necessary for this purpose to the 
artifice of introducing the auxiliary water-plane sections just ad- 
verted to. 

The great merit of Professor Leclert's formulsB no doubt is, that 
they connect the surfaces of buoyancy and flotation in a novel and 
elegant, although not at all in a surprising, manner (for the intimate 
relations of the two surfaces must often have been vaguely conjec- 
tured before), and thus, in addition to any value they may possess 
in the calculations of the naval architect, lead, as he says, ''as a 
question of pure analysis, to some interesting considerations relating 
to the geometrical interdependence of these two classes of surfaces." 

It is only necessary to add that by using capitals for the longi- 
tudinal radii of curvature, in lieu of the small letters employed for 
the transverse radii, we may complete M. Leclert's formulie by 
writing down the following equations : — 
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CHAPTER XIIL 

French Systems of Calculating Stability — Dargnies* Method — Determination of Badii 
of Curvature— Reech*s Method of Co-ordinates — ^Risbec's System of Calculation 
— ^Translation of Beech's Jf^motre— Risbec's Note on Beech's Mimoire — 
Explanation of Bisbec*B Calculation Fonn~Ferranty*s Investigations. 

We have seen that the exact calculation of a ship's stability at 
various finite angles of inclination by the English method originated 
by Atwood^ involves the detailed calculation of the volumes and 
centres of gravity of the wedges of immersion and emersion, com- 
monly known as the Ins and the Outa^ at the respective angles of 
inclination. The employment of the '*Amsler Integrator" has so 
greatly reduced the expenditure of labour and time requisite for the 
performance of all such calculations, as previously stated, that ap- 
proximate methods of estimating stability will now be less sought 
for or considered than they were previously. But other systems of 
calculation which avoid the labour of calculating the iria and ouU are 
nevertheless of great interest and importance, even when they are 
but approximate, and deserve the careful study of all those who 
would become masters of this subject. Among the most instructive 
and valuable of such approximate systems are those which grow out 
of the consideration that the metacentric is the evolute of tiie curve 
of buoyancy, traced out by the extremities of successive radii of 
curvature of that curve, and that the righting levers of stability are 
the perpendiculars successively let fall from the centre of gravity 
upon these radii. 

In France the science of stability has undergone some important 
and highly interesting developments in the direction thus suggested, 
the earliest of these, so far as we can trace, having been attempted 
by the late M. G. Dargnies, naval architect of the Measageriea Im- 
p&rialea at La Ciotat, and formerly a pupil of the JEcole d' application 
du Genie Maritme, as long ago as 1863, at which time — some of 
our English naval architects will be surprised to hear — stability 
calculations were made in France for angles of 10, 20, 30, and 40 
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degrees, and for four or five different draughts of water, from the 
light up to the load draught. The method of M. Dargnies essentially 
consists in calculating the several radii of curvature of the curve of 
buoyancy (from the water-line area and the displacement), and in 
then laying down by means of them, and, by a kind of trial and 
error process (" tdtonnement ") the evolute of the curve of buoyancy; 
or, in other words, the metacentric. He therefore dispenses with 
the calculation of the positions of the centres of buoyancy, and thus 
greatly reduces the work. 

The method which he adopts is based upon the principle that 
the length of an arc of the evolute or " metacentric " is equal to the 
difference of the radii of curvature of the involute corresponding to 
the extremities of the arc. After having found the length of the 
radii of curvature (instead of the curve of buoyancy) for the inclina- 
tions 0^ 10^ 20'', &c., he constructs the metacentric evolute by means 



TigJSZ, 




JFigJL6S. 




of the successive differences of these radii only. Let m, Fig. 162, be 
the metacentre of the upright position of the ship. Supposing the 
lengths known are m A, A B, B C, &c., he determines the points of 
intersection a, h, c, &;c., of the tangents to the evolute in such manner 
that the lengths w»a^ a A, A 6, & B, Be, c O, form a continuous 
series. This process he regards as sufficiently exact, especiaUy for 
the part of the curve near the point of departure, m. In order to 
determine the various radii of curvature of the curve of buoyancy 
he proceeds as follows : — ^A B, Fig. 163, is the horizontal plane of 
flotation corresponding to the given displacement; he finds (in a 
manner not veiy unlike that pursued in this country) the plane of 
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flotation, C D, indined at lO"" and corresponding to the same dis- 
placement; also the centre of gravity, Q, of this plane of flotation, 
and the length of the corresponding radius of curvature. The curve 
enveloped by the planes of flotation (or '* curve of flotation") is 
tangential to A B at O, and to C D at G. The positions of the three 
points, 0,a,G^ enable us to determine very approximately the 
point, b, where the plane of flotation, C D, is intersected by the plane 
of flotation, E F, and thence the area of that plane of flotation 
and the radius of curvature at the corresponding point of the 
curve of buoyancy. Before tracing by the same process the plane 
of flotation, KH, inclined at 30**, we should modify the posi- 
tion of the point, b, if necessary, in accordance with the position 
of the point, G. The calculations may be similarly pursued as far 
as desired. 

In order to study the evolute of a ship in a complete manner, it 
suffices, on this plan of M. Dargnies, to flnd the metacentric radii for 
the inclinations, 0'', 10^ 20^ 30, and 40**, for the displacements cor- 
responding to the various water-lines. After having obtained all 
these values, it is well to verify them (and here we come to a very 
important part of the system of M. Dargnies) by drawing two series 
of curves, each series comprising as many curves in the one case as 
there are different draughts of water, and in the other as there are 
different angular positions, viz.: — 

I. Curves corresponding to a constant displacement, having for 
ordinates the metacentric radii, and for abscissae the angles of 
inclination. 

II. Curves corresponding to a constant inclination, having for 
ordinates the metacentric radii^ and for abscissae the draughts of 
water. 

The enaefmhles of these curves indicate the general form, and 
the transformations of the evolutes, for all the region comprised 
between the launching and load-line planes of flotation. The points 
of change of curvature (cusps) are determined by the maxima and 
mini/ma of the curves of the series I., and by the envelope of the 
curves of series II. The curves of series 11. enable us to draw 
immediately the evolute for any draught of water whatever 
eomprised between the light draught of water and the load 
clrai^ht 
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The method pursued by M. Dargnies was submitted by him 
to the consideration of M. Beech, then at the head of the Sook 
d* Application du Oinie MarUvme, whose distinguished labours in 
that position are held in the highest esteem by all those who had 
the advantage of coming within the sphere of his professional 
influence. We have not been able to obtain any published record 
of M. Beech's writings on this subject^ but we are able to give on 
good authority the following account of his labours in connection 
with this investigation, and our readers will soon discover that these 
labours have resulted in a very beautiful and valuable extenmon of 
the theory of stability.* 

M. Beech, while recognising and allowing the merit of K 
Dargnies' proposals, and attracted by the value of his graphic mode 
of representation, at the same time adopting the polar equcuion 
principle, was led by his further study of the subject to dismiss 
all consideration of the evolute, and to substitute for it a rigidly 
correct determination of the vertical and horizontal co-ordinates of 
the centre of buoyancy for the inclined positions of the ship. He 
formally described two methods, but as they were, in fia^t, really 
one and the same in substance, his process may here be considered 
as one only. It is founded on the principle of graphical representa- 
tions, by which geometrical interpolations are readily made. He 
observed that if the value of p (the radius of curvature) for any angle 
and draught be known, the corresponding co-ordinates (vertical and 
horizontal, with reference to the upright position of the ship) of 
the corresponding inclined centre of buoyancy can be found from an 
application of the well-known theorem, that, if c2 8 be an elementary 
portion of the length of the curve of buoyancy, ds = pdO, and it 
readily follows (since this radius is a normal to the curve), 

that dy = ds coa = p cos. OdO, 

dz = d8 sin. = p sin. OdO, 

y being measured horizontally from, and z vertically on, the axis of 

the vesseL Kence^y^ = j * pcos. OdO; z^ = j ^ psin. OdOyy^ and 

* M. Beech's paper was in isuct printed in the M&moricd du OMe Maritime 
(3me livraiaon, 1864, page 168), but of this we have not been able to obtain a copy (1883). t 

t Since the above was written, we have, through the courtesy and good offices of 
M. Daymard, obtained a copy of M. Reech's Paper, and the assent of its venenUe 
author to make it public in this work. We produce it further on in this chapter (1884). 
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z^ being these co-ordinates for an angle of inclination, d^ Hence, a 
sufficient number of values of p being found, and p cos. 6, p sin. 6 
being obtained — ^graphically, as M. Eeech proposes — the correspond- 
ing values of y^ and 2?i are at once obtained by the usual rules for 
approximation. 

M. Beech got over the difficulty of calculating the radii of 
curvature at each angle of inclination for a constant displacement 
very ingeniously. His process requires that a scale of displacement, 
extending of course beyond the load-draught, be laid down, and a 
sufficient number of centres of buoyancy be calculated at the same 
time. If, then, 2, being the draught of water, and yi^z^ the co- 
ordinates of the centre of buoyancy be known, he proposes to lay 
down curves F {z, y^ = 0, and F (0, z^ = 0. Hence, if a sufficient 
number of values of y^ and z^^ corresponding to any value of z be 
found, curves may be constructed having their draughts for abscissae, 
and for ordinates the corresponding value of y^ and z^y and therefore 
enabling us to find y^ and z^ for any other values of 0. 

Hence it follows that we are not limited to finding the radii of 
curvature and coiTesponding values of y^ and z^ for a constant 
draught (or displacement) for different angles of inclination; but, if 
we can find them for different draughts corresponding to different 
angles of inclination, the above curve can be constructed with these 
data, and the values of y^ and z^ corresponding to the same draught 
can be taken off from these curves; and so the cmve of buoyancy, 
in the ordinary meaning of the term, i.e., for a constant volume, can 
be constructed. 

He therefore draws water-lines, always through the axis of 
symmetry of the upright line of fiotation, inclined at the different 
angles of 10^ 20^ 30"*, 40°, and more, if requisite; calculates the 
corresponding volumes, and therefore draughts; and the corresponding 
radii of curvature; and all the elements of these alixiliary curves 
are then found. 

Thus, if for an inclination, 0, the ordinates along the in and out 
scale be measured, and called y' and y'' respectively, and 

A be put for j y' dx+ I y" dxy 
B „ » „ ^\y'^dx^\jy"^dx, 
and C „ „ „ ^ fy'^dx + } jy'^^dx; 
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and if t; be the volume of displacement in the upright position, and 
V that for angle d^ 

Jo 
Henoe> when for a sufHcient number of values of B, / B d 0, 

-'0 

has been obtained by summation in the ordinary way, v + j Bd 0, 

or the volume of displacement is found; the corresponding draughty 
z + Sz (z being that for v) is taken from the scale of displacement; 
p calculated as above, can be laid down as an ordinate. The carve 
connecting z and p can be laid down, if necessary ; but by using the 
above value of p in the equations, 

^1 = I p COS. OdB, and z^=j p sin. Odd, 

Jo Jo 

and erecting y^ and Zi as ordinates in the several curves correspond- 
ing to the draught, z + Sz, these two subsidiary curves F (Zy z^ — 0, 
F' (y, yi) = 0, can be laid down, and the values of z^ and y^, corre- 
sponding to the draught, z, can be taken oflT&om the curve. 

Hence all the elements for calculating stability are obtained. 

This, process is rigorous, and seems to offer great advantages for 
calculation. 

When yi and ^i, corresponding to an angle, Cj, and to a given 
draught, 0, for the upright position (i.e., corresponding to a volume 
equal to the volume in the upright position with draught z) are 
known; if C be the corresponding centre of buoyancy for the 
upright position, the length of the perpendicular from C on the 
normal = yi cos. 0^ + z^ sin. d^ ; and if (a) be the distance C Q (G 
being the centre of gravity of the ship), then the arm of the righting 
couple = 2/i COS. 01 + z^ sin, ©^ — a sin. Q^. 

Those of our readers who have read with care the foregoing 
exposition of the system of M. Keech will probably be disposed to 
agree with a very eminent English authority on the subject, Dr 
Joseph WooUey, who, in a note to us, says — " Reech's method is so 
simple, and founded on so well-known a property, that it seems 
wonderful that it never occurred to any one before." He adds, "I 
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am conTmoed that if ever the present system of calcnlatiiig stability 
in this country be superseded, it will be by Beech's, or some other 
founded on it and equivalent to it." 

The advantages of the system were so striking that it was not 
long in becoming practically adopted in France, and in 1870, M. 
Kisbec, whose labours in naval science are well known and much 
esteemed in this country, prepared a paper upon the method, 
together with a Calculation Form for use in applying it. M. 
Bisbec, having pointed out the length of the calculations by which 
alone particulars of a ship's stability could previously be ascertained, 
went on to say that the method of M. Beech had removed this 
difficulty and made it possible to cany out the full calculation of a 
ship's stability (with the aid of tables of squares and cubes) as easily 
as the ordinary calculations of displacements, &c. 

M. Bisbec's method involves the use of the Trapezoidal Bule in 

obtaining the values of 1 B (2 0, ^^ and z^, which is equivalent to 

joining the points of a curve in each section by straight lines, and 
assuming the area to be equal to the sum of the triangles so found, 
thus ignoring the segmental areas included between these chords 
and the curve. This degree of approximation has been deliberately 
adopted by the highly-accomplished naval architects of France as 
being amply sufficient, and it certainly possesses the merit of making 
calculations simple and easy. If, however, a closer approximation 
be deemed desirable, by taking an additional number of water-lines, 
bisecting the angles contained by the others (inclined successively 
at 10°) we can readily apply Simpson's rule. The additional labour 
of taking off from the body-plan additional ordinates, and enlarging 
the rule, is not very great, and in the estimation of most English 
naval architects would be considered fully compensated by the 
increased accuracy of the result. We reproduce, however (later on 
in this chapter), on a reduced scale, the form employed in France 
for carrying out M. Beech's method. 

Looking to the remarkable character and great value of M. 
Beech's Mimoire, we will now reproduce it, as promised a few pages 
back in a foot-note, with but very slight abbreviations, and still 
slighter departures from an exact translation of the original : — 
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CkmsTBUcnoir ov Mbtacektbio Evolutes fob a Vbssxl undkb Dxtfibikt 
Conditions ov Lading. By M. Beech, late Dh-ecteur de VEedlt (TappUaawn 
du 04n%e JUarilme, 

Pabis, I6ih Februcay, 1861 

M. Dargnies, Inginkur delaC*f des MeMogeries Impiriaies at la Ciotai, late free 
student at the JScole d^applteationa du 06nie Maritime^ has submitted for my approval 
some pages of text and figures relating to the construction of the metacentric 
evolutes . . . under different conditions of lading. The calculations hare been 
worked out for mclinations of 10, 20, 30, and 40 degrees. 

It is well known what a long and tedious operation it would be to obtain the 
important results arrived at by M. Dargnies, if, in conformity with the definitions 
and rules in common use, each of the volumes of displacement, V, were divided into 
parallel layers, in order to determine the co-ordinates of the centres of buoyancy. It 
is well known also, that in that case, the curves of centres of buoyancy could be 
drawn, and the evolutes of these curves determined graphically, without its being 
necessary to calculate the radii of curvature, p, of the curves of centres of buoy- 
ancy. 

M. Dargnies has been able to avoid the long operations just spoken of by pro- 
ceeding in an inverse manner, that is to say, by calculating the radii of carva- 
ture p, and constructing the metacentric evolutes immediately, without troubling 
himself about the positions of the centres of buoyancy. 

The shortness of M. Dargnies* procedure is due to this, that the author deter- 
mines simply enough, and with a degree of approximation doubtless sufficient, each 
of the planes of flotation, which, at inclinations of 10, 20, 90, and 40 degrees, cut off 
the same volume, V, of the lower part of the ship. It is necessary to calculate the 
position of the centre of gravity of the area of each of the planes of flotation. The 
author also advises the direct verification (with all the tediousness that would entail) 
of the position of the last plane of flotation inclined at 40**, and the making of slight 
rectifications, if necessary, before calculating definitely the values of p by means of 
the known formula — 

_ i/tf^dx^iy^*dx 



y'tV" being the ordinates of a plane of flotation, about an axis passed longitudinally 
through the centre of the area of flotation. 

The values found for p are set off as absdssn upon horizontal straight lines, of 
which the heights, z, are the draughts of water corresponding to the volume, V, of 
displacement in the upright position of the vessel* M. Dargnies thus obtains auxiliary 
curves, by means of which he can obtain graphically the values of p for any given 
value of V between the light and load conditions at inclinations respectively equal to 
0, 10, 20, 30, and 40 degrees. Other auxiliary curves enable him to obtain the inter- 
mediate values of p for any given inclination, ^, of the ship from to 40 degrees. By 
means of the known values of p for the same value of V at different inclinations, and 
by conforming to certain graphic rules of interpolation, the author oonstmcts a meta- 
centric evolute, the form of which seems to be such that it should inspire a degree of 
confidence generally sufficient. The work of M. Dargnies is worthy of pndse, and 
deserves, in my opfaiion, to be inserted in the Mimorial du Qiw€ MdrUi$ne, and the 
more so, as in my last revision of the course on the stability of floating bodies, I have 
developed with some minuteness the following considerattons :— 
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Let OS suppose that a certain relation, such as p = / (^), has been found to exist 
between the radius of curvature, p, of a curve of centres of buoyancy and the corre- 
sponding inclination, i, of a ship. Let us take ^, z, to be the rectangular co-ordinates 
of the extremity of an arc, «, of the curve of centres of buoyancy. Let us con- 
ceive the axis of z as being directed vertically upwards in the initial position of 
equilibrium, through the corresponding centre of buoyancy as origin (Fig. 164), we 
shall have : 
d 8 = p d ty 

dy = ds COS. ^ = p cos. ^ d f, 
dz = ds sin. ^ = p sin. t d f, 
and integrating from ^ = to ^ s ^, 



Pig.lGA- 



y 



f 

J 



P COS. fi d ty 



= / 



p sin. ^df. 




It will be easy to construct a curve 

of which the radii vectores, starting 

from a point as origin, shall be the 

values of p, making angles, ^, with 

a fixed straight line. It will also 

be easy to pass through different points of such a curve straight lines perpendicular 

and parallel to the fixed straight line, in such a manner as to find the values of the 

products, p cos. ^, p sin. /. 

Again, it will be easy to trace two other curves of which the rectangular co- 
ordinates, Xf y, shall be such as to give respectively — 

a: = ^ y = p COS. ^, 
and 'x = t y = p sin. ^. 

Lastly, we shall be able to determine the areas of these curves, that is to say, the 
integrals, 

/ y dx, 

J 

which will be the value of the co-ordinates, ^i, Zi, of the curve, «, of the centres of 
buoyancy. When a series of points, 2^1, Z], are known, as well as the incliDatious, ^, 
of the radii of curvature, p, passing through these points, we can construct at the 
same time a curve of centres of buoyancy, and the evolute of that curve. 

These considerations on the subject of an expression of the form, p =/(0> ^^ 
evidently allied to the procedure of M. Dargnies. They serve to complete this pro- 
cedure in a manner rigorously satisfactory; that is why I think that the whole 
deserves to be inserted in the Memorial du O^nie Maritime. 



II. 

Reflection on what is new and convenient in M. Dargnies' procedure shows that 
the principal auxiliary curves of the author, those of which the co-ordinates are 
1$ and z, could be determined without its being necessary- that the different inclined 
lines of flotation at 0**, 10", 20°, 30°, and 40" respectively, should each cut off a volume 
equal to V. There is reason, therefore, to suppose that the procedure of M. Dargnies 
is susceptible of advantageous modification, and that the system of operation at the 
same time most convenient and most exact by which to determine the metacentric 
evolutes of a vessel is decidedly the following : — 

17 
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Let as call V the Tolnme of dispUoeineiit, /E 2, Fig. 166, which, in the upright 
poeition of the ship, will correspond to a draught of water, O I = Z. Let iu sappoee 
that the operations necessary to obtain a scale of yolmnes (displacements) have bees 
performed, so that such corresponding values of V and of Z as we may require can 
be obtained. Let us consider particularly the line of flotation, fl^ of one of the 
volumes V; and represent the axis of symmetry of the line, /2^ in the diametnl 
plane by I, Fig. 165. Let us draw through this axis a series of radial planes, F'L', 




F^'L" . . • making angles respectively equal to d /, 2 c? ^, 3 c2 ^, . . . vith 
the plane,/ 2. 

Let F L be any one of these oblique lines of flotation. Let us take from the plan 
of the ship the ordinates y' on the starboard side, and the ordinates ^'' on the port 
side of the plane, F L. Let us consider the common line of intersection of the planes, 
flf F'L', F" L'' . . . as the axis of x, and let us calculate by means of the 
method of quadratures, for each of the lines, F L, three quantities, A, B, C, snch 
that we may have respectively — 

A = I y'dx -^ j p" dx, 
B = 4 |y'» dx- i I y"*dx, 
C = i jy'^ dx +i Jy''»c/ar. 

In this manner A will be the area of the plane of flotation, F L. 

Calling n the distance of the centre of figure of the area. A, from the axis of z, 

we shall have 

B 

, = -. 

Calling d V the difference of the volumes of the wedges comprised between the 
plane, F L, and a subsequent plane, we shall have 

dV = And^=^Bdl 
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The Yolnme of displacement cut off by & plane of flotfttioD» FL, will be 
therefore 



1 

J 





Evidently to find the yalnes of V, it will be necessary to take the trouble to 
determine the areas of an auxiliaiy curve of which the rectangular co-ordinates, x, y, 
will \)ex = ^,y = 'B, Sach an auxiliary curve being supposed to be constructed, we 
can have recourse to the method of quadratures in order to determine the values of 
the integral — 

I ydx= I Bd^, 

and conaequently the values of V. 

The moment of inertia of an area, A, about a straight line drawn through the 
centre of figure of the area, A, parallel to the axis of x will be 

C - A nS 
and consequently we shall find the value of p by putting 

_C-A a_C-Bt|_ ^"A 



f 

J 



r+ I Bd0 



As the scale of volumes gives the draught of water, z, which, in the upright position 
of the ship, will correspond to any value, V, of the volume of displacement, it will be 
easy to construct a point of which the co-ordinates will be p and z for any given 
value of t. 

Supposing the operations just described to have been performed, first for a 
certain value of v and for different values of ^, then for other values of v, and for 
the same values of ^, we shall arrive at the construction of the same auxiliary lines, 
and consequently the same final lines, as those of M. Dargnies. We shall arrive at it 
by the aid of a regular procedure perfectly exact, without any experiment. 

It should be remarked that the numerator of the expression for p may be 
calculated differently by means of the following equivalent expression:— 



ip(y'-n\ rfar + iP^y" +iij dx. 



m. 

If we call h the depth of the centre of buoyancy, G (Fig. 165), of one of the 
volumes, v, below the plane, //, and yi, ei, the co-ordinates of the centre of buoy- 
ancy, Ci, of the volume, V,* with reference to a point in the axis, I, of the line fl, 
as origin, we can easily obtain the following relations: — 

* The Tohmie V it the sum of v, and sn infinity of pdana oonstmoted with dx for hei^t upon % 
triangnlw base of an extent equal to the prodnct, 

The boriaottlal and vertloal distanoeB of the centre of gravity of the prism from the axis of x are« 

} ff GOB. 9 and } y sin. A. 

The two momenta of a prism are oonseqnently— 

I y* eoB. 9d8dx and | yf^ dn. BdSdx, 

Istegntfaig first with regard to x, then with regard to 0, sad taking soeotint of (tie moment of the 
TOlnme «, we obtain the expresslona given aboye for Yi, Zl 
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1 
C COS. ^ d^, 

J 



vYi= r< 

J 



VZi = vA+ I sin. ^d^. 
' 



As already explained, we have 



= t7 + [ B d ^. 



V: 

^ 

Consequently it will not be difficult to find the values of Yi, Zi, provided that ys^ 
have determined beforehand the volumes, v, as well as the positions of the centres of 
gravity of the volumes, v. 

lliese new equations will be sufficiently simple to be developed numerically if, 
instead of calculating the values of p, we choose to construct auxiliary curves, of 
which the co-ordinates will be respectively 

(Y„ Z) and (Zi. Z), 

for the same values of V and for a common value of t. 

Supposing such auxiliary curves to be constructed, it will be easy to find the 
values of Y and Z, which will correspond to the same value of V for different values 
of i. It will consequently be easy to construct different curves of centres of 
buoyancy, and at the same time the evolutes of these lines. 

We thus obtain a second mode of operations which will be still more simple than 
the preceding, if we are not anxious to calculate the values of p. On the contrary, if 
we do wish to calculate the values of p, it will be preferable to return to the expres- 
sions for Yi, Zi, and develop numerically those of yi, Zj, which are — 


P cos. t d$ 



Zi r= I p SL 
J 



sin. ^ d ^. 





IV. 

That which distinguishes the two processes which I have just made known, from 
those generally in use, is the employment of polar co-ordinates from the light line of 
flotation, /o Iq, to the load line of flotation, /x i^i ; also the inutility of making oblique 
sections of the volmne of a ship above the axis of the line, /o Iq* 

That which distinguishes the same two processes from that of M. Dargnies is 
simplicity and exactitude, and consequentiy the complete absence of tentative 
processes. 

I do not see that it is possible to do better than use one or other of the processes 
which have been explained ; but it may be useful to add to what has been said soa» 
means of checking the determination of the values of V, and of those of V Yi, 
VZx. 
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Let us consider two volumes of displacement, 
planes, FL, F'L', Fig. 166. The 
volume, V, may be considered as 
being the sum of V and an infinity of 
para^Uel slices, for which the differential 
expresaion is— 

A dz COS. L 

We shall have, consequently, 



V, V, cut off^byT parallel 
FigJ66. 



^=cos.//; 




Adz. 



The co-ordinates of the centre of 
gravity of a differential slice, with 
reference to the origin, O, of the 
draughts of water, z, in the longitudinal 
middle-line plane are — 

II cos. ^, 2 + tj sin. 4, 

If we call (Y, Z), (Y', Z'), the corresponding co-ordinates of the centres of gravity of 
the volumes, V, V, we shall have— 

V Y' - V Y = j kdx cos. iy tj cos. ^ = cos.^ t \ Brfn 

V Z' - V Z = 1 Arfr COS. (2 -h i| sin* 0) = cos. el At dz + cos. fi sm. fi j Bdt. 

These expressions will serve to find the quantities, V', V Y', V'Z', when the 
corresponding values of V, V Y, V Z, are known ; but the operations to be performed 
win be far less simple than those of the polar integrations previously discusBed. 

The results of the two systems of operations not being at variance, there must be 
certain relations between the different integrals, which will extend from z to z', and 
from to ^; but nothing would be gained by developing these relations algebraically. 
Their existence is due to the fact that in taking at the same time from the plan of the 
vessel the horizontal ordinates, y, of the lines of flotation, fl, fV . . ., Fig. 155, 
and the oblique ordinates, ys ^^ of the inclined lines of flotation, FL, F'L', we 
obtain lengths which are implicitly dependent upon one another. 

Consequently certain relations must exist between the values of the integrals 
which are dependent upon y and upon z only, and between those which are dependent 
upon y', y', z and ^. 

The only developments upon which, I think, I should dwell in connection with 
this subject, have for their object to make it clear that when we restrict the value of 

V to a constant, the expressions for Yi, Zi, agree with those for y^, zj. 

Let us represent by/E Z, F E L, F' £ L', Fig. 167, displacements, the volumes of 
which are respectively v, V, and V -I- (2 V. I and I ' are the projections of two parallel 
straight lines through which the diametral plane is cut by tiie planes, FL, F'L'. 
Let 118 draw through the straight line projected in 1% a plane, Fi I^, parallel to F L : 
we have- 
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Z = OL 

$ = angle L 1 1=: angle hi' I; 

d4 =a angle L' I' Li = angle h'ih; 

dz = ir; 

andcfV = Adzcos. ^ -f Ai|rf^= A(dzQOB. ^+ nd4,) 

It IB geometrically evident from Fig. 157, that we shall have dz cos. = il,di. 
Thus we see that the expression, c? V, is rednced to 

dV = A(il + t|)d^. 

Let y (Fig. 167) be the centre of figure of the area A, and let us call vi the 

distance, iy, 

we shall have iii = 1 1 + n, 
and consequently d V = A m d^. 

Consequently, if we wish V to be constant, we must have m = 0. That means that 
the line of intersection, i^ of the planes, FL, F'L', must pass through the centre 
of figure of the area. A, of the line of flotation, F L. 

The value of dz, which will be dependent upon the condition, m ss 0, will be 
such that we shall have — 

d z COS. = — fidt — ~A^'' 

This granted, V Yi, VZi, being the moments of the volume, FEL, and VY'i. 
V* Z'l, those of the volume, F.' E L', if we consider as the origin the point, I, we find 
easUy, 

VY'i - VYi = Adzcos. #xircos.^ + Ccos. ^d^; 
VZ'i - VZi = Ad2co8. i X tisin. ^ + C sin. di. 

That becomes again, 

d (V Yi) = B COS." ^dz4-Coo8.#d^; 
d (V Zi) = B COS. ^sm. ^d2 + Csin.^d^. 
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If we differentiate the expressions for ](i, zi, we find — 

dyx ap COS. i di\ 
dzi SB p sin. ^d^. 

But in that case it ia onderstood that we have 

V = constant. 

In order that V may be constant, we most have 

dzooB.^= '-ridt= - -^d^; 

and then the differential expressions for Yi, Zi, become again— 

VdYi= (c-f^) co^.9d4; 

VdZi= (^-x) sin. ^rf^. 
Thus we see that it is necessary and sufficient to have the known relation, 

in order to get 

dYi — dyi ; dZi — dzi. 

(Reech.) 

Having thus given the valuable investigations of M. Reech, it 
will be well to add the following translation of part of M. Risbec's 
note upon it : — 

" M. Reech's method rests upon this observation, that, if we consider only the 
planes of flotation perpendicular to the transverse vertical plane of the ship, any plane 
whatever will^be completely determined by the angle, ^, which it makes with the 
horizontal, and by the volume, V, which it cuts off It follows that all the quantities 
that are dependent upon the volume cut off by this plane are solely functions of the 
two indepeodent variables, i and V. So that for one of these quantities, Z =/ (^i V), 
it IB only necessary to perform a certain number of numerical operations (and the most 
convenient will be chosen) in order to arrive at the graphic knowledge of the surface, 
Z =/(#! V), and hence the possibility of finding immediately the value of Z for such 
values as we please of i and of V. In reaUty, we do not procure first of aU for 
independent variable the quantity, V (which must be calculated), but the draught of 
water (() relative to the line in which the plane drawn at an angle, 0y cuts the vertical 
longitudinal plane. But we shall see that, the values of V being known, we are 
obliged in the graphic construction to use t in the condition of a function of V and 
of ^, which are the true independent variables. 

"The most convenient choice of the series of volumes, upon which to perform the 
numerical operations, seems to be that indicated in the first case by M. Beech ; it 
consists, starting from one of the horizontal water-lines, In drawing through its axis 
of symmetry a series of planes making equal angles with one another, and operating 
by Buccessive summations upon the whole of the volumes thus cut off. M. Beech 
^vee the formula by which can be calculated for each of these volumes — 1st, its 
volume ; 2nd, the co-ordinates of its centres of buoyancy ; 3rd, the corresponding 
metacentric height. 



Digitized by LjOOQIC 



264 8TABIUTY OF SHIPS. [CHAP. XIII. 

*' The Table (which will be found at the end of this volume) is only the realisation 
of the type of calculation which results from these formnlse after their transformation 
by the practical method of quadrature. 

"The calculation will have to be repeated upon a certain number of identical 
tables for so many horizontal water-lines, starting from which we wish to perform the 
operations. 

" The number of water-lines chosen, and consequently the number of tables to be 
filled, will depend upon the extent of the limits between which we wish to know with 
exactitude the different functions enumerated above. 

" In order to represent the sorfisMjes, of which the functions thus determined are 
the ordinates, the most natural method consists in making in these surfaces a series 
of sections parallel to one of the co-ordinate planes, and projecting upon this plane 
the curves obtained, affecting each of them by an index, which is nothing else than 
the number of the plane of the section. Thus, in the surface, Z =/ (/i V), we should 
project upon the plane (Z V) the sections made parallel to this plane, indicating 
upon the projected curves the values of t corresponding to each section. 

'* The calculations being finished, we shall have then first to carry to a line of 
abscissas all the values of V obtained. 

" Above, in a parallel position, we shall draw, at a convenient distance, straight 
lines, representing by their intervals (to scale) the horizontal water-lines, starting 
from which we have operated in the calculations. It will be convenient to set off 
above the line of abscissae the values of Y (abscissae of the centres of buoyancy, or 
distances from the longitudinal vertical plane), and those of p (metacentric heights), 
and to set off the values of Z (ordinates of the centres of buoyancy, or distances from 
the horizontal water-line) downwards from the parallel lines which were previously 
drawn. 

** Each point will be marked by the indication of the value of /, with which it 
agrees. 

** There will only remain then to join for each kind of curve the points which 
correspond to the same value of ^, and the surfaces, Y Z and p, will be completely 
represented. 

. " We may observe now that the parallel lines drawn in the upper part represent, 
by their distances above a certain origin, the different values of draught of filter, / : 
their intersections with the ordinates erected at the abscissas, V, which correspond to 
them respectively, represent, therefore, points of the surface, t = f {t^ V), provided 
that we affect each point by the index of the value of /, with which it agrees. 

"Thus, given an arbitrary value of f and one for V, we can measure on these 
curves the corresponding values of the functions, 

Y, Z, p and t 

(because, for values of i intermediate between those indicated, it will suffice to make 
an auxiliary section perpendicular to the axis of the V's). 

"We see, consequently, that these curves make it possible to construct the 
curve of centres of 'Isocar^nes' (equal buoyancies, so to speak) for a given dispUcc- 
ment of the ship (within the limits of the calculation), and for all inclinations. The 
metacentric heights that we obtain at the same time serve only as a graphic veritica- 
tion ; because we know d priori at each point the direction of the normal to the carve 
of the centres of * Isocar^nes.' 

" As to the curves, i = / (#i V), they allow us to draw immediately the successive 
inclined flotations, since they give the position of the points where these flotations cat 
the vertical longitudinal plane. To snm up; all the quantities we require are to be 
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obtained from the same ordinate, corresponding to the abscissae, V, under considera- 
tion." 

In order to make the Table at the end of the volume perfectly 
clear, we append the following remarks in further explanation 
of it, observing that we shall use M. Risbec's notation in all 
but one or two instances. We will also state at once that 
throughout his calculations M. Risbec, in accordance with the 
general practice in France, uses what is known as the trapezoidal 
rule. 

In the column at the extreme left of the table the numbers of 
the transverse sections used are arranged, the midship section being 
called M, and the others numbered from it forward and aft, F P 
being the fore perpendicular, and A P the after perpendicular. The 
upright water-section being exceptional on account of its symmetry 
about the longitudinal vertical plane, we shall take the " water-line 
for 10"*" to illustrate the method followed for each inclined water- 
line. In the first and second columns, marked I and E, of this 
division of the table, the ordinates measured along the inclined 
water-line on the immersed and emersed sides are respectively 
entered:* the sum total (a) of the sums of the two columns being 
multiplied by the longitudinal interval (X), the product (« X) gives 
the total area of the inclined water-plane (A^). In the third and 
fourth columns, marked I and E, are entered the squares of the 
immersed and emerged ordinatesf respectively, which also represent 
the functions of squares of ordinates, and the difference (S) of their 
sums being divided by 2 and multiplied by the longitudinal 
interval (X), the result (J S X) gives the moment (B^) of the water- 
plane relative to the longitudinal axis. This moment is multiplied 
by half the angular interval (J 6), and the product {b^ is the excess 
of the volume of the wedge of immersion over that of the wedge of 
emersion, and consequently the excess of the "inclined displacement" 
over the " upright displacement" In the fifth and sixth columns, 
marked I and E, are entered respectively the cubes of the immersed 
and emerged ordinates | which also represent functions of cubes of 
ordinates, and the sum total (a) of their sums, being divided by 3 
and multiplied by the longitudinal interval (X), the result (^ tr X) 

* The trapezoidal rule being used, the quantities in these colunms also represent 
the functions of ordinates for areas, provided that only half the actual ordinate is 
inserted opposite F P and A P. 

■t* Half the square of the whole ordinate must be inserted opposite F P and A P. 

t Half the cube of the whole ordinate must be inserted opposite F P and A P. 
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gives the moment of inertia of the water-plane (C^. This moment 
is multiplied by half the angular interval, and by the sine of the 
angle of inclination, the product (^ C^ [8m. 10°]) being the moment 
(fi^ of the wedges relatively to the longitudinal plane ; multiplying 
by the cosine instead of the sine, the product (| C^ [coa. lO""]), is 
the moment {f^ of the wedges relative to the horizontal water-plane. 
The same operations having been performed for each inclined 
water-line^ the final results are worked out at the right of the table. 
The displacements (v^, v^ &c.) cut off by the different inclined water- 
planes are first obtained, by adding to the displacement in the 
upright (v^ the successive increments (6^ h^ &c.) due to the inclina- 
tions. Next, the abscissae (Y^, Yg, &c.) of the centres of buoyancy 
corresponding to each inclination are obtained, by adding the 
successive ' moments (/j, /j, &c.) and dividing by the displacement 
corresponding to the inclination. The ordinates (Z^, Z^ &;c.) of the 
centres of buoyancy corresponding to each angle of inclination are 
obtained by subtracting the successive moments {e^ e^, &c.) from the 
moment of the original centre of buoyancy about the horizontal 
water-line, and dividing the remainder by the corresponding dis- 
placement. The lengths of the radii of curvature (pi, pg, &c.) for 

each inclination are obtained by applying the formula p = — y— 

with the value of each term proper to the inclination. The 
remainder of the space at the bottom of the table is occupied by 
general data which it is found convenient to have at hand. 

We have another French investigator of this branch of naval 
science to notice before concluding this chapter. The late M. de 
Ferranty (father-in-law of M. Dajrmard, of Marseilles), laboured 
with marked ability and success at the simplification of stability 
calculations for large angles of inclination, down to the very eve of 
his death, in 1882. His latest and best method of procedure was 
deduced from the 'study of our English methods, and led both to 
their extension and to their simplification. In view of the other 
systems of calculation described in this work, and more especially of 
the very recent one of M. Daymard, who is familiar with M. de 
Ferranty's labours, we deem it unnecessary to do more here than 
describe in outline the course of investigation pursued by M. de 
Ferranty, and bear our testimony to the skill and ingenuity displayed 
by him in devising forms for the practical application of his results. 
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Suppose that through the axis of the water-line when upright, 
ten radial planes are drawn (FL, in Fig. 168 being the water-line. 




and T Q the longitudinal vertical plane) at equal angular distances ; 
upon them we measure off from the sections the ordinates, I, on the 
immersed side and, E, on the emerged side.* Let V be the volume 
of displacement^ supposed in the first place for the upright position, 
and Z the distance of the centre of buoyancy fix)m the normal 
water-line, F L ; a very simple analysis shows Sist that calling Ax, 
the interval between the transverse sections, we have: — 

V = AajAe(i2EJ + 2EJ + 2Ei . . . . + 2Ef + SEf + iZB?) 

= AajAOA, 
VZ = §AicAe(2E?sin.lO'' + 2Ei8iD.20° . . . . + SEJsb. 80' 
+ i2EJ) = AajAOB, 

calling A, and B, respectively the quantities between brackets. 

Passing on to the stability, let us consider one of the radial 
planes, /« l^^, for instance, Fig. 169, at an inclination to the 
upright water-line of (= lOJJ); let /,'/»' be the oblique water-line 
parallel to f^ In* cutting off the isocarene (immersed volume of equal 
buoyancy) of the ship, and consequently cutting off with F L, the 

* '' The calcolations could be made for an indeiinite number of radial planes, but it 

■eemB more simple to deal with ten, drawn at intervals of lO"", A = — , as practice 

ahows thai, for ships of ordinary form, this number suffices to obtain useful results 
^th a sufficient degree of approximation." — M, de FerrcaUy^s MS. 
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two equal wedges L S l^, and F S/»', the volume of which we will 
call W. What we want to find is the value of P p for this isoearene ; 
F being the displacement, and p the arm of the lever of the righting 




couple. Now the fundamental formula of the theory of stability for 
finite inclinations gives : — 



Pp = Wai X HH'-Pasin.0, 



(1.) 



calling, as usual, a the distance of the centre of buoyancy from the 
centre of gravity of the ship, w the density of sea-water, H and H' 
the projections upon//i,|' of the centres of gravity a and a' of the 
two wedges, W. 

We proceed to express (and this is the essence of the method) 
the quantities, W and HH', as functions of the other quantities 
dependent upon the ordinates obtained from our radial planes. Let 
u and vf be the two unequal volumes, LOZ„, FO/j comprised 
between the radial plane, /,j?rt, and the water-line, FL; v and v the 
two volumes, S ?„ l^y and S/„/,'. 

The figure shows that 

tt = W + V, u' = W — v\ whence it — u' = v + v : 

this last equality can be written immediately, since it expresses the 
fact that the total volume of the larger, /,,/,' i„Z/ is equal to the 
difference of the volumes, L O i„ and F 0/». 

The water-line, f^ l^, will be above the point, 0, if the second 
wedge be greater than the first, and below it in the opposite case, 
which is that of ships of usual forms. 
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Let a, b, c, be the centres of gravity of the volumes W, u and v 
on the immersed side, and a\ b\ d those of the corresponding volumes 
W, u' and ii on the emerged side, and AB, a straight line perpendi- 
cular to /^'Z^' passing through the point 0. Let us apply to the 
three first points, respectively, the forces W,— ii, and v, and to the 
three last the forces — W, w', and v\ all in a direction parallel to 
A B. The three forces of each group being in equilibrium, the sum 
of their moments about A B is nil^ and we have, calling respectively 
flr, A, m and g\ h\ m' their distances from this straight line : 

Wgf— u/t+v m=0 for the side of immersion, 
— Wgf'+u' h'+v' m'=0 for the side of emersion, 

whence we deduce : 

W(sf+sf')=uA+u'A'-(vm-v'm') .... (2.) 
The quantity, vra—v' m', representing the moment of the whole layer, 
fnfn> K ^n > ^^ which the volume is u— lo', as we have seen above, if 
we call d the distance of its centre of gravity from the line A B, we 
shall have 

vm—v' m'={u—v!) d. 

Now, considering the moderate thickness of the layer, /^/^', l^ l^\ 
" we may admit," says M. de Ferranty, " that d is equd to the 
distance of the centre of gravity of the section of the radial plane, 
fn^nf from the longitudinal axis projected in 0" — an assumption 
which, it must be acknowledged, might, in many conceivable cases, 
be not very justifiable. 

Adopting- the usual notation of the French tables, d=-— , s 

being the sum of the ordinates (S £ + S I), and S the difference of the 
squares (2P— 2 E*) . . . ., we have then: 

W(j7+i^')orWxHH'=u/i+u'A'-(u-u')^ ; 

Id 8 

substituting in formula (1.) we have finally : 

Pp=o*|ufe+u'A'-(u-iO^ |-Pasin.0 .... (3.) 

Under this form it becomes possible, and even easy, to calculate all 
the terms of the second member for the different values of equal to 
10^ 20°, .... 80^ and 90^ 

In proceeding towards this object, M. de Ferranty first puts the 
second member into the following form : 
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by pnttiDg 

M = (uh + u'h')w, 

* = Posm.ft 

and finds the values of M, /x, and <^, for the various inclinations 
under consideration. He obtains by a brief analysis, which we 
need not here reproduce, the following general expressions for these 
values *"~~* 

= w X JAa5Ad[<r„cos.O'* + B^n.^cos-lO" + .. + 2«riC08.(«-l) 
X 10° + ffjcos.*! X 10°] ; 

= iA«Ae«x^ [2S, + 28, + 283+ + 28„_, + 8J. 

Further, as = (10 x n)\ 

# s: Pa sin. (10 X nY; the calculation of this last term present- 
ing no difficulty. 
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CHAPTER XIV. 



Merrifield's Suggested Mode of Approximating to Evolute of Curve of Bnoyanoy — 
Rankine's ImproYement thereof —Dr. Woolley's Extension of Similar Methods 
to Stability at Large Angles of Inclination — Curve of Radii of Curvature — Dr. 
Woolley's Formula and its Proof — Positions of Cnsps in Metacentric Evolute — 
Amount of Error involved in the Process. 



In 1867, the late Mr. Charles W. Merrifield, then Honorary Secretary 
of the Institution of Naval Architects, read at that institution a 
Paper on Stability Calculations^ with an important note there- 
upon by the late Professor Macquom Rankine, improving upon and 
extending the method of approximately calculating stability suggested 
by Mr. Merrifield. The fundamental assumption which Mr. Merri- 
field made was that the locus of centres of buoyancy, or the curve 
of buoyancy, can be regarded with sufficient accuracy as a Conic; 
the stability being measured as usual by the perpendicular from the 
centre of gravity upon the normal due to the inclination. Of the 
assumed Conic we already know, or can by usual methods find, the 
vertex, and the tangent and curvature at the vertex, these being 
given by the upright centre of buoyancy and the metacentre. For 
the complete determination of the Conic is required the length of 
another radius of curvature corresponding to a known inclination. 
To simplify the work of obtaining this, Mr. Merrifield formed and 
employed a *' Mean Section " for the given ship, and thus reduced 
the process of so fixing the water-line as to cut off the proper 
volume of buoyancy to an easy problem of plane geometry — an 
approximate process, of course, but regarded by him as sufficiently 
near for ordinary purposes. 

Assuming the second radius of curvature corresponding to an 
angle of inclination, 0, thus obtained, and calling it p^^ then, from the 
properties of the Conic we have , 
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a (I — 6*) ,- ov 

(1 — e^ sm.^ 0)-^ 

From these expressions Mr. Merrifield drew the equations neoessaiy 
for completely calculating the Conic. 

Professor Rankine suggested that the calculation might be 
simplified by assuming for the approximate form of the metaoentiic 
involute, or curve of buoyancy, not a conic, but the involute of ike 
invohde of a circle, the locus of its centres of curvature, or the 
'^ Metacentric evolute " being assumed itself to be the involute of a 
circle. He then went on to say : — 

**The involute of the involute of a circle b distinguished by the foUowing 
property. Let r be the radius of the circle, po« that radius of curvature of the 
involute of the involute which touches the involute at its cusp, and p another radios 
of curvature of the same curve making the angle, 6, with the radius, p^ ; then, 

Baving found, then, the radii of curvature of the metacentric involute in an 
upright position and at a given angle of inclination, ^i, let po, and pi, be those radii 
respectively ; then make 

r = 2^:^. (a) 



This will be the radius of the required circle ; and its positive or negative sign will 
show whether it is to be laid off downwards or upwards from the metacentre. For 
any given angle of inclination the radius of curvature of the metacentric involute wiU 
be given by equation (1.), which may also be put in the following form : — 

P = Po + (Pi - Po)-s (J^) 

Let X, be the depth of the ship's centre of gravity below her metaoentre, and p the 
perpendicular let fall from that centre of gravity upon the radius of curvature of the 
metacentric involute at any given angle of inclination, 6 ; then, 

p = (\ - r)8in. + r0f . . . . (4.) 
and the moment of stability is 

p X displacement, (5.) 

Mr. Merrifield gave the geometry of Professor Rankine's formula aa 
follows : — 
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Let M P, Fig. 170, be the metacentric evolute ; M Q, the circle of 
which ifc is assumed to be the 
involute; BB', the curve of -^^•^^^• 

buoyancy, or metacentric invo- 
lute; BPB', the angle of the 
ship's inclination, supposed = 0. 
Since Q P winds off the circle, 
it is obvious that it is perpen- 
dicular to Q G, and equal to the 
arc, QM, It is also perpen- 
dicular to the arc, M P, and its 
tangent, PB'. Hence, CQ is 
parallel to P B', and Q C P = ft 
Hence, Q P = arc Q M = r ft 
Hence, we obtain the values of r 
and p, quoted above in theextract 
from Professor Rankine's note. 

Further, since Q P is the radius of curvature of the arc P M at 
P, the arc P M is obtained from the well-known formula, d8 = pdO; 
and 




r. 



Let us call P B', p,, and M P, p^ ; then, 

P0 = Po + i^'^i- 

Now, let G be the centre of gravity, and M G = X ; draw G F Z 
perpendicular to P B'. Then, 

GC = X-r, 

GF = GCsin.e = (X - r)sin.0, 
FZ=:QP = r0, 
p = GZ = GF4.FZ, 

= (X-r)sin.0 + r0, 
= Xsin.0 + r(e-siu.e). 

X sin. 6 gives the metacentric portion of the stability, so to speak, 
and the rest of the expression gives the correction for the second 
centre of curvature. We may write the last equation— 



p = X sin. e + 2 P-'^, ^^ (0 - sin. 0) ; 
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or, 

|> = X sin. fl + 2 (pi - po) ^ - 2 (pi - /o<)) ^^ • 

Of these three terms, each must be calculated separately. 

While perfectly well aware of its essentially approximate 
character, and holding the process involved as inferior to ihat 
of M. Beech, previously described, which has the merit of being, 
not approximate, but exact, Dr. Joseph Woolley (whose complete 
mastery of this subject is well known, both at home and abroad) 
has favoured me with a very able and highly interesting extension 
of the above system, preserving the fundamental assumption of 
Rankine, that the curve of buoyancy is the involute of the involute 
of a circle, but rendering the process of calculation available for 
large angles of inclination. 

Dr. Woolley's method consists in finding the radii of curvature 
to the curve of buoyancy at convenient angles of inclination of the 
vessel, not necessarily equal ; then assuming that the portion of the 
involute of a circle lying between any two successive radii of 
curvature practically coincides with the corresponding portion of the 
e volute itself; and in then obtaining a succession of perpendiculars 
on the inclined normals, on subtracting from which the corresponding 
product, B G sin. 0, the arms of the righting levers at the several 
inclinations can be obtained, and thus the curve of stability readily 
laid down. This method differs from M. Beech's process in the 
circumstance that the latter obtains, from the same demerUSt the 
co-ordinates (parallel and perpendicular to the axis of the ship) of 
the successive centres of buoyancy. 

As regards the possibility of including a cusp — ^a point which has 
been suggested — and the means of knowing beforehand where such 
a point is reached, it may be observed that a cusp corresponds to a 
maximum or minimum value of the radius of curvature. The radius 

of curvature =z j y"^ dx + -^ j y"* dx, depends on the greater or 

less dimensions of the inclined water-line; and this in turn will 
depend on the form of the ship. Generally speaking, so long as the 
sides of the ship flare out, it may be expected for general forms of 
ship that the successive radii of curvature wiU go on increasing ; and 
as soon as they tumble home, they will begin to diminish. When 
the radius of curvature first begins to diminish, a cusp has been 
reached If a curve be formed, of which the absciss® are the angles 
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of inclinatioii, and the ordinates are the radii of curvature, the 
position of a cusp is readily found by the position of the TnaTrimum 
or minimnTn radius of curvature. Such a curve, it may be observed, 
is of the essence of M. Reech's process. Thus, in Fig. 171, represent- 




ing such a curve, the dotted line at ^ would represent a maximum, 
and the dotted line at <p! a minimum, 4md the corresponding angles, 
^ and (fif\ may be read off from the scale. It will be seen farther on 




that aa the successive angles of inclination, d^ B^ 03> • • •> 
are not necessarily equal, there is no difficulty in finding the involute 
ap to the cusp, and from the cusp, when the radii of curvature 
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diminish ; the generating circle changes in position, and the radii on 
which the involutes depend become negative in the formulae, which 
otherwise retain the same form. 

The following is Dr. WooUey's proof of the formula which he 
employs : — 

In Fig. 172, M is the metacentre, M P^, P^ Pg, Pg Pj, are successive 
arcs of involutes of circles described as hereafter explained, the 
points, Pj, Pg, P,, being assumed to correspond fairly to the corre- 
sponding points of the true evolute; MP^ is the arc between the 
inclination of 0"* and 0^; PjPa, between 6[ and 0^; PjPy &c^ 
between 0^ and 0^ &c. ; and so on. P^^^ P,^ is the arc between O^.^ 
and 0^. B, Bj, Bg, Bj, &c., .... B,^, are the corresponding centres 
of buoyancy. Let p^ be the metacentric height, B M, i.e., radius of 
curvature to the curve of buoyancy at B ; pj, pj, /03, . . . &c., • . . p^ 
be the radii of curvature to the same curve at B^, Bg, B3, • . &c-, . . B.. 
Then, the angle between B M and B^ P^ = fl^ ; the angle between 
BiPj and B2P2 = 0^; and so on. (In the figure, angles up to 0^ 
only are shown). 

BRi, BRg, BR3, . . . . &c., . . . BR„, are perpendiculars from 
B,onP,B„PgBg, . . . &c., . . . P,,B„. 

BiR'2, BgR's, &c., are perpendiculars from Bj . Bg . . &c, succes- 
sively on Pg Bg, P3 Bg, &c. 

Then, since the angle between the perpendiculars on two straight 
lines is equal to the angle between the lines themselves, the angle 
between BR^ and BRg (RiBRg) is equal to the angle between 
Pj Bi and Pg Bg = flg ; and so the angle between B Rg, or B^ R', and 
P3 Bj = flj, and so on. 

M Qi is a circle described through M with a centre, Ci, in B M ; 
Ci being so taken that Q^ Ci Cy being drawn inclined to B M, at an 
angle Oj^ the arc, M Qi, being unwrapped from this circle, traces out 
the involute, M Pi, corresponding to radii of curvature, p^ and />i. 
Similarly, P^ Q,, is an arc of a circle described about a point, C^, in 
1^1 Bi> Q2 (^2 <^ making an angle, 0^ with Pi Bi ; and Pi Pg is the arc 
of the involute corresponding to radii of curvature, pi and p^ and 
so on. 

Join B Bi, Bi Bg, Bg B3, . . &c. 

From the mode of generation, Qi Pi is perpendicular to both 
Qi Ci and Pi Bj, and therefore parallel to B R^ Q, P, is perpen- 
dicular to both Qg Cg and Pg Bg, and therefore parallel to B Rg and 
Bi R'2; Q3 P3 shnilarly is parallel to B Rg, or Bg R'g. 

Let Ti, Tg, rg, &c., be the radii of the circles, M Ci, P, Cg, Pg C,, &c 
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Then, QiPx = arc Qj M = ri 0„ 
QjP, = arcQ,Pi = r,e» 
Q,P, = arcQ8P, = r8ey 

(1.) BR, = Bci + c,Ri = B Cisin. di + QiPj 
= (BM-MCi)siii.e + QiPi 

= (Po - '•i) sin. + n Oi. 
RjB, = PjBi - P,R\ = P,B, - QiC 
= PiBi-Q,Oi-CiC, 
= />! - ri - (po - rO COS. 6>. 

(2.) B, R'j = Bi c, + <J, R', = Bi C, sin. 0, + Q, P, 
= (/»!- »'s) sin. 0j + r, 0^ 
R'j Bj = Pj Bj — Pj R'j = Pj Bj — Qj c, 
= /oj - r, - (pi - r,) COS. dj. 



U. 



}-B. 



Similarly, B, R', = (/»,- r,) sin. 0j + r, 6,. 

R'sBj = Ps - rj - (p, -rj)cos. fly ^C. 

&c = &c. 

Now, BBs is evidently the projection of BB^ on BRj + BiR'j 
(=61 Rj); and the projection of B B, is the sum of the projections of 
B R^ and R^ B^ on the same line, and, as shown before, the angle 
which BR^ makes with BR2 = da, and the angle which R^ B^ makes 

with BR, = RiXR, = ^+ 0j^ 

Therefore the projection of 

B Bj = BRi cos. 0j + RiBi cos/y + e^ = 'B'R^ cos. 0^- R^BjSin. 0^ 

= (Po " ^1) ®^- ®i ^^^- ^2 + ^1 ^1 COS. 62 — (pi — r^) sin. 0^ 

+ (/>o "" ^1) c^- ^1 s^^- ®2 
=* 0>o - ^1) sin. (Oi + 62) - (pi - n) sin. 02 + ri ©i cos. 0^. 

Hence, 

BR, = (po - ^1) sin- (^1 + Oi) - (pi - n) sin. 0^ + r^ 0^ cos. 0^ 
+ 0>i - ^a) sin. 02 + r, 0, 

= 0>o"'^i)si^-(^i+^a)-(^2— '^Osin. ^a+^i^iCOS. flg+^a^a • • • (jS.) 
Also, 

B R5 = Projection of BBj on B R3 + projection of BjBj on BR^ 
+ BjR's. 
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Projection of B B^ = Sum of projections of B Bi and B^ Bi, which make 
with BE^ respectively, the angles, tf, + dg and ~- + (O, + 0^ 

= 0>o-n)sin- dicos. (e,+03)+rieiCOs. (0, + e8)-(pi-n)8in.(e,+fl8) 
+ (po - ^i) COS. di sin. (dt + 0s) 

= (Po-^i)sin.(0i+e,+ej)-o>i-n)sin.(e,+03)+ndicoB,(e,+e3). 

Similarly the projection of BiB,, or sum of projections of BiR* 
and R'sB], making angles, d, and ^ -^ 0^ respectively, with B I^, 

= (Pi - ^«) 8i°- (^2 + ^s) - 0>» - '^j) 8i^- ^8 + r, 0, COS. e,. 
Hence, 

BR,= (Po-n)sin.(0i+0,+03)-(pi-r,)sin.(0, + 03)+n0iCos.(d,+fl,) 
+ (pi - ^0 sui- (08 + 0s) - (Pa - ^2) suL 03 + r, 0,008. e, 

+ (p> - ^s) SlJ^- ^2 + ^S ^8 

= (po-n) sin. (01 + 0S + 03)- (r,-ri) sin. (0, + 03)-(r5-r,) sin. fl, 
+ ri 01 cos, 0a + 03 + r, 0, COS. 03 + r^ 08. . . . (y.) 

Similarly, BR^ 

= (Po-n) Bin. (0i + 0s + 08) - (r,- r,) sin. (0, + 0, + 0,) 
- (^8 - ^2) sin. (0s + 0J - (r^ - r,) sin. 0^ 

+ n 01 COS. (0a + 08 + 0^) + r, 0s COS. (0, + 0,) 

+ rg 08 cos. 04 + r, 0„ (8.) 

and so on. 

Generally, if there be (n) angles, 0„ 02, ... . 0^_i, 0^ BR^ = sum 
of projections of BBj, BjBj, BjBg . . . . B^.j B„-i andB._iB^, 
corresponding to which are the angles, 

(0S+ 03+ .... +0..1 +0Jand-|- + (0, + 03+ . . . . + 0^., + e.), 

(08 + 04 + . . . . + 0n) and |- + (08 + 0,+ + 0J, 

and 

0. and 1 + 0^ 



and 0. 
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Hence, we get by proceeding in the same way, 

BR. = 0>o - rO sin. (01 + e, + + 0J 

- (r, - r,) sin. (0, + 08 + .... + 0,) 

- (^-s - r^ sin. (0, + 04 + • • • • + »n) 

- (*'i.-i - »•.) sin* ^1. + n ^1 cos. (0j + 08 + . . . 
+ r,0, 006.(08 + •••• + d«)+ r,08cos.(04 + 
+ ....+ r,., 0,.i cos. 0, + r, 0,. 

To deteimine rj, r,, &c.. 

Let F..I P„, Fig. 173, be any one of the involutes, so that arc 
P._i P„ = difference of radii of curvature 
at P..1, and P„. 

P.-.CQ = 0„ 

Pn-iCj = 0, and gp = arcgPn.,. 
Let « =?= P,.i p. 

Then, da = pqd9 = r^OdQ, 

« = ir„0^, 
from to = 0^ 

and P,.i P„ = i r„ 0S = />„ - /o,-i by pro- 
perty of evolute, whence, 

P»-i) 



Fxg.nS. 



r =?^ 



Oi 




Putting n = l, 2,5, ........ n, respectively, 



. _ 2(e.»-i 



r, = 



2 0t>,-f>i) . 



- 2(/»8-Pi) . 



p«-il) . «. _ 2 (p„ - p«-l) , 

' 'n — 



P(P />i» pi> Ps, . . . p,p are to be determined as in Reech's, or any other 
method, being the moments of inertia about the axis of the centre of 
figure of the areas of the several inclined water-lines. 

In this way the several arms, B R^, B Rj, B Eg, B R^ 

being found, the corresponding arms of righting levers may at once 

be found. 

Thufl, GFi = BRi - Bfei = BRi - BGsin.BGAi 

= BRi - 6sin. 0, putting 6 = B G. 
Similarly, GFa = BR, - B^ = BR, - 6sia (0i + 62), 
GF, = BR, - 6sin. (6^ + e, + 6^, 
GF^ « BR„ - 6sin. (0i + e, + 0, + + 6 J, 
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and from these several values the curve of stability may be at onoe 
laid down as usual 

In this demonstration the radii of curvature are supposed to 
increase from p^ to p^. 

If, on the contrary, they diminish, we shall have, r^ = ^^/a^ 



_-2(Po-Pi) 



, and is negative ; r. 



- 2Jp2_-_Pi) _ -2(pi-f^) 



Fig.l7J^ 




a negative quantity. 

In the Fig. 174, draw the circle MQi, on BM produced: let 
M Pj be the arc of the involute described by 
unwrapping the string, M Q^, so that as before, 
Pi Qi = arc M Qi = ri 0i, Cj Qi c^ being drawn 
at an angle, 0|, with B M produced. 
Then, MPi = MB - PiB^ = |Oo - /Oi, 

and, BRi = BcJ-RiCi = BCiSin.0i-RiCi 

and Ri B^ = P^ B^ - P^ Rj = P^ B^ - Q^ c,^ 
= PiBi-(ac,-C,Qi), 
= PiBi + CiQi-CiBcos.fli, 
= /oi + n-- (|t>o + n) cos. 01. 
We shall obtain expressions of a similar 
form for Bj R'21 I^'s B» &c, &c., and the general 
expression will become in this case — 

BR^ = (po-r|)sin.(0i + 0,+ ... +dO + (n-^2)sin.(02 + 63+ .-W 
+ (r,~r3)8in.(e3 + 0, + ...ej+ ... + (r,.i - Osin.0. 
- n 0, coa (0, + 03 + . . . + 0J - r,0,cos (0s + . . . + 0J 
-r«.i0»-icos.0«-r^0^, 

which may be obtained at once from the former by putting 

- ^1, - ^s - r^ for n . r, r^. 

If the radii at first increase and then diminish, t.6., if the metar 
centric evolute pass through a cusp, the formula must be slightly 
modified. Ijct the cusp correspond to the angle, 0,^, m being less 
than 91. 

Then, /o^ pi p^, are all positive, and p^+i, p^+^ 

P».ii />» &ro negative, and the formula takes the form — 
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B B, = 0»„ - n)8in.(0i + 0, + .... 0.) 

-(»•»- '•i) sin. (©2 + ©8 + e^)~ 

- (r^ - r^+O sin. {e„ + e,„+i + . . . . ej 

+ ('•m+i +0 sin- (^m+i + e^+j + . . . . e») 

+ (»'«+i -■ ^m+i) sin. (a„+, . . . 0,) + • • • + (»'«-i - »■«) sin. 0, 

+ rj 0j COS. (0, + 08 + . . . . 0D + r, 0, COB. (08 + 04 + 0.) 

+ »•». ^m COS.(«„+i + .... 0*) - r„+i 0„+, COS. (0,„+2 + . . . . + £ 

- - '•»-i0.-iCOS. 0, - r,0,. 



+ 00 



How to find the exact position of a cusp has been pointed out ; 
but it is essential to the success of this method that series of 
successive involutes shall commence and terminate at cusps. 

It is hence seen that this method is not founded on the principle 
of finding the radius of curvature in any extreme position ; but on a 
succession at given convenient finite angles. In this, as in other 
methods, such as Eeech's, the successive values of B R^, B Rg, B R3 
. . . . B R^ involve all that precede it 

If, as would generally be the case, the angles, 6^, d^, 6^, . , . 6^, be 
taken equal, the formulae become modified. 

Thus, B R„ = (/o^j — Vj) sin. 71 0i — (r^ — rj sin. (n — 1) 61 

- (^8 - r2)sin.(?i - 2) 0, - . . . - (r« - r^.i)sin.0i 

+ r^diCOQ.{n - 1) + rg^icos. (n - 2) + 

+ r^.i0icos.0i+r„0i. 

But if^ for convenience, supposing the series to terminate in a 
cusp, the first (n — l)9angle8 be taken equal and the last, 0., be 
different^ we shall have — 



BR» = (Po - n) sin. (91, - 1 ^1 + ej - (r, - r,) sin. {n-2d, + 6^) 
- - (^» - ^n-i) sin. On 



+ n di COS. (u - 2 «! + ej + rg 01 cos. (n - 3 0i + 6^) 
+ ^n-i e, cos. e^ + r^ 0^ 

In a test case to which Dr. Woolley applied this method, viz., to 
a prism with a rectangular section, having a breadth of 70 feet and 
a deptib, 29*36 feet^ which just brings one of the lower angles to the 
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snrfjEice of the water at 40^, he employed this as his TnayiimiTn angle, 
because the error would be very sensible. Assundng the centre of 
gravity of the vessel to be 7'5 feet above the centre of buoyancy in 
the upright position, and supposing the displacement to be 10,000 
tons, he found the righting moment, at an inclination of 4?0'*, to be 
on the approximate method, 68,697 foot-tons ; and on the direct or 
true method, 71,624 foot-tons, giving a defect of 2,927 foot-tons, 
which is about ^ryth part of the true value in defect. 

If the calculation is made at intervals of 6° instead of 10**, this 
error is reduced by about i, or to ^th part of the true value. 
These errors are probably greater than would be found in the case 
of a vessel of an ordinary form. Moreover if, in order to make the 
approximation closer, angles of 5° are taken instead of 10'', the labour 
of the calculation is considerably increased, and little if any advan- 
tage is gained fix)m this point of view. Of course, as said before, 
Beech's method, which obtains at once the co-ordinates of the 
centre of buoyancy, is to be preferred. 
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CHAPTER XV. 

Dynamiwvl Stability— Different Views of Same— Oanon Moseley's Paper on Dyna- 
mical Stability— M. Moreau's MSmoire on the Subject— Fundamental Doctrines 
set forth by Canon Moseley— Vis Viva and Work — ^Formulsa for Dynamical 
Stability — Amount of Error in Same— Application of Canon Moseley's Formulee 
to Ships— Criticism on Moseley's General Equation— M. Bertin's view of 
Dynamical Stability— View of MM. Risbeo and Duhil de Benaz^— M. Guyou's 
Paper on a New Theory of Stability— Interesting Investigation of Surface 
of Buoyancy and its Podaxre — An Imaginative Method of Explaining the 
Doctrines of Stability— Maxima, Minima, and Mixed Normals— Application 
of M« Gujrou's Method to Dynamical Stability. 

We come now to consider the dynamiical aspects of the subject 
Let tis first endeavour to make understood, in plain terms, and with 
the fewest possible technical phrases, what is ordinarily meant by 
"Dynamical Stability." One view of it may be obtained in this 
way : — ^We have already observed that the forces which resist the 
inclination of the ship are vertical forces, the weight of the ship 
acting downwards, and the buoyancy acting upwards with an equal 
pressure. If we could follow the action of the inclining forces closely 
throughout the inclination of the ship to a given angle, we should 
find them continually overcoming these resisting forces (of weight 
and buoyancy) through successive infinitesimally small spaces, their 
action taking effect either in actually raising the centre of gravity, 
or in lowering the centre of buoyancy, or in both. If we could mul- 
tiply the force (weight of ship) at every point into the very small 
vertical spaces through which these centres move, we should obtain 
the effect (known technically as the " work " done) from point to 
pointy and adding all these small effects together (or subtracting 
them, as the case may be), we should get the total ''work" done 
during the given amount of inclination. This we cannot possibly do 
in detail, as we cannot handle infinitesimal quantities; but what we 
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can do is this: we can find the total vertical distance through which 
the centres of gravity and buoyancy have separated during the 
inclination, and multiply this by the weight of the ship, and in this 
way obtain the result we desire. For it is obvious that if we mul- 
tiplied the weight into each infinitesimal space in succession, and 
then added all the products together, we should obtain exactly the 
same result as we obtain by adding all the small spaces together fiist 
(that is, by taking the total separation of the centres), and multi- 
plying the sum by the weight. In either case we should obtain the 
equivalent of the total "work** done upon the ship by the inclining 
force, and that total work is the dynamical stability.* 

Another view of the matter may be obtained as follows : — ^Tho 
dynamical stability developed during the inclination of the ship 
from one angle to another only infinitesimally greater, will obviously 
be equal to the product of the statical stability at the given angle 
into the infinitesimally small space through which it acts. And, in 
like manner, the dynamical stability developed during the inclination 
of the ship through a finite angle will be equal to the sum of a series 
of such products. But we have seen that the statical stability is, at 
every point, proportional to the length of the lever, G Z, and conse- 
quently the dynamical stability from point to point will be propor- 
tional to the product of that lever into an infinitesimally small 
space. For example, let Fig. 175 represent the curve of statical 



Fig,175. 




stability of a ship at moderate angles of inclination ; then the 
dynamical stability developed by inclining the ship, say from T to 
an angle slightly exceeding 7^ will be equal to AB multiphed into 



* See Navai Science, vol. L 
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a very short portion of the space between 7 and l*"* ; and that 
product is obviously approximately equal to the very small rectan- 
gular area, AB&a. Similarly the dynamical stability developed 
during a further very small angle of inclination will be equal to the 
rectangular area^ abed; and so we may proceed from point to point 
until we have covered the whole space between AB and EF with 
very small rectangles, the sum of which will approximately represent 
(by being proportional to) the whole dynamical stability or work 
done during the inclination of the ship from an angle of 7^ to an 
angle of 14^ In other words, the djmamical stability exerted during 
the inclination of the ship from one angle to another is represented 
by the corresponding portion of the curvilinear area in such diagrams 
of statical stability as we have been considering. 

It is obvious that the curvilinear area lying between 0** of inclin- 
ation and any given angle can be calculated, and the result made 
the ordinate of a new curve. By repeating the operation, a series of 
points may be obtained, and a curve passed through all such points 
will represent at every point the dynamical stability that must be 
overcome in inclining the ship from the upright position to the angle 
indicated. By subtracting one ordinate from another, the dynamical 
stability exerted in inclining the ship from the angle indicated by 
the one ordinate to that indicated by the other can be found. In 
Fig. 176 is indicated, by C D S, the curve of dynamical stability of 



Fig,17G, 
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jp sP S^ tu' sP 6p 77' iat! 



an unarmoured corvette, whose section^ curve of flotation, F F^ curve 
of buoyancy, B B, and loci of movicentres, M M, are shown in Fig. 
177. The curve, CDS, was obtained by graphic integration from 
the curve of statical stability, CSS. Fig. 178 exhibits curves of 
statical and dynamical stability for the armour-plated, flat-bottomed 
ram, whose section, curves of flotation, and buoyancy, &c., are shown 
in Fig. 179. The curves, No. 1, correspond to the usual condition of 
the ship with its sides intact ; the curves, No. 2, correspond to its 
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condition with certain unarmoured ends riddled. The following is 
a comparison between the statical and dynamical stabilities in the 
two cases : — * 





MftT^wintn 

BightJng Lever. 


Angle of , 


offfity. 


Conditfon No. 1, . . 


. . 3'86feet. 


34 degrees. 


76i degrees. 


„ No. 2. . . 


. . 1-7 „ 


23 „ 


504 » 



The question of dynamical stability may be viewed in a some- 
what different manner. Eeverting to Fig. 175, the ordinate (AB, 
say) represents the arm of the couple, GZ, at the extremities of 

* See Trantactumsy InstitnUion of NaodL ArehUeeta for 1877, vol. xviii.— Mr. 
White's Aoooant of the Work done hy the Students of the Boyal Naval College. 
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which the weight of the ship and the buoyancy of the ship (equal 
to the weight) are acting vertically; and, in the case of further 
inclination of the ship taking place, we may obviously assume one 
of these extremities of the lever, GZ, remains at rest and the other 
moves — ^no matter which. For a veiy small, an infinitesimal, 
amount of motion, the weight of the ship may be presumed to 
prevail, and to move through a very small vertical space, which may 
be represented by d 6. Then QZ dO will represent the space moved 
through, and W x GZ dO will equal the "work" done by the 
inclining force in effecting the very small change of inclination. 
The whole work done in inclining the ship from the upright through 
an angle, 6, wLQ therefore be 



f WxQZde; 

J 



and the work done in inclining her from an angle, dx) to an angle, O2, 
will be 



/ Wx 

J ei 



QZde. 



That this agrees perfectly with what has been said respecting 
Fig. 175 will be Obvious, for AB there corresponds to GZ ; B6 to 
d 0; and the areas, as already explained, are equivalent to the 
integrations suggested by the above expressions. But we need not 
further anticipate the late Canon Moseley^s investigations. 

At the commencement of his £a.mous Paper on *' Dynamical 
Stability," read at the Boyal Society in 1850, Moseley, after speaking 
of the osdillations of floating bodies under the action of disturbing 
forces, and of the different amounts of "work " done upon them> the 
most stable requiring the greatest amount, said — "It is this condition 
of stability, dependent upon dynamical considerations, to which, in 
the following Paper, the name of Dynamical Stability is given ; " 
adding — ^"I cannot find that the question has before been considered 
in this point of view, but only in that which determines whether 
any given position be one of stable, unstable, or mixed equilibrium, 
or which determines what pressure is necessary to retain the body 
at any given inclination from such a position." It has been suggested 
that^ although Moseley was well acquainted with the works of 
Poisson, Foncelet^ and other Continental philosophers, this passage 
seems to indicate that he was not in a position to do justice to the 
actual condition of the science of naval architecture in France at 
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the time of writiDg his paper, or he must have known that the 
dynamical conditions of floating bodies, with reference to their 
oscillations in still water, had, before 1850, received both distinct 
recognition and skilful treatment. We are at present in possession 
(by the courtesy of M. E. L. Bertin) of a work published at Brest in 
1830 from the pen of M. Moreau (then Professor of the EcdU BoyaU 
du OSnie Maritime, and an IngSnieur de premiere classe au Corps 
Royal dw OSnie Maritime), entitled " Principes Fondamentaux de 
VEqtiUibre et du Mouvement des Corps Flottans Dans deux Milieux 
JRSsistans" in which the dynamical aspect of the subject is kept in 
view throughout; and this work was not a mere geometrical 
exercise thrown out for the study of savans, but was expressly 
printed for the use of the pupils of the Eoyal School. It Moreau 
commenced his treatise by stating that the mechanical principle kid 
down by Maupertuis, under the name of the " Law of Repose," was 
perfectly applicable to floating bodies, although it had never pre- 
viously been applied to them, and he proceeded to set forth and to 
demonstrate, as one of the fundamental principles of naval science, 
that " in the state of equilibrium of a body immersed in ponderable 
fluids, the centre of gravity of the system (the floating body and the 
fluids) is the lowest or the highest possible." He added that this 
theorem, when combined with the "formule de la dynamique," will 
enable us to resolve with great facility the problem of the small 
oscillations of floating bodies. In investigating the equilibrium of 
the floating body in still water, he treated it as partly immersed in 
two fluids, the air as well as the water, and thus added much, and 
somewhat unnecessarily, to the extent and complication of his 
mathematical equations ; he also adopted the device (which we shall 
presently see again resorted to more than once by French investiga- 
tors) of considering the water which floats the body as contained in 
a basin or closed vessel — a device which he doubtless introduces for 
the express purpose of facilitating the dyTva/mical treatment of the 
subjeci 

We have carefully considered the Mimoire of M. Moreau, and are 
willing to accord to it great merit as a sound exposition of the 
dynamical conditions of a floating body subject to very small 
oscillations; but it dealt only with very small motions, and dealt 
with them for the limited purpose of obtaining maximum and 
minimum values of the height of the centre of gravity. Moseley 
took a wholly different, and very much wider, view of the question, 
dealing with large angles of inclination, and applying the principles 
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of via viva and " work " for a very different object. We bannot see 
that it would have made any difference in his treatment of the 
subject had he been ever so familiar with M. Moreau's investiga- 
tions, able and interesting as they undoubtedly were. 

Much of Moseley's paper was occupied with an account of 
experiments made in Portsmouth Dockyard by the late Mr. John 
Fincham and Mr. Rawson, which were interesting and valuable at 
the time, but which would not now assist the appreciation of the 
doctrine of dynamical stability. It will be well, however (especially 
as the original paper is difficult of access to most persons), to state 
here the fundamental doctrines, and some of the inferences which 
Moseley set forth. 

His investigations were based, as has been intimated, upon the 
principles of via viva and work, the primary of which principles he 
thus rendered : — 

** When, being acted upon by given forces, a body or system of 
bodies has been moved from a state of rest, the difference between 
the aggregate work of those forces whose tendencies are in the 
directions in which their points of application have been moved, 
and that of the forces whose tendencies are in the opposite direction, 
is equal to one-half the via viva of the system." 

If 2^1 represent the aggregate work of the forces displacing 
the body from rest, and 2 u^ the aggregate work of the other forces 
applied to it; and if the terms composing Su^and SUgbe taken 
positively or negatively, according as the forces at work tend to move 
their points of application in the directions in which they do move, or 
in opposite directions, then, putting for the aggregate via viva of the 

body- Hwifi, 

Xv^ + ^u^^ ^Iwv^-- . . . (1). 

if 

2^2 may be presumed known, because that expression repre- 
sents the aggregate work of the operating forces which move the 
body from rest to a new position, and 2 v^ may therefore be deter- 
mined in terms of the via viva; or conversely. When a body 
oscillates, it comes to rest for an instant in its extreme position, and 
there its via viva consequently disappears, and we have 

2 Wi + 2 ^2 = O . . . . (2). 

This equation, therefore, determines either the extreme position; or, 

19 
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that position being given, determines the forces producing the 
motion. 

But, by a well-known property, the via vvua of a system is a 
maximum when it passes through a stable position of equilibrium, 
and a minimum when it passes through an imstable position of 
equilibrium. The position of final rest is therefore that in which 
2 Ui + 2 1^2 has a maximum value. The body will therefore rest in 
a very different position from that which it occupies when in the 
extreme position of its oscillation. 

Of different bodies, requiring different amounts of work to 
incline them to a given extent, that is the most stable which requires 
the greatest amount of work to be done upon it in inclining it to 
that extent, Xu^ being in that case the greatest. If all such bodies 
are respectively brought into positions of unstable equilibrium, the 
corresponding values of 2 1^^ then represent the work requisite to 
overthrow it. In the former case, St^ represents the relative, 
and in the latter case the absohde, stability of the body. The 
absolute stability of a given body may be greater than that of 
another, notwithstanding that its reUitvue stability, with reference 
to a given inclination, may be less. 

Canon Moseley represents the absolute dynamical stability of a 
body by U, and its relative dynamical stability, corresponding to an 
inclination, 0, by U (0). U is, of course, the maximum of U {&). 

The work opposed by the weight of a body to any change in its 
position is measured by the product of its weight by the vertical 
elevation of its centre of gravity. If W be its weight, A H the 
vertical displacement of the centre of gravity occasioned by the 
inclination of the body through the angle, Q (this displacement being 
in a direction opposite to that in which the force applied to it acts), 
we have 2 Ug = W . A H, and, consequently (from equation (2)), 

U(0)-^WAH = O , . . • (3). 

The absolute dynamical stability of a body resting on a rigid 
surface is therefore measured (if no force other than its weight 
oppose itp overthrow) by the product of its weight by the height 
through which its centre of gravity must be raised to bring it from 
a position of stable to one of unstable equilibrium. 

The foregoing considerations are of general application to all 
heavy bodies. We will now give their application to floating bodies 
in Canon Moseley'a own language : — 
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Let a body be conceived to float, acted upon by no other forces than its weight, 
W, and the upward pressure of the .water (equal to its weight); which forces may be 
conceived to be applied respectively to the centre of gravity of the body, and to the 
centre of gravity of the displaced fluid ; and let it be supposed to be subjected to 
the action of a third force whose direction is parallel to the surfihce of the fluid. Let 
A Hi represent the vertical displacement of the centre of gravity of the body thereby 
produced, and A Hs that of the centre of gravity of its immersed part. Let, more- 
over, the volume of the immersed part be conceived to remain unaltered whilst the 
body is in the act of displacement. ' If each centre of gravity be assumed to ascend, 
the work of the weight of the body will be represented by - W. A Hi, and that of 
the upward pressure of the fluid l)y -^^W. A Hg, the negative sign being taken in the 
former case, because the force acts in a direction opposite to that in which the point 
of application is moved, and the positive sign in the latter, because it acts in the 
same direction, so that the aggregate work, 2Us (see equation 1), of the forces which 
oonstitnted the equilibrium of the body in the state firom which it has been disturbed 
is represented by 

- W.aHi + W. aH,. 

If the centre of gravity of the body or of the displaced fluid deacencU (a property 
which will be found to characterise a large class of vessels), A Hi in the one case, 
and A Hs in the other, must be taken with the negative sign, since the weight of the 
body will be applied in the same direction, and the pressure of the fluid in an 
opposite direction to that in which'their respective points of application are moved. 
Moreover, the system put in motion includes, with the floating body, the particles of 
the fluid displaced by it as it changes its position, so that if the weight of any element 
of the floating body be represented l^y vfi, and of the fluid by to^, and if their 
velocities be Vi and V2, the whole tfia viva is represented by 



and we have (by equation 1), 



-sto^vj +-sto,vJ, 



UW- W(AHi-AH2)=istoit;; + ^2w,t;J .... (4). 

In. the extreme position into which the body is made to roll and in 
which Twi rj S3 0, 

U(0=W.(aHi- AH2) + 2i WiVi (5); 

or, if the inertia of the displaced fluid be neglected, 

UM = W.(aHi - aH,) (6). 

Whence it follows that the work necessary to incline a floating body through any 
given ang^ is equal to that necessary to raise it bodily through a height equal to the 
difference of the vertical displacements of its centres of gravity and of that of its 
immersed part, so that, other things being the same, that ship is the most stable, the 
product of whose weight by this difference is the greatest. In the case in which the 
centre of gravity of the displaced fluid descends, the sum of the displacements is to 
be taken instead of the difference. 

Canon Moseley points out that this conduaion is in error in the 
following respects : — 
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Ist. It supposes that throughout the motion the weight of the 
displaced fluid remains equal to that of the floating body, which 
equality cannot accurately have been preserved by reason of the 
inertia of the body and of the displaced fluid. From this cause 
there cannot but result small vertical oscillations of the body about 
those positions which, whilst it is in the act of inclining, correspond 
to this equality, which oscillations are independent of its principal 
oscillation. 

2ndly. It involves the hypothesis of absolute rigidity in the 
floating body, so that the motion of every part and its vis viva may 
cease at once when the principal oscillation terminates. The frame 
of a ship and its masts are, however, elastic, and by reason of this 
elasticity there cannot but result oscillations, which are independent 
of, and may not synchronise with, the principal oscillation of the 
ship as she rolls, so that the vis viva of every part cannot be 
assumed to cease and determine at the same instant, as it has 
been supposed to do. 

Srdly. No account has been taken of the work expended in com- 
municating rriotion to the displaced fluid, measured by half its 

vis viva, and represented by the term «— ^WzV^in equation (5). 

From a careful consideration of these causes of error, Moseley 
was led to conclude that they would not affect that practical apphca- 
tion of the formula which he had principally in view in investigating 
it, especially as in certain respects they tended to neutralise one 
another. The experiments made at Portsmouth, previously adverted 
to, confirmed this view. 

In applying his formulae to ships, Moseley deals first with the 
case of vessels whose athwartship sections (where subject to immer- 
sion and emersion) are circular, having their centres in a common 
longitudinal axis; these vessels being of two types, viz. (1) such as 
are shown in Fig. 180, in which the lower part of the ship's section 
extends below the completed circle ; and (2) such as are shown in 
Fig. 181, in which the lower part lies within the completed ciide. 
E T F is the circular part in both figures, C being its centre. G^ is 
the projection of the centre of gravity ; G^ that of the part SDET 
(supposing it filled with water); Ai = C Q^; hg^C G^; W^, weight of 
vessel; W^, weight SDRT (supposed to be water); and 9 the 
inclination of the ship. The whole volume of the fluid displaced 
remains constant during the inclination, and so also do that of the 
immersed circular part and that of the part SDRT. The water- 
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line, P Q, is the same distance from C as was A B, so that C neither 
rises nor falls. 



Fxg,18Q. 




FigaSL 




The forces operating in the upright position of equilibrium were 
the weight of the vessel and the equal weight of the fluid displaced. 
Since C has not been vertically displaced, the work of the former 
force (weight of vessel) is that done during the rise of G through a 
space =^ versin. 6. The work of the latter is equal to that of the 
upward pressure of the water which would occupy the circular space, 
having PTQ for sectional area, increciaed by that of the water, 
represented by SDRT in the case of Fig. 180, and diminished by 
that in the case of Fig. 181. But the centre of gravity of the 
circular part, PTQ, remains always at C, and neither rises nor 
falls; and therefore the work done by the upward force acting 
upon it is zero. The whole work done by the upward pressure 
of the water is therefore that done upon SDRT, which must 
receive the po&Uive sign in Fig. 180 and the negative sign in Fig. 181, 
so that its general expression is ± W^h^ versin. 6, On the whole, 
therefore, the work Zug ^^ those forces, which, in the vertical position 
of the body, constituted its equilibrium, is thus expressed — 

2tt2= — Wi Ai versin. d ± WjAg versin. 0, 

the minus sign being prefixed to WjAi versin. 6, because the point 
of application (Qi) of the ship's weight has been moved upward, and 
therefore in the opposite direction to that in which the weight tends 
to act. 

Representing therefore the Dynamical Stability, 2t6i, by U0, we 
have, by equation (2), 
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Ve = (W^Jh:^W^h^yQTW[Le, ... (7); 

in which expression the sign 7 is to be taken according as the cir- 
cular area, A T B, lies wholly within A D B, as in Fig. 180, or partly 
without it, as in Fig. 181. Other things being equal, therefore, 
Fig. 180 is a more stable form than Fig. 181. 

'*The work of the npward pressure of the water upon the vessel represented in 
Fig. 181, being," says Moseley, '< a negative quantity, — Ws hf, versin. 0, it folIowB 
that the point of application of the pressure most be moved in a direction opposite 60 
that in which the pressure acts; bnt the pressure acts upwards, therefore its point of 
application, t.e., the centre of gravity of the displaced fluid descends. This properij 
may be considered to distinguish mechanically the class of vessels whose type is 
Fi^. 180, firom that whose type is Fig. 181; as the property of including wholly or 
only partly, within the area of any of their athwart sections, the corresponding cir- 
cular area, E TF, distinguishes them geometrically.'* 

We now come to the general case of the Dynamical Stability of 
a vessel of any given form. 

Conceive the vessel, at the end of an oscillation, to be for an 
instant at rest, and let BS, Fig. 182, represent its plime of flotation 

ihenf and P Q its plane of flo- 
tation when it VTas upright, 
CAD being a vertical section 
of the vessel; G, centre of 
gravity of vessel when she was 
vertical; H, centre of gravity 
of fluid then displaced ; 47, that 
of fluid displaced by the por- 
tion QOS; A, that of fluid 
which would be displaced by 
part FOR, if immersed; 6M, 
HN, gm, fen, KL, perpen- 
diculars upon the plane BS. Also, let W be weight of vessel, 
or of fluid displaced ; w, weight of water displaced by either of the 
equal wedge portions, POR^ QO S; H^, depth of centre of gravity 
of vessel in vertical position ; H^, depth of centre of gravity of dis- 
placement in that position ; A H^, elevation of centre of gravity of 
vessel ; A H^, elevation of centre of gravity of displaced water; ft the 
inclination ; i|, the inclination of the line O, in which planes PQ and 
BS intersect to the line about which plane PQ is symmetrical; 
z == hn + mg; and X s= KL. 

Now adopt the device of supposing the water dispUiced by 
the vessel to be, on the contrary, contained by it, and the water 
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which thus would oocnpy the space QOS to pass into the space 
P O R, the whole then becoming solid. Further, let A H3 represent 
the corresponding elevation of the centre of gravity of the whole 
contained fluid, so that A Hj + A Hg will represent the total eleva- 
tion of the centre of gravity of this fluid as it passes from the 
position it occupied when the vessel was vertical into the position 
P A Q. This is obviously the same as though the fluid had assumed 
the solid state when the body was vertical, and had revolved with 
it. It is therefore represented by K H — N H. Therefore, 

AH2 + AHj = KH - NH; 
and AH3 = KH- NH- AH2. 

Further, by raising the water, QOS (whose weight is w\to OP R, 
and its centre of gravity through the height (gm + hn), the centre 
of gravity of the mass of fluid of which it forms a part (and the 
weight of which is W), is raised through the space, A Hg ; it follows 
(from the property of the centre of gravity of a system) that, 

W A'R^ = w (gm + hn), 

and therefore, 

W(KH-NH- AB^ = w (gm + hn). 
But, 

NH[ = KHcos.0- KL, 
izrHjCos.© — X; 



Therefore, 

and. 

Therefore, 



KH - N H = H2 versin. + X, 

mg + nh = z; 

W(H2 versin, e + X - AHg) = wz; 

And consequently, 

W AHg = W(Hj versin. + X) - wz; 
Also 

AHi = K--MG = Hi- (H^cos. - X) ; 

= Hj versin. + X ; 
Therefore, 

W(AHi + AH2) = W (Hi + H2) versin. + 'm;0; 

And, from equation (6), 

U(e,ir) = W(HTH2)versin.0 + ii;0 . ...... .(8.) 
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** The sign + being taken/' says Moseley, " according as the vessel is 
of the class represented in Fig. 181 , in which the centre of gravity 
of the displaced fluid ascends, or of that represented in Fig. 180, in 
which it descends." 

We have reproduced all the above equations of Moseley just as 
he gives them, but not with the satisfaction which we could desire, 
as regards the signs employed in the last equation (8). It must 
strike the reader as strange that, in a general equation for Dynamical 
Stability, signs should appear requiriug the explanation which we 
have just quoted from Moseley. No exception need be taken to the 
use made of the types indicated in Figs. 180 and 181, in framing and 
interpreting equation (7), because there the relation of the + and - 
signs are an essential part of the arguments employed. But even in 
relation to Figs. 180 and 181, and to equation (7) one cannot but 
feel that, except for prismatic bodies, the employment of the 
sections shown as typical of actual ships is not very satisfactory, on 
account of the extreme incongruity that exists between the midship 
section, and many other transverse sections of actual ships. In a 
general equation, it is quite out of the question to refer the 
investigator to Figs. 180 and 181, as indicating in what way the 
formula is to be applied to different classes of ships. To ascertain 
whether a particular ship should be classed with Fig. 180, or with 
Fig. 181^ would in itself sometimes be no light and no desirable 
task. The fact seems to be that the term, " H^ + Hg '' was imported 
into equation (8) by an oversight — probably by hasty inference 
from equation (7), where the two signs were correctly employed. 
The upward vertical displacement of the centre of buoyancy, Hj, will 
always (with Moseley s Notation) be expressed by Hj versin. 6 + \ 
and the vertical position of the centre of buoyancy of the ship, after 
the given inclination, must be determined by taking account of the 
immersed and emersed wedges, which themselves occasion a vertical 

displacement of the centre of buoyancy expressed by ^ (grm + » A) 

= ^ 0. The general equation must therefore always be without the 

double + signs which Moseley places between Hj and Hg, and be 
written thus : — 

• U(0,i,) = W(Hi - JI^veTsin.d + wz. 
This equation truly expresses the work done, and whether the 



Digitized by LjOOQIC 



CHAP. XV.] BERTIN'S VIEW OF BTNABflOAL STABILITY. 297 

centre of buoyancy rises or falls depends apon whether tvz is 
greater or less than the quantity, Hj versin. + X, 

Canon Moseley, in the paper with which we have been dealing, 
employs Dupin's Surface of Motation in determining the true axis 
of oscillation of a ship, and proceeds to infer thence the time of 
rolling, &c., but it would carry us beyond the limits prescribed for 
this volume to follow him in those investigations. 

It is obvious that the relation between statical and dynamical 
stability, though always essentially the same, may be very variously 
considered. Writing the moment of statical stability, as we have 
seen, may be done in the French form, 

M = — P (n> — a) sin. 0. 

M. E, L. Bertin, in his admirable " Notes on Waves and Rolling,*' 
regards the dynamical problem as follows : — Each element of the 
" work " performed by the couple of stability P (p — a) sin. d ^ 
during an inclination of the ship is obviously equal to the differential 
of the moment P (p — a) cos. of the weight of the water displaced, 
with respect to the centre of gravity, G, and consequently with 
respect to the water's surface. Now, every change in this last 
moment corresponds to an element of " work *' — equal to and in the 
same direction as that of the weight — on the water which surrounds 
the ship. The work of the hydrostatic pressure is then fundamentally 
only the work of the weight of the portion of the liquid which 
ascends or descends, according as the centre of displacement ascends 
or descends. Upon this principle might be established the equation 
of motion 

2 m r^ being the moment of inei-tia of the floating body round the 
axes passing through the point G. "We may remark" says M. 
Beftin, " that the hull exerts on the water a reaction the work of 
which is equal and opposite to the work of the pressure; we see that 
the whole work of the forces which act, whether on the ship or on 
the water, is limited to a work of the weight; that is evident i 
priori, since the weight is the only external force in play." 

In an able and well-known memoir on " The Complete Motion of 

a Ship Oscillating in Still Water," presented by MM. Risbec and 

Duhil de Benaz6 to the French Academy of Sciences in June, 1873, 

those gentlemen presented the following view of the matter.* The 

* See NavcU Sdence, vol iii., 1874. 
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only force in play being gravity (resistance being neglected), the 
eflTective work proceeds solely fipom the vertical displacements of the 
centre of gravity and centre of buoyancy. The displacement of the 
centre of gravity is evident in itself; that of the centre of buoyancy, 
or at least the work which it causes, is not less reaL To prove the 
latter, let us consider at first a limited portion of the liquid of weight 
E, upon which a body of displacement, P, floats without motion ; the 
moment of this liquid about the surface can be expressed by the 
difference of the moment of the whole volume — ^including the dis- 
placement of the body — and the moment of that displacement; it 
will be 

(E + P)H-Pfe, 

where H equals the distance of the. centre of gravity of the whole 
volume from the surface, and h equals the distance of the centre of 
buoyancy of the body from the surface. If now we make the body 
occupy another inclined position, without altering its displacement, 
its centre of buoyancy will come to a distance h^ (other than ft) from 
the surface of the liquid ; if the latter remain invariable, it is clear, 
since the displacement is the same, that the moment of the liquid 
calculated as before will become 

(E + P)H-PAi. 

Thus this moment will have varied by exactly the quantity 
— P (fc — fei), by which also the moment of the displacement has 
varied Consequently, the centre of gravity of the liquid will have 

p 
been displaced vertically by a quantity — = (A — h^ opposite in 

direction to the displacement of the centre of buoyancy. The 

lowering of the centre of buoyancy corresponds then effectively to a 

certain elevation of the centre of gravity (and vice versd), if the free 

surface does not change; and, in consequence of the equality of the 

p 
moments (that is, the equality — P (fe — fej) = p? (A — Ai x E) the 

work of gravity in the liquid is precisely expressed by that of the 
pressure (weight taken in the contrary sense) on the centre of 
buoyancy. 

Mons. M. E. Guyou, of the French Navy, contributed to the 
Sevue Maritime et ColoniaZe (I believe in 1879) a highly interesting 
paper, entitled "Theorie Nouvelle de la Stabilite de rEquihbre des 
Corps Flottans/' which started from the consideration of a floating 
body supported by a given volume of water, like that of MM. 
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Risbec and Duhil de Benaze, and terminated with a somewhat novel 
presentation of the doctrine of dynamical stability, but one which 
perfectly agrees with the accepted theory of the subject. There is 
so much that is novel to English naval architects in M. Guyou's 
paper, that we readily give the following rather full account of it 
He lays great stress in the opening part of his paper on the imper- 
fections which have characterised the ordinary statical theories of 
stability from Bouguer downwards, and insists that the investigation 
of the equilibrium of a system is a purely dynamical problem which 
cannot be completely treated by the methods adopted by Bouguer 
and Dupin. When we speak of a material system being in equilib- 
rium, we mean, he says, that if it is made to undergo a finite but 
small disturbance it will, after a series of oscillations, necessarily 
return to its first position. Coming closer to the subject, M. Guyou 
shows, first, that if any body whatever, floating on a given quantity 
of water contained in a vessel is caused to move without change of 
trim, the common centre of gravity of the system (liquid and floating 
body) cannot descend below a certain level ; and its height above a 
given horizontal plane shall be a minimum when, the fluid surface 
being free, the body displaces a quantity of water equal in weight to 
itself He demonstrates this, and shows that when the weight of 
the liquid displaced is less than that of the floating body, the 
common centre of gravity of the system, as well as that of the 
floating body will descend ; but when the weight of the displaced . 
liquid is greater than that of the floating body, the centre of gravity 
of the system will rise. Fig. 183 (next page) represents a body floating 
within a vessel as suggested; gr is its centre of gravity, ^ is the centre 
of gravity of the fluid when the body floats as shown, G is the common 
centre of gravity of the body of the liquid, and r is the centre of 
gravity of the interior volume of the vessel below the water-line, 

LL'. C is a point in the surface of buoyancy of the floating body. 

p 
The internal volume of the vessel below LL' is equal to -, i.e., the 

(I) 

weight of the liquid which would fill it is equal to the weight of the 
system (liquid and body), which call P. M M' is any horizontal line 
whatever, and C E, gr K, r F, G D, and gr' Q are verticals let fall upon 
it The water-line, LL', will not be altered by changes of position 
of the fioating body all the time the body and the water are left 
frea Putting p for the weight of the floating body, and p' that of 
the liquid in the vessel (so that P = p + p'), we shall have, by 
taking moments 
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but 
therefore 



PxGD = p'xflr'Q + pxflfK; 
i>'xflf'Q = PxrF-pCE, 
PxGD = PxrFx|)(grK-CE); 



and if we draw through C a plane parallel to L H, and put p for the 
distance, g S, of the point g above this plane, and h for the height, 
G D, we shall have 

PA = P x rF xpg. 

The point F is fixed in the system, and we can cause the horizontal 
plane from which we take our heights to pass through it ; we shall 
then have r F = O, and then the previous equation will become 

P A = p p. 

But as the tangent plane to the surface of buoyancy is parallel to 

L U, therefore C S is a tangent to that surface at C, and p is the 

distance of the centre of gravity of the body from that tangent plane, 

perpendicular to the axis, A K. Consequently, if we take a quantity 

p 
equal to A >-, that is equal to p, and set it down from ^, upon the 

vertical, G E, we shall obtain, as the body is rotated in all directions, 
a locus of all such points as S in the figure, and these will constitute 
a surface. It will be by its construction, the locus of the feet of the 
perpendiculars let fall from the centre of gravity upon the tangent 
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planes to the surface of buoyancy, and this locus M. Guyou desig- 
nates, after the manner of French men of science, the podai/re of 
the surface of buoyancy, with respect to the centre of gravity, g. 
He calls it the surface S, and the surface of buoyancy the surface C. 
It follows from what has gone before, he says " that, if we refer the 
heights of the centre of gravity of the system to a horizontal plane 
passing through the fixed point F, the minimum value of the product 
P h, for any given trim of the body, will be equal to the product^ p, 
or the weight of the body multiplied by the radius vector of the 
surface, S, corresponding to the axis of trim (orientation)." 

M. Guyou next considers, in an extremely interesting manner, 
the dififerent forms which the surface S can take in relation to the 
surface C. If the centre of gravity is situated within the surface of 
buoyancy, as shown in section in Fig. 184, the curve S everywhere 

It 



envelopes the curve C, and therefore the point g also. S S' and S'" 
are points in the former curve, and C C" points in the latter. Wher- 
ever the radius vector drawn from g is normal to both curves, the 
two curves touch. 

If the centre of gravity lie outside of the surface of buoyancy, as 
shown in section in Fig. 185, the curve S has an internal loop. Let 
gA. and ^ B be tangents drawn from g to the curve C, and g D and 
9 E be perpendiculars to these tangents. These lines, g D and g E, 
are tangents to the internal loop of the curve S. This loop 
corresponds with the arc, A C B, of the curve of buoyancy C, and 
with negative values of p, g being below the centre of buoyancy ; 
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the larger or external loop corresponds with the are, AC B, of the 
curve Gf and with positive values of p. By the device of adding to 

Fig,lj85. 



D\ 



\S' 




the values of p a constant quantity greater than the greatest of the 
negative values, the author can transform the surfeice S into another 
surface, 2, which will have radii vectored always positive, so that 2 
will always envelope g. The surfaces C, S, and 2, will have all their 
normals on common axes. 

We now come to a very imaginative device of M. Guyou, 
adopted for the purpose of indicating the limits and circumstances 
of the stability of tibe floating body, observing that he resorts to it 
for the purpose of imparting clear conceptions of his meaning when 
he speaks of TwrmaZea maxiToa, normcUea mirmna, and Twrmales 
mixtes — ^which latter Dupin, it will not be forgotten, endeavoured, by a 
like process, to elucidate. Let us imagine, says M. Guyou, that from 
about point g as centre we describe a sphere of less radius than the 
least of the raciii vectored of the surface, S (Fig. 184), and let us suppose 
that th& radius of this sphere gradually increases. There arrives a 
moment when, as it grows, it will touch internally the surfiace, S, 
and to the point of contact will correspond a minimiun normal Ab 
the sphere still gi'ows on, it will intersect the surface, S, in a line, 
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surrounding on all sides the foot of the normal. But instead of 
speaking of 'intersection," let us imagine our sphere to be a sphere 
of liquid, so that as it first touches the dry interior of the surface, 
S, it begins to wet and submerge it. If it enlarges sufficiently it 
will ultimately submerge the whole interior of that surface, but 
before this expansion is reached, and after it has begun to submerge 
parts of the surface, S, the latter will be divided into isles and lakes. 
K Sq be the foot of the minimum normal which the sphere has first 
touched, th^^ will gradually, as the sphere expands, be formed 
round S^ a little lake ; and as the sphere grows, the lake will extend, 
the tongues of land always receding, and there will arrive a moment 
when the original lake will be on the point of joining another. To 
the point of junction there will correspond a mioced normal, and it 
will obviously be relatively near to a minimum normal If p^ be 
the length of the minimum normal, and p^ the length of the neigh- 
bouring mixed normal, we see that, so long as the radius of the 
sphere is comprised between p^ and p^, the lake around S^ can 
contain only one minimum normal ; and, on the contrary, when the 
sphere's radius exceeds p^, the lake will contain at least two normals 
of this character. 

Further, let us suppose that at the precise instant when the 
radi«s of the sphere is equal to p^', we join the point, g, by straight 
lines with every point in the circumference of the lake surrounding 
So ; we shall tiius obtain a perfectly defined cone, which may be 
properly called the ccme of stability corresponding to the axis, g S^. 

Returning now to the body, of weight p^ floating in a given 
vessel containing a certain quantity of liquid, and putting H for the 
height of the centre of gravity of the system (of weight P) in any 
position whaitever in which the free surface of the fluid is not 
horizontal, and letting the trim and the elevation of the floating 
body be any whatever, and calling B a quantity such that we have 

PxH = px E; 

if we further call h the minimum height of G for the given trim of 
the body, and p the corresponding radius vector of the surface, S, 
we have, as before, 

and as H is greater than %, B must also be greater than p. Con- 

(P y TT\ 
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we trace a liquid sphere, the point, S, where the vertical axis through 
g pierces the surface, S, must be submerged ; and if the radius, R, 
is less than the greatest radius vector of the surface, S, the liquid 
sphere will detach upon this surface a certain number of lakes, into 
one of which will descend the actual vertical axis through g. And, 
still further, if we now suppose the system to receive a movement 
such that the product, P x H, could not surpass the value, p X R, 
it is evident that the body could not at any time take an inclination 
such that its vertical axis through g would pierce the surface, S, 
outside of the lake which we have defined. Consequently, the 
oscillations of the body about the vertical would be limited by the 
cone before referred to. 

Still keeping in view the system of a given body floating in a 
fixed quantity of fluid in a vessel, we know that the pressures upon 
the sides of the vessel balance each other, and the pressure upon the 
free surface of the fluid is also balanced. Presuming the weight 
above to be acting, let us assume the body to be floating in 
equilibrium, and therefore with a minimum normal, which we will 
call Pq, then, in the case of any small disturbance from the position 
of equilibrium, either of the liquid or of the floating body, which 
converts the height, h^ of the centre of gravity of the system into 
Hq, and impresses upon the system a certain via viva, which may he 
written SmvJ, and if the system be now left to itself, "the laws of 
the movement which the liquid and the floating body will undergo 
will depend," says our author, "on a multitude of circiunstances 
that we cannot analyse with precision, but this movement will 
necessarily fulfil the equation — 

^(im^ - 2mvj) = P X Ho - P X H;*" 
^Smi)2 + PxH = ism?^ + PxHo (a) 

|Smt;? + PxHo = jpRo, 

* "The difference between the aggregate work done upon the machine daring 
any time, by those forces which tend to accelerate the motion, and the aggregate 
work, during the same time, of those which tend to retard the motion, is equal to the 
aggregate number of units of work accumulated in the moving parts of the machine 
during that time, if the former aggregate exceed the latter, and loss from them daring 
that time if the former aggregate faU short of the latter."— IfMeicy. The work 
accumulated by a freely-falling body, and which it is capable of reproducing, is eqoal 
to one-half ita via viva, as we have previously seen. 



or, 
Putting 
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this becomes, 

As ^ ^mi^ is essentially positive, we shall always have 

PxH<2>xRo. 

Consequently^if from </ as a centre, with a radius equal to E^^ we de- 
scribe a sphere, this sphere will detach around the primitive normal^ 
/90, a lake, and the cone formed by joining its contour at every point 
with g will define the limit beyond which the vertical axis of the 
floating body cannot pass during its oscillations under the conditions 
prescribed. In returning to its initial position (in which H^ again 
becomes h^y the work performed must be equal to P x H^ — P X A^j, 
and the vis viva imparted must be 

2 2mvJ; and as P x ^o = 3^ X Po» 
we have 

gSmvJ + Px Ho-Pxfeo=P xRo-i)po=P(B'o-po)- • (^) 

It will be seen from this that if the work imparted to the. system be 
small, the radius, R, will be but little greater than the primitive 
normal, p^, and the cone of oscillation will be very small — ^a property 
belonging only to positions of equilibrium which correspond to 
minima normals. The author demonstrates the reverse of this for 
maxima normals, and shows that for mixed normals the sphere 
described with the radius, R^, exceeding as little as we please the 
normal of equilibrium, will always cut off a lake of finite extent, 
composed of two parts united by a narrow strait. 

In showing that a body slightly disturbed from a position of 
equilibrium corresponding to a minimum normal, will return neces- 
sarily to that position, M. Guyou observes that if, instead of imagining 
a material system to be perfect, we consider a natural system, it 
becomes necessary to introduce into equation (a) a term representing 
the work of the passive forces, and we have 

I Smv^ + P X H + ^ = ^ Smi;? + P x Ho- 

If we cut off P Aq, having regard to equation (6), we shall have 

l^mv^ + ?(U-K)=p{R,-p,)-4>=p(R,-^-p,). . (c) 

20 
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represents in this formula the sum of the passive forces exerted 
during the interval, t — tQ; therefore it is essentially positive. Let 
us suppose that at the instant, t, the system again becomes perfect, 
and let us call 2mt/^ its via viva, and H' the hejght of the centre of 
gravity at the instant, f , posterior to tj we should have 

I 2mt/« - I Stim;* =» P x H - P x H'; 
or, 

|Sww^ + Pxff-PxA^ = |smt^ + P(H-.A^. 
And finally, having regard to equation (c), 

|2mtf^ + PxH'-P;io=P(B^--|--/0 (d) 

This equation has the samo form as (b), and we see, as before, that 
the movement which it represents is limited by the cone of oscilla- 
tion obtained by describing the sphere with a radius, R, equal to 

R^ - ^ ; that is to say, by a cone less open than that in which the 

system would have oscillated if the passive resistances had not 
diminished its vis viva. In other words, the passive resistances 
have to some extent dried the lake. 

Now, if Pq be a minimum normal, p^ the nearest mixed normal, 
and the energy imparted to the system such that R^ shall be less 
than Pq\ it follows from what has gone before that the lake corre- 
sponding to this case will surround p^, will gradually dry up, so to 
speak, and the cone of oscillation will close up round p^ until it 
becomes identical with that normal, when we shall have (from 
equation, d), 

and necessarily, 

2m't;'2z=:0,andH'=:/v 

In fact, the second member of equation (d) being nothing, the body 
must float with Pq upright ; and as in this position H' is always at 
least equal to A^ the first member can only become nU when 
H' = Hq, and the vis viva is also nil. The equilibrium is, of course, 
stable. If the energy imparted to the system be such that the 
Initial cone of oscillation passes beyond the cone of stability, tha 
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two 

correspondiDg lake would comprise at least (^minima normals, and 
whether the body will come to rest (as the lakes are dried up by the 
diminution of the oscillations), with the axis of the cone of oscilla- 
tion remaining in one or other branch of the lake, will depend upon 
whether it happens to be situated in the one or the other at the 
moment when the strait between the two lakes is left dry. The 
body will come to rest with the minimum normal situated in the 
lake in which the axis of the cone of oscillation remains in an 
upright position. The body may therefore capsiee. 

In order that the floating body may not capsize it is necessary 

that g J^mvi + P (H^ - h^) shall be such that B^ shall be less than 

PqI but we have 

I SmvJ + P (Ho - h,) =2> (Ro - />o); 

the maximum " energy of stability " wjhiich the body can receive 
without capsizing is therefore equal to p (p^ — Pq\ i.e., to the work 
which would be done by the weight of the body falling through the 
height, Pq - Pq. 

Therefore, if p^, Pi, Pfp are different minima normals that 

can be drawn from the centre of gravity of the floating body to the 
surfikce, S (or to its surface of buoyancy, C), and p^', p/, p^\ .... 
are their neighbouring " mixed normals," the energy of stability of 
the equilibrium (which is the minimum energy which the body can 
receive without capsizing) corresponding to any normal p of the 
first series will be equal to the work which would be done by the 
body felling through a height, p' - p. 

By a similar process of reasoning M. Guyou demonstrates that 
under all circumstances it must be with a minimum normal alone 
upright that the body can come to rest, and that equilibrium about 
either mixed normals or maximum normals is impossible in nature. 

All the foregoing principles are applicable generally to the 
equilibrium of floating bodies, in open water as well as elsewhere, 
because the previous investigations have nowhere been dependent 
upon the dimensions of the containing vessel, or upon the quantity 
of water employed. 

It will be seen that the whole treatment of stability by M. 
Guyou is thoroughly dynamical, and therefore contrasts strongly 
witii the ordinary English methods of treatment, which were almost 
whoUy of a statical character up to the time of the appearance of 



Digitized by LjOOQIC 



308 



STABILITY OF SHIPS. 



[chap. XV. 



Canon Moseley's Royal Society Paper in 1860. M. Guyou's method 
obviously admits, as will be seen^ of special application to the measure- 
ment of what is known among ns, since Moseley's time, as the 
Dynamical Stability of Ships, or the work performed in indining 
them through finite and large angles. In giving it this application 
it becomes desirable to abandon the generality of the previous 
investigations, and to limit our inquiry to the case of inclination 
about a given longitudinal axis. 

Fig, 186 represents a transverse plane through the centre of 

gravity of the floating body; 
^^•^^- let Co, Ci, C^ indicate the 

curve of buoyancy of the ship ; 
S(p Si, S2, the podaire of that 
curve, or M. Guyou's curve, S; 
and let C, and S, be two 
corresponding points on those 
curves. The righting couple 
tending to return the body 
from the position in which 
^ S2 is vertical, to the upright 
position shown, in which g S^ 
is vertical, will have for its 
moment, p x g A^, which is 
equal to 2? x Cj Sj. Further, 
the work done in inclining 
the ship from gS^ upright, to gr Sg upright, we have seen to be equal 
to pigSi" g Sq) ; if, therefore, in accordance with the usage 
previously adopted, we call the arm of the lever of dynamical 
stability the quotient obtained by dividing the work requisite for 
inclining the ship by p, we shall have the following rule for 
determining in practice the two arms or leverages of a ship's 
stability, viz., C being the centre of buoyancy corresponding to the 
given inclination, if we draw at this point the tangent to the curve, 
C, and let fall from the point, g, a perpendicular, ^S, upon this 
tangent, the line C S will represent the arm of the lever of statical 
stability, and the excess of the other side g S (which with C S 
forms the right angle) over the distance ^S^, that of dynamical 
stability. 

M. Guyou remarks that the quantities, gS, g S^, and C S, are 

given directly by the tables employed in the calculations of stability. 

He then proceeds to compare the rule just enunciated with the 
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ordinary rule — a comparison which is hardly necessary, as it is 
obvious that the difference between g S and g S^ is the measure of 
the vertical distance through which the centres of gravity and of 
buoyancy have become separated by the inclination, and that is 
with us, as well as with the French savants, the measure of dyna- 
mical stability. He proves that the arm of the lever furnished by 
the integration of the curve of stability is equal to the increase of the 
radius vector of the curve, S. In doing this he employs Kg. 187, in 
which Cj and C, are the points 



F%gJiS7. 




of the curve of buoyancy, C, 
infinitely near each other; m C^ 
and mCj are the two corre- 
sponding normals to that curve, 
and m is its centre of curva- 
ture. Let fall ^Aj and g A^ 
perpendiculars from the point, 
g^ upon the said normals, and 
draw AjB^ perpendicular to 
g Ay Neglecting a veiy small 
quantity of the second order, we 
shall have 



K^B^=gK^de. 

Describe from the point, m, as 
centre, the infinitely small arc, Aj A/, and consider, as we may, that 
Ci Cj is also an arc of a circle about m, and consequently, m Cj = m Ci; 
therefore. A/ Cg = A^ Ci, and Ai' Ag = Cg A, — C^ Aj; and, finally, if 
we observe that gr 82= Cj Aj, and </ Si = Ci Ai, it will follow that as 

A/A^ = AiBi = flrAid0, 
we shall have 

gA^dd=:gS -gS^^^dgS; 
and therefore, integrating fi*om zero to 0, 

fgA^de = gS^^gCo, 
J 

which is the equality that was to be established. *' We see, there- 
fore," says M. Guyou in conclusion, " that it is useless to make for 
each inclination the graphic integration of the curve of stability in 



Digitized by 



Google 



310 STABILITY OF SHIPS. [CHAP. XT. 

Older to obtain the arm of the lever of dynamic stability for ships: 
this arm can henceforth be taken either on the drawing by a mere 
opening of the compasses^ or from the tables employed in cidciilating 
the elements of statical stability." 
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CHAPTER XVI. 

M. Daymard's Process of Stability Calculation — Pantocartees Isoclines — Fundamental 
Formnl» — Constraction of Pantooar^es — Isocar^es Pantoclines — Deduction 
of Righting Levers from these Curves—Relation between Righting Levers and 
Co-ordinates of Centres of Buoyanoy— M. Daymard's Method of Operating — 
Graphic Process t for Facilitating the Work— Auxiliary Curves — Tracing out 
of the Pantocartee. 

It has already been stated (in chapter iv.) that M. Daymard, of 
Marseilles, has devised an exhaustive process of stability calculation, 
in which curves passed through the extremities of what we have 
called the B Ws, for different draughts of water, and for successive 
angular intervals (see Fig. 38, page 55), form a fundamental element. 
In explaining his process,* and the considerations which led up to 
it^ M. Daymard states that it was while he was pursuing the investi- 
gations of his father-in-law, the late M. de Ferranty, that it first 
occurred to him to join by continuous lines the extremities of the 
arms of the',.righting levers (presuming the centre of gravity to be 
identical with the centre of buoyancy) corresponding to the mxme 
cmgle of i/nclinc(ii4m. He perceived that if he had, for all angles 
from 10** upwards, the curves thus drawn, which he proposes to call 
curves of stability, " Pcmtocarines isoclmea^ he could obtain from 
them at once, and with complete exactitude, and for all possible 
oaseSy the usual curves of statical stability. 

Having obtained the means of determining the two extremities 
of each " Pantocarene" and of calculating directly, and in a 

* In a communication to the author, and subsequently in a paper contributed to 
the Institution of Naval* Architects, session 1884. 
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mathematical manner, as many intermediate points as he wished, 
he prepared a sample table of calculations by means of which he 
could, in a comparatively short time (about 40 hours) arrive at the 
complete representation of these curves for a ship, at intervals of 
10^ from 0° to 180°, and for all draughts of water, and consequently 
at the entire solution of the problem of the stability of the ship. 

The fundamental formula of statical stability for a ship of dis- 
placement P, is 



Vp= io X HH'-Pasin. 



(1) 



in which p is the righting lever, G R, cd is the displacement of either 
of the two equal wedges, F I/, LI i (Fig. 188): H H' the distance 

Ftff.I88, 




along fl, between the perpendiculars from the centres of gravity 
g and g\ of these wedges ; and a the height of the centre of gravity 
above the centre of buoyancy. 

Therefore, 



Also, 



p = pX HH' — asin. 6; or 

W 

2>=y-xHH' — a sin. 6. 

W and V being the volumes corresponding to w and P. 
GR, orp = CK- CQ; andCQ = asin.e; 
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Consequently, 



GR=^xHH' 



(2). 



The length CK, would be the righting lever itself, if the 
centre of gravity coincided with the centre of buoyancy (when 
a = 0); calling it 6, we have 

b =:p + a sin. d . . . . (3). 

From this formula (3) it is easy to construct (for a given displace- 
ment) a curve such as that described in chapter iv., Figs. 36 and 37, 
"which represents the value 6 (or B R) at successive angles of 
inclination ; then^ for each value of a, to trace (as is also done in 
the figure aforesaid, viz., Fig. 36, chapter iv.) the curve representing 
a sin. 0; the algebraic difference of tJie ordinates at the same angles 
gives the ordinates of the usual curve of stability, or of values of p. 
M. Daymard dispenses with the tracing of the auxiliary curves 



ng.l89. 





(A B and C D, Fig. 36) in the following manner : — Suppose that, by 
any method, we have obtained the values of b at lO** inclination, for 
a series of centres of buoyancy, Ci, Cg* C3 . . . sufficiently close 
together (Fig. 189); we can draw, in the vertical section, and to a 
convenient scale, the righting levers, Ci Kj, Cg Kj, C3 Kg . . . . 
corresponding to successive values of b, parallel to each other, and 
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respectively equal say to bi^^ b^^^ V^ &c.; joining the points 
Ki, Kji, K3 . . . we shall have a curve from which we can 
at once obtain intermediate values of by by drawing from any 
point C^ within the limits Cu C,, C3, a straight line parallel to 
Ci Ki . . . till it meets K^, K^ K, in K^. The length, C, K« 
will represent for 10** inclination the value of the arm of the lever, 
6^ for the displacement whose centre of buoyancy is, C^^ in the 
upright position. On account of this property M. Daymard gives to 
the locus, E1E2K3 . . the name "Curve of geometrical 

stability Pantocarfene," at 10° ; or, by abbreviation, "Pantocartee*' 
at 10°. 

This Pantocar^ne at 10° is also the locus of the feet of perpendi- 



Fiff.191. 




^^ 



culars let fall from the upright centres of buoyancy, Cj, Cg, C, (Fig. 
190) upon the normals C'iJi,C'2J2, . . . C'^J«»tothe water- 
line at 10° inclination, drawn from the corresponding centres of 
buoyancy, Ci C'a . . . C'^ in the oblique position. 
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Supposing a series of Pantocar^es for 10% 20"" » . . 170% 
180° incUnation to be traced, the general appearance of these curves 
for vessels of ordinary form is indicated in (Fig. 191), and they can 

be employed as follows : — If from any pointy C^ (Fig. 192) of the 

\ 




vertical axis, taken as the centre of buoyancy of an upright displace 
ment (known from ordinary calculations), we draw radii vectoraii 
inclined at 10% 20^ . . . 170° and 180° to the horizontal, till 
they meet at cs )3, 7 . . . the corresponding Pantoearkiesi w« 
obtain a series of values of b from 10° to 180° at intervals of 10° ; 
and if G is the centre of gravity of the ship, by describing ou 
C^ Q, =s a, a circle which has for its polar equation (C« being the 
pole) p = a sin. 9, the values ot p,OTb — a sin. 0, are then the 
portions, aoy b fi , . . &c. (of the radii vectores) intercepted 
between the corresponding Fantocarene and the circumference. 
These lengths can be taken directly from the figure, if we desire to 
draw, with rectangular co-ordinates, the curve of values of jp, i.e^ the 
usual curve of stability. 
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M. Di^ymard now takes another important step— Passing a con- 
tinuous line through the points, a, j3, y . . . (Fig. 193), he obtains 




the curve of values of 6 in polar form« That curve is closed (with 
or without loop) at its pole, C^, the centre of the upright displace- 
ment, and it is also the locus of the feet of the perpendiculars let 
fall from C^ on the tangents, aa\ jS/S", yy' . . ., to the metacentric 
evolute, which tangents are normal to the successive inclined water- 
sections, and are drawn through the corresponding oblique centres 
of buoyancy. He gives the name of ^ Isocarine Pantodine " to the 
locus, a, /8, y . . ., &c. It results that the values oip are the portions 
of the radii vectores intercepted between the circumference described 
on C^G (Fig. 192) as a diameter, and the "Isocar^ne Pantodine" 
curve. It will be obvious that this curve, when drawn, enables us to de- 
termine with what height of centre of gravity the stability will vanish 
at a given angle, M C,^ O (Fig. 194), for, by describing through the 
points, C^ and O, a circle having its centre on the axis, C^ O, the 
extremity, G, of the vertical diameter is the limit of height which 
the centre of gravity must not exceed, in order that the stability 
shall not vanish before the inclination, M C^ O, is reached. More- 
over, with the Pantocarfene at angle, 0, viz., the curve, PC| (Fig. 
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195), we can see at once the variation of j} at d inclination when the 
draught of water varies. We have only to draw AB parallel to the 
axis, T Q, at the distance, M N = a sin. cos. 6\ for any centre of 
buoyancy, C^, p is the portion, t K, of C^ K, drawn at the inclina- 
tion, 0, intercepted between AB and the pantocarene. Also the 
centre of gravity, G, being supposed fixed in 
the ship (Fig. 196), we obtain p for the Pig.i9G. 

inclination, d, and the displacement whose 
upright centre of buoyancy is C^ by drawing 
G R inclined to T Q at the angle, ; the value, 
p, is the portion, K8, of C^Ks drawn at 
inclination, intercepted between the panto- 
carene and the straight line, G R 

The pantocarene curves by furnishing the 
points, o, )8, y . . . (Fig. 193), for a given dis- 
placement, enable us to obtain the meta- 
centric evolute which is the envelope of the 
straight lines, aa, /8)9', y y' . . ., of which we 
know the direction ; and, the ordinaiy calcula- 
tions supplying the position of the metacentre, 
w, for the upright flotation, we are able, using 
the property of evolutes, to trace the involute, 
C, C", C'", or the locus of centres of buoyancy 
at various inclinations and with a constant displacement. ^In 




Digitized by 



Google 



di8 



STABILITY OP SHIPS. 



[chap. XVL 



short, our curves give," says M. Daymard,' "for any draught of 
water, and whatever be the position of the centre of gravity, not 
only the usual curve of stability, but also all the elements of stability 
which can be desired for all inclinations. They are, so to speak, the 
synthesis of the series of metacentric evolutes, and form, with the 
loci of centres of buoyancy at a given angle, on the one hand, and 
with the isocar^nes pantoclines, the metacentric evolutes, and the 
successive centres of buoyancy of a given displacement, on the other 
hand, a double system of curves (Fig. 197) capable of being deduced 



Fiff.197. 




one from the other, but of which they, the pantocarfenes, are the 
most useful for solving problems of naval architecture." 

In Fig. 197 the curves marked A are curves of stability, " Panto- 
carene-isocline," i.e., for varying displacements and constant inclina- 
tions. Those marked B are loci of centres of buoyancy for varying 
displacements and constant inclinations. Those marked C are loci 
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FigJBS. 



of centres of buoyancy for constant displacements and varying 
inclinations. Those marked D are curves of stability, '' Isocarene- 
pantocline/' iwe., for constant displacements and varying inclinations. 
Those marked E are ordinary metacentric evolutes. 

Considering floating bodies of geometrical form, their pantocarenes 
are of a very simple nature; for prisms of circular or polygonal 
section they are straight lines, branches of hyperbola, or algebraic 
curves of a degree not exceeding the fourth. 

From Fig. 198 may be seen the relation between the values, b, 
of the arms of the lever, and the 
co-ordinates, Y and Z, of the 
corresponding centres of buoy- \ 

ancy; 

5 = Y COS. + (d - Z) sin, (9, 

d being the distance from the 
water-line, FL, of the upright 
centre of buoyancy, C. Panto- 
carenes can theyefore be con- 
structed from the calculations 
giving Y and Z; but altogether, 
it is more convenient to get 
directly the values, 6, in the 
manner to be presently indicated. 

The two extremities of each 
pantocar^ne are very easily deter- 
mined, and that circumstance greatly facilitates the tracing of these 
curves. In the first place, all pantocarenes converge to the centre, O, 
of the total volume of the ship (centre of bulk) ; for, when the floating 
body is totally submerged, the centre of buoyancy, whatever the 
inclination, must coincide with the centre of form. On the other 
hand, with the displacement continually decreasing so as to arrive, 
as a limit, at displacement = 0, the ship in that extreme case (only 
possible as a geometrical conception) will be inclined by rolling on 
her midship or lowest section, the lowest point of which is the limit 
of the locus of the centres of buoyancy when the displacement tends 
to zero. It follows that by letting fall from the top of the keel, Q 
(Fig. 199), a perpendicular, QP, upon the normal, MN, to the 
midship section, inclined at an angle 6 to the axis T Q, the inter- 
section, P, is the second limiting point of the pantocar^ne at 0. 

For the calculation of intermediate points or values of h for a 
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series of draughts of water and various inclinations, M. Daymard, 
following M. Beech, dispenses with water-lines corresponding exactly 
to a given displacement, and makes his calculations for inclined 
planes of flotation, radiating from a given point of the axis, and 




respectively inclined to the horizontal at 10^ 20^ . . . 170**, 180*. 
By a process of reasoning somewhat resembling that pursued by M. 
de Ferranty in chapter xiii., and using a similar notation, he demon* 
strates the equation, 

W X Hi H/ = uh + ult - {ic - u') d sin. 6. 



Consequently, 



, lih + u'K — d)d sin. 6 

* = " — ^v^r^ 



• • (4); 



(in which </> is the difference between the wedges of immersion and 
emersion) — ^a formula of which we can compute all the quantities in 
the second member by means of ordinates, starting from V (a point 
in the axis) and by mathematical methods enabling any degree of 
approximation to be obtained. 

The mode of operating is described by M. Daymard as follows : — 

After having made for the upright vessel, and for the total volume, the ordinaiy 
calculationa by means of horizontal water-lines giving the displacement scale, curves 
of centres of buoyancy, and metacentric heights, let us choose on the vertical axis 
different points, U, U', U", . . . (Fig. 200), which can be named points of stationa ; 
and for each of these points, such as U, let us perform the following operations : — 
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Draw from 0** to 00° a series of straight lines representing the traces of radial 
planes equidistant angularly, {in practice, $ = 10°); take on those traces, starting 
from U, the ordinates of the equidistant aections (generally 20 in number) on the side 




of immersion (Ij, as well on the side of emersion (E), and|[draw up a table like that 
annexed,* containing the ordinates (I) and (E), their squares, their cubes, the sums, 
SI, 2E, 2(P), S(E»), S(P), 2(E»), and the quantities, [S(I)«-S (E)T = 5 
S (P) +'2 (E*) = 0" ; we shall then have the necessary elements for calculating a series 
of values of b. 

For, in the successive radial planes we have, by the usual formula of polar 
integration, Ax being the interval of the sections, A ^ the arc of 10° in a circle with 
radius, 1: 

At 10°:^io = -Aa;Adx «i. 

20° : ^20 = I AarA^ (2 ai + «,). 

30° : 080 = 1^ AxA ^ (2 «! + 2 a, + is)- 



Finally, at 



[n X 10° : 0(«x 10) =^(—1)10 + 4 ^^^^ (^»-l) + V' 



90° : 09 = 08 + 4 AxA^ (^8 + *9), 



giving for index to ^ the figure which represents the multiple of 10°, at which the 
corresponding radial plane is drawn. 

Knowing 0, we shall have (V + 0) for each radial plane, V^being given by the 
diBplaoement scale. 

On the other hand, the curves of heights of the upright centres of buoyancy 
supply the distances, di and d^, from FqLo of the centres coireaponding to V and to 
(V + 0), and by the rule of moments we have. 



* See end of Volame. 
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0d = Vd,-(V + 0)d,; 



it remams only in the formula ; b s 



uh-hu'hf - 4>ddn.e 



to calcnlate uh + u'h*. 



Then a very simple analysis made by taking the moments of the elementary 
wedges relative to the radial plane under consideration, shows that calling Mi, Ms • • . 
the sums, uh + u'h\ and adopting lor indices of M and <r the same rule as for ij we 
have, 

for 10** Mi = i Aa5A^(<ri + eo008. 10*). 



20* : Ms s ^ Aa;A0 (<r, + 2 ei cos. 10* + iro oofl. 20°). 

D 

30" : Ms a I Aa?Ad (<ra + 2 e. cos. 10* + 2 <ri oos. 20* + ^ro coe. 90^. 



n X 10* : M,. = I A«A^ [<r„ + 2 *r^^iy cos. 10* + 

+ <yo oofl. (n X 10)*]. . . . 
Finally, 

90* : M9 = g^ ^xAe(^9 + 2 ^rg cos. 10* + . . . 



2 <ri cos. (tt - 1) 10- 



2 <ri cos. 80°). 



FiffJSOL 



We can obtain the values. Mi, M^, . . . rapidly by a graphic process ; for that 
purpose we draw through the vertex, O, of a right angle, LOB (Fig. 201), a soies of 

radU inclined 10*, 20^, ... 80*, to the 
horizontal, OR; we describe from O as a 

centre, arcs ¥dth lengths, ^ ^o» o'ls ^k • • - '•! 

to a convenient scale; and the distances 
from OL of the intersections of the radii 
with the arcs, give us the series of valnes, 
oTf^ cos. ke, of which are formed the quanti- 
ties. Ml, M2, • • . Mg. 

We have then for each radial plane, fl 
(of angle, 6, and volume, V + 0), the "geo- 




M — ^dtan. 

V + ^ 



metrical arm of lever," h = 

Drawing through the centre, Ci (Fig. 
202), of the upright hull a parallel to /*/, 
and with the length, Ci K = 6, the point, 
K, is one point of the pantocardne, B. 

We determine, besides, a second poant 
belonging to the pantocar^e (180 - &)• For each oblique water-line, /2, cuts off two 
distinct hulls ; one inclined B of volume (V -{- ^), the other inclined (180-6)^ having 
for volume [Vi - (V + 0)], V being the total volume of the floating body. 

Let C2 be the upright centre of the volume [Vi - (V + 0)], the arm of lever, fr,, 
corresponding to Cg, and inclination (180 - B\ is given by the equation— 



Di(V-H0) 
Vi - (V 



^... . ^) -| 



sin. d - 6 , 



(V + 0) 



\ = \P^ -r vrzxv-r^)J — — - Vi~r(V + 0)' 

Di and Dj being the distances of Oi and C2 to the centre of bulk, 0. 
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This equation is easily deduced from considerations of elementary geometry. 

In fact, the series of radial planes from 0^ to 90** supplies a series of values of b 
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and corresponding points of pantocar^nes for all angles, at intervals of 10°, from (f to 
I80^ As from 180° to 360^ the elements of tbe stability are symmetrical, havijig the 
same values as from 180° to 0% we may conclude that tbe radial planes from 0** to 
90° give tbe results for all possible inclinations. 

Having thus determined as many series of points, K and E^, as we have con- 
sidered stations, U, we should be able to trace out the pantocar^es. 

It will be useful, however, first to join the points, K and K^ given by a single 
station ; by virtue of the continuity of the lines of the ship, the curves so formed 
ought to show a certain regularity. Moreover, they should pass through the centre 
of bulk, 0, because whatever be the station, we return by the radial plane at 90" to 
the longitudinal plane of symmetry, and to the half vertical volume of the ship. 
Those conditions should check the results of the calculations. These auxiliary curves 
will have the form (X) or Qi) (Fig. 203), according as the station is below or above the 
centre of bulk. 

What we have said about their continuity can be more or less invalidated, when 
the ships are of unusual foims, with armoured breast- works or other peculiarities, but 
in that case we can, by proceedings analogous to those which we apply to the 
calculations of surfaces bounded by discontinuous curves, make use of radial planes 
placed more closely together, and meeting the intersections of the deck with the 
sides. 

In any case, after having completed the operations for the number of stationB 
deemed necessary (practice proves that the knowledge of the terminal points for 
three stations suffices in ordinary cases), and traced enough curves of the kind (x) or 
(^), it only remains to join the points, E, corresponding to the same inclination, and 
to prolong, when necessary, the lines so obtained, on one side to the centre of bulk, 
on the other side to the ending point, which we have given the means of 
determining. 

We have then completed the pantocar^es of the ship. 

The sample table of calculations found herewith will supply, we hope, sufficient 
explanations to elucidate what our exposition may have left incomplete or obscure. 

This table contains every calculation for one station. With little assistance, 
one person may fill it in eight hours, all included. That corresponds to the complete 
tracing of the pantocar^nes, by 10® intervals firom 0° to 180°, in about forty hours. 

We may remark that any method giving a sufficient number of arms of lever, 
CE, would enable us to trace the pantocar^es, and also in the case where these 
arms of levers have been found by inclining a model ; a process open to objections, 
but nevertheless sometimes used. 

Our table, of course, can be used with ships designed to any condition of trim. 
But we reserve the explanation of the means of obtaining from the pantocar^nes 
corresponding to the horizontal keel the measurement of the stability, whatever be 
the trim. 



Digitized by LjOOQIC 



CHAP. XVII.] 325 



CHAPTER XVII. 

Amsler-Lafifon's Mechanical Integrator — Description of the Instrument and Expla- 
nation of its Principle— Readings for Area — Readings for Statical Moment — 
Readings for Moment of Inertia — Improvements by Dr. Amsler — Dr. Amsler's 
Method of Using the Integrator in Stability Calcolations^Specimen Cal- 
culations. 

We propose in this chapter to give a description of Mr. J. Amsler- 
Laffon's Mechanical Integrator, an instrument which, as has been 
previously stated, is of especial value in Naval Architecture for cur- 
tailing calculations which, when otherwise made, are both lengthy 
and tedious. It is now largely used ill the profession, as it possesses 
advantages which cannot be neglected. Greater accuracy is obtained, 
as the instrument records quite as correctly for a discontinuous 
curve as for a continuous one ; and, operating mechanically, is but 
little liable to error. Much less work is necessary, as by the move- 
ment of a pointer round the boundary of any figure we determine 
readings for the area» statical moment, and moment of inertia, and 
therefore, there is a great saving of time and labour. The work by 
its aid may be performed by comparatively unskilled labour subject 
to skilled direction, with an occasional check on the accuracy of the 
instrument, as a broken pivot-point, or some small mishap, may give 
rise to very erroneous and curious readings. 

It is therefore necessary that the instrument should be carefully 
handled in placing it on, and taking it off the drawing board, its 
bearings should be kept clean and free from dust ; and should any 
inaccuracy in the readings reveal itself, the adjustments should not 
be tampered with by any but an expert instrument maker. As to 
unskilled labour being employed on the several calculations for 
which the instrument is used, we may observe that drawing-oflSce 
apprentices are usually so employed, and generally the younger 
lads. Although in most private shipbuilding establishments these 
lads are now required to pass an examination, similar to that which 
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candidates for Shipwright Apprentices in Her Majesty's Dockyards 
undergo, they need only possess sufficient intelligence to become 
acquainted with the instrument, take the readings correctly, record 
them in prepared tables, and to perform the simple arithmetical 
operations necessary. This is more especially the case, when we 
employ the tables prepared by Mr. MacfSsLrlane Gray, where each 
step is indicated in a dear and simple manner. 

On reference to Fig. 204,. it wiU be seen that the instrument 
consists of a pointer rigidly connected (so far as horizontal motion is 
concerned) to a disc formed by two arcs of circles described 
about the same centre with different radii To each of these arcs, 
pinions are geared, and so placed that the three centres are in a line 
perpendicular to the axis. On the radii of these pinions, roller 
wheels are fitted, and each wheel is connected with a counter, so 
that they record the spaces traversed by their respective pinions. 
These vital parts, as we may call them, are secured on a carriage, and 
balanced by means of a weight, d. The whole instrument is made to 
run on wheels, in order to reduce the friction which would take place 
if sliding motion occurred, and is confined to rectilinear motion, by 
means of these wheels running in a Y-shaped groove along a steel 
batten fixed parallel to the axis, about which we wish to determine 
the statical moment and moment of inertia. 

It is evident that for any angular motion, a, of the circular arc, each 
pinion has an angular motion, jS, such that a and )8 are inversely 
proportional to the respective radii The principle of the machine will 
be more clearly seen by taking any one of the pinions in combination 
with the corresponding circular arc to which it is attached. Let 
A B, Fig. 205 (next page), represent the axis of the instrument ; 
D E, the arc to which the pointer is attached, and F G, the pinion 
geared to the arc, D E. It will bje seen from the preceding remarks 
that the centre, C, is free to move along the axis. Taking n: las 
the ratio of the radius of D E, to that of F G, and c as a constant, 
dependent on the initial position of F G ; for any angular motion, a, 
of the arc, the pinion has an angular motion, )8, such that fi = na + c. 
It is evident that when the pointer traverses a closed curve, the 
readings from the roller due to angular motion are nil, because the 
angular movement is exactly the same in opposite directions. For 
a traverse of the pointer through an angle, a, however, ifdx 
represent the linear motion of the centres, the roller evidently 
records a constant multiple ot — dx cos. 8j taking the direction 
of motion of the pointer as positive. The complete record due to 



Digitized by LjOOQIC 



328 



STABILITY OF SHIPS. 



[chap. xvn. 



the traverse of the pointer round the whole boundary of the curve 
is — j dxcoa.13; or — j dxcos. {na + c). Referring to rectangular 



FigJBOS' 




co-ordinates, we see that the ordinate, y, is always proportionate 
to sin. a, and therefore we only require to know the value of c, 
the constant, in order to express the value cos. (ti a + c) in terms 
of y, or sin. a. Now, n : 1 being the ratio of the radii of D E 
and F G, taking 

w=l and c=— 5, we have coa (na+c) =co8. (a — ^j =sin.a =-? 

k being constant (the distance of the pointer from the centre). It is 
therefore seen that the difference between two readings of the 

rolling wheel gives a quantity always proportionate to j ydx, and 

since j dx, disappears for a closed curve, we have a result which 

gives the area. 

The rolling wheel for areas, however, is attached to the pointer, 
as by this means the machine is made more compact than it would 
be if a circular arc of equal effect were used 
When n=2 taking c = we have 

cos. ('no+c) = cos. 2a=l — 2sin.2a==l — 2-^. 

The difference between two readings of the rolling wheel gives a 
quantity in this case proportional to fy'^dx, and since the term 
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d X disappears for a closed curve, this^^expressiou evidently gives 
the statical moment. 

Taking t^ = 3 and c = — ^ we have 

cos.(na + c) = cos. (3a— |j=sin.3a=3sin.a— 4sin.*a=3 - -4 -^, 

We therefore obtain the difference between the moment of inertia 
and a fixed multiple of the areci. 

The area and statical moments are obtained direct from the 
readings of the instrument, but to obtain the moment of inertia the 
necessary subtraction has to be performed by the operator. 

The adjustments of the axles for the three rollers is determined 
as follows: — ^We have shown j8=n a+c. Now, when a = 0,^or the 
pointer is in the initial position, /8 = c, and as we have shown that 

c = — ^ for the determination of the area and moment of inertia, 

it is evident that the rollers for these items must, in their initial 
position, have their axles parallel to the axis, and the motion of the 
wheels perpendicular to the axis. On the other hand, since we have 
shown c must = for statical moments, the position of the axle for 
the rolling wheel must be perpendicular to the axis. Now, Amsler's 
integrator has the circular arcs of radii compared to the smaller 
pinions, as 2 : 3, and they, therefore, record readings which, on being 
affected by multipliers dependent on the size of the instrument and 
on simple calculation, give the actual statical moment and moment 
of inertia about the axis respectively. The reading from the wheel 
attached to the pointer, on being similarly affected by the multiplier 
dependent on the size of the instrument, gives the actual area. 

As before stated, the integrator is restricted to rectilinear motion 
by means of the wheels of the carriage running in a groove in 
the straight-edged batten, or guide-batten, this batten being fixed 
parallel to the axis by means of the gauge accompanying the instru- 
ment, and marked L in Fig. 204. The roDers are marked A, M, I, 
and deal with areas, statical moments about the axis, and moments 
of inertia about the axis, respectively. The pointer, P, is traversed 
round the outline of the figure to be dealt with, which causes the 
rollers to rotate and slide. The rotatory motion in each case can be 
read off from the index attached to each roller, in the manner 
described in the following instructions* : — 

* These instmotions are chiefly deriyed from Mr. Amaler's pamphlet. 
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, and its amount is what the roller, M, 
I tlie readings for area, the mark, 0, of the 
- once or several times the fixed index mark. 
: bo number lO'OOO multiplied by the number 
be added to the second reading if the roDer 
ided to the first reading if it moves backward. 
t»he first reading be 2*432, and last reading 5*657, 
aiks 2, 1, 0, 9, 8, 7, 6, of the counting disc to have 
in succession, then the true reading due to the 
oii57- 12-432 = -6-775. 

the position of the centre of gravity relatively to 

judged without difliculty, and it is therefore not 

o the movement of the roller, M, and its counting 

-ition of the centre of gravity is near the axis, the 

adings at starting and finish of traverse will be 

mistake about the direction of rotation of the roller 

occur, even without having observed the movement 



Readings for Moment of Inertia. 

taken in the same manner as for areas if the roller 

y forward. If, however, the arm of the moment of 

figure under consideration exceeds 4 inches, the 

iiickwards, the difierence of readings then becomes 

uey are dealt with as explained for statical moments. 

»o the zero readings, or readings at starting from the 

Lnd I respectively, and Oj, m^, i^y the readings after a 

ise of the pointer round the figure under considera- 

being taken as the unit of length ; the area of the 

(c&j - «()) 15 ; the statical moment about the axis 

^); the moment of inertia relatively to the axis 

) — 100 (\ — %); the distance of the neutral axis from 

in.strument = 40 (^^^^,) = 8 (|^^) ; the 
\1 5 (a^ — %)/ \3 (ttj - ao)/ 

ing entirely dependent on the size of the instrument 

rtion of its parts. If, however, we are dealing with 

^ to a scale of - inch = 1 foot, then the modification 

n 

Iowa The area in this case will be 15 n? (a^ — a^). 
Mint about the axis = 40 7i* (mi — m^), and the 
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The result of reading from any roller is a number of four figures, 
the counting disc gives the first figure on the left, which represents a 
whole number ; the three following figures are directly taken from 
the roller and vernier, and form the decimals of the number. The 
reading of the roller, as shown in Fig. 204, for example, is 1-417. 
The mark of the roller (in the example the 41) which has just pa^ed 
the fixed mark, 0, of the vernier, gives the first and second decimal; the 
mark of the vernier, which is opposite to a mark of the roller (the 7 
in the example), gives the last decimal of the number. The counting 
disc counts the complete revolutions of the roller. When the mark, 
0, on the roDer is at the mark, 0, of the vernier, a mark of the 
counting disc should be opposite the fixed index mark. 

Readings for Area. 

The pointer of the integrator being movedlround the outline 
of the figure in the direction of the movement of the hands of a 
watch, at the end position the roller. A, will have moved forward 
from the starting position, that is to say, in the direction of the 
increasing numbers. The last reading, a^, must therefore always be 
larger than the reading, a^, at the starting position, and the difiference 
a^ — a^ will be a positive value. 

It often happens that the last reading is apparently smaller than 
the first reading — say, for example, the first reading is' 8*325 and 
the last 1*256. This means that the mark, 0, of the counting*disc has 
passed the fixed index mark, so that the revolution performed by 
the roller will equal 11*256 — 8-325, if the mark of the counting 
disc has passed the fixed index mark once only during the traverse; 
or, in other words, 10000 must be added to the^last reading for each 
time the mark of the counting disc passes the index mark. 



Readings for Statical Moment. 

The manner of taking the readings for this roller differs from the 
preceding, owing to the peculiarity of the statical moments being 
positive or negative, according to the position of the centre of 
gravity with reference to the axis. According to usual practice the 
moments are positive when the centre of gravity lies between the 
axis and the guide-batten, and negative whenjit lies on the other 
side of the axis. If the negative moments are greater than the 
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positive, the result is negative, and its amount is what the roller, M, 
has gone back. As in the readings for area, the mark, 0, of the 
counting disc may pass once or several times the fixed index mark. 
In this case, however, the number lO'OOO multiplied by the number 
of these passages is to be added to the second reading if the roUer 
moves forward, and added to the first reading if it moves backward. 
For example, let the first reading be 2432, and last reading 5*657, 
and suppose the maiks 2, 1, 0, 9, 8, 7, 6, of the counting disc to have 
passed the index in succession, then the true reading due to the 
traverse will be 5*657 - 12432 = - 6775. 

In most cases the position of the centre of gravity relatively to 
the axis may be judged without difliculty, and it is therefore not 
necessary to observe the movement of the roller, M, and its counting 
disc; when the position of the centre of gravity is near the axis, the 
difference of the readings at starting and finish of traverse will be 
small, so that a mistake about the direction of rotation of the roller 
is not likely to occur, even without having observed the movement 
of the roller. 

Readings for Moment of Inertu. 

These are taken in the same maimer as for areas if the roUer 
moves generally forward. If, however, the arm of the moment of 
inertia for the figure under consideration exceeds 4 inches, the 
roller moves backwards, the difierence of readings then becomes 
negative, and they are dealt with as explained for statical moments. 
Let a^, m,Q, %, be the zero readings, or readings at starting from the 
indexes, A, M, and I respectively, and Oj, m^, i^, the readings after a 
complete traverse of the pointer round the figure under considera- 
tion, the inch being taken as the unit of length ; the area of the 
figure will be (a^ - a^,) 15 ; the statical moment about the axis 
= 40 (mj — mo); the moment of inertia relatively to the axis 
= 240 (Oi — a^) — 100 (ij — %); the distance of the neutral axis from 

the axis of the instrument = 40 f T^-^o ^ = 8 ( ^ " ^f ) ; the 

\1 o (a^ — a^)/ \3 (a^ - a^)/ ' 

" constants " being entirely dependent on the size of the instrument 

and the proportion of its parts. If, however, we are dealing with 

a figure drawn to a scale of — inch = 1 foot, then the modification 

necessary is as follows. The area in this case will be 15 n.^ (o^ — a^). 
The statical moment about the axis = 40 n^ (mi — m^), and the 
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moment of inertia about the axis 240 n* (a^ — a^,) — 100 n* (ij - ij, 
the foot being the unit of length. 

From these remarks it will be seen that actual results may be 
obtained, even when the drawing which we are considering is made 
to two different scales, one in the direction of the length of the 
figure under consideration, and the other perpendicular to it. The 
modification then necessary is obvious irom the preceding details. 

The usefulness of the integrator in naval architecture is thus 
apparent, it being used for determining displacement, centre of 
buoyancy, height of transverse and longitudinal metacentres, the 
neutral axis and moment of inertia of the section of the material 
of a ship, and also for curves of stability, both statical and dynamical. 

It would occupy too much space to detail separately the manner 
of dealing with each item ; suffice it to say that the methods for 
calculating curves of stability by means of this instrument aie 
varied, some shipbuilders preferring to deal with the wedges of 
immersion and emersion and their moments, whilst others take the 
whole inclined body and its moment, determining in each of these 
cases, by means of layers, the exact inclined water-line corresponding 
to the displacement under consideration. In the Board of Trade 
plan, where the displacement in the inclined position is not 
necessarily the same as when the vessel is upright, the lengths of 
the righting levers are obtained for the displacement correspond- 
ing to the inclined water-line, as described in a previous chapter. 

Dr. Amsler, son of the inventor of the instrument, has spent 
some months in the scientific branch of the works of Messrs. Denny, 
of Dumbarton, in studying the calculations of naval architecture, 
and in extending the application of the integrator to them. An ann 
of variable length has been supplied to Mr. Denny which can be 
fitted to the arm of the ordinary integrator, in order to increase the 
i-ange and to allow the rollers to move on a surface independent of 
the paper which bears the diagram to be measured. This involves 
the introduction of fresh constants for its readings. On reference to 
Fig. 206, which shows the integrator with the long arm, it will be 
seen that the body-plan to be used is placed on a turntable, similar 
to that used by Mr. Macfarlane Gray, and the axis of the integrator 
therefore remains fixed throughout the work. Mr. Amsler, sen., 
has designed a parallelogrammatic mechanism, as shown in Fig. 207, 
which can be fitted to any integrator without involving any change 
of the constants. Though not increasing the range, this aUows the 
rollers to move on a specially chosen paper instead of running on 
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the drawing. The accuracy is not influenced. This latter addition 
to the integrator proves very useful. Further, an integrator of a 

TURNTABLE AND INTEGRATOR WtTH LONG ARM 




new kind has been made for Mr. Denny. As in the ordinary 
integrator, a carriage runs to and fro on a railway, when the pointer 

Fiff.SOr. 

TURNTABLE WITH INTEGRATOR WITH LINK MOTION 




travels round a figure. The recording rollers, instead of moving 
directly on the drawing surface, move on a special disc which turns 
on a vertical axis at the same rate as the carriage shifts along the 
rail. In consequence of the rollers running on the disc indepen- 
dently of the drawing surface, and this disc giving the rollers by its 
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rotation a much greater motion than they would get by rolling 
directly on the drawing, the accuracy acquired is considerably 
greater. 

Dr. Amsler has favoured the author with an account of his 
method of using the integrator in stability calculations. He has 
endeavoured to reduce the taking of readings as much as possible, 
to avoid the shifting of the straight edge of the integrator (which 
may involve considerable errors and inconvenience) and to arrange 
the measurements so as to check each other without repetitions. 
We take the following from his communication* : — 

"For avoiding the shifting of the straight edge, I do not 
measure directly the arm of the righting moment, but the co- 
ordinates of the centre of buoyancy of the inclined body relatively 
to the two axes. Fore-body and after-body are measured at the 
same time. I proceed in the following way : — ^The integrator is set 
to the centre line of the body -plan as the axis of moments ; then the 
wedges between the water-lines from 0° up to 45° are measured, 
moving the pointer round all the sections to be multiplied by the 
same Simpson's multiplier ; I thus reduce the number of readings 
considerably, viz., the reading at the starting position of the 
pointer; the reading after having gone round the first and last 
sections ; then after the odd sections, and then after the even sec- 
tions ; the last reading is to be used as the starting reading for the 
next wedge, as the straight edge has not to be shifted. The method 
of checking will be obvious on the specimen I enclose. When the 
wedges are measured up to 45°, the volumes of the immersed and 
emerged wedges are compared, and layers drawn where neces- 
sary. The volumes and moments of the layers are then measured 
with the integrator on the body-plan, and the water-line at 45° cor- 
rected. 

" This done, the straight edge of the integrator is adjusted to a 
horizontal axis, and the wedges from the correct water-line at 45"* 
up to 90°, as well as the layers, are measured in the same way. 
This is the whole integrator work to be done. The results obtained 
are the horizontal shifts of the centre of buoyancy from the upright 
to 45° on the one hand, and on the other hand the vertioaZ shifts of 
centre of buoyancy from its position at 45° up to 90°. 

" The vertical shifts from 0° to 45°, and the horizontal shifts 
from 45° to 90°, are then found by the following method, which has 

* Dated 18th March, 1884. 



Digitized by LjOOQIC 



CHAP. XVII.] 



amsler's integrator. 



335 



l)een suggested to me by Mr. Purvis, and which I put into a 
practical form. 

" B (Fig. 208), may be the centre of buoyancy corresponding to 
the inclination 0; x and y the co-ordinates of 6. The tangent at 6 




to the curve of centres of buoyancy is parallel to the corresponding 
water-line, W W, and contains therefore with the x axis the angle 0. 



Hence 



dy_ 



dx 



y 



= tan.a 



= r tan. 



dx. 



" This integral represents the area of a curve, the ordinates of 
which are the tangents of the inclination, and the abscissae the 
corresponding values of x found by measurement. As tan. 6 grows 
very rapidly for values of 6 beyond 60°, I use for 0> 45° another 
curve. Instead of considering 0, I consider now 90° — 0, and 



dx 



= tan. (90'* - 0), 



X 



dy 
= r tan. (9O°-0)dy. 

-' y 45* 



The values of x taken from the curve, the area of which represents 
this integral, are then the horizontal shifts of centre of buoyancy 
from 45° up to the heel, 0. 

"The curves for finding the two integrals are very easily drawn, 
and are generally fair curves. The results obtained from them are 
quite as exact as if found by direct measurement on the body-plan. 

'* I can, by means of the method explained, easily get out the 
oo-ordinates of the centre of buoyancy for seven different inclina- 
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tions (10^ 20% 30% 46% 60% 75% 90^) in about seven honrs— the 
time depending, of course, on the number of sections of the body- 
plan." 

The specimen calculation referred to by Dr. Amsler is ^ven on a 
separate page opposite. 

A paper, descriptive of the integrator, giving further examples 
of calculations made by means of it, was read at the Institution of 
Naval Architects, in April, 1884, by Dr. Amsler, and of which 
examples we propose to give (at the end of the volume) those relating 
to the determination of the displacement and vertical position of the 
centre of buoyancy, displacement per inch of immersion, and trans- 
verse and longitudinal metacentres, in order to more fully describe 
the uses of this important and valuable instrument 
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CHAPTER XVIII. 

Holliog of Ships at Sea — Relation of Curve of Statical Stability to Curve of Dynamical 
Stability— Comparison of Stability of M<marth, and Captain with same Wind- 
Pressure— Effect of Canvas upon Ships SaUing among Waves — Limit to which 
Ships may be Safely Inclined in Waves — Report of Admiralty Committee on 
Designs — Curve of Wind-Pressures — Comparative Stability of Monarch and 
Captain — Objections to Foregoing Report — Quantitative Values of Wind-Pres- 
sures in Relation to Stability— Examples of Stability of Ships in Waves. 

It does not lie within the scope of this work to discuss the rolling 
and other motions of ships at sea. To do that effectually it would 
be necessary to consider also, and at much length, the constitution 
and movements of waves, together with other matters which 
concern not so much the stability of ships, as the external relations, 
so to speak, of that stability. It seems desirable, nevertheless, to 
bring together a few considerations of a dynamical kind, which 
admit of ready and sufficient exposition. 

Great confusion has existed in past times, and some confusion 
still exists, as to the relation that holds between a ship^s stability 
and her steadiness in a sea-way. It was formerly considered by 
many that the excessive rolling of ships was usually due to a too- 
elevated centre of gravity, and when armour-plated ships were 
introduced, and found frequently to roll gi-eatly, top-heaviness was 
the cause most commonly assigned, both in England and in France. 
No improvement being found to result, however, from the lowering 
of the centre of gravity, but substantial improvement usually 
following the raising thereof, the matter soon came to be regarded 
with more care and judgment. In the mercantile marine the 
violent rolling that resulted from a too-low centre of gravity, such 
as attended cargoes of iron rails, or other heavy cargoes, when 
stowed low, also came to be well understood, and remedied by the 
obvious means of raising the centre of gravity. The scientific 
investigations of the late Mr. Froude and others have placed the 
true principles of the matter beyond all question. Nor is any great 
amount of scientific investigation needful to a true appreciation of 
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the subject. If a ship possessing a very low centre of gravity, and 
consequently great stability, be forcibly moved fix>m the upright 
position in still water, and then left free to go back, she will 
(neglecting the question of her moment of inertia) return with 
violence to the upright position; pass, by virtue of the moment 
acquired, beyond the upright, and there come to rest; return again 
throCigh the upright position; and so on, ^oscillating about that 
position through decreasing angles, until the momentum imparted 
to her becomes expended, and she is brought eventuaUy to rest. The 
whole of her movements are the result of her efforts to seek her 
original upright position^ or of the efforts of the water to place her 
there, in which position her axis of symmetry is at right angles to 
the water^s surface. If now, we imagine that, instead of the ship 
being moved from the upright, the water is lifted out of the 
horizontal, say, into the position of a wave-slope, thus immersing 
(with a constant displacement) more of the ship on one side than on 
the other, it is reasonable and just to expect that the ship will 
consequently be turned from the upright to an inclined position, in 
response to this increase of pressure on one side and diminution on 
the other; and also that the urgency with which she will be so 
moved, will be proportioned to the forces which in still water urged 
her to the upright position, viz., to her statical stability. This idea, 
while needing majiifold developments and qualifications, is the 
fundamental idea which regulates, if we may so speak, a ship's 
behaviour in waves; and it points immediately and directly to the 
doctrine that, within certain limits, a very stable ship may be 
regarded as tending to violent rolling in waves^ while a ship of 
small stability may be regarded as having much less inducement to 
violent rolling. The limit on the side of great stability is to be 
found in the fact that were the stability of a ship infinite, an exact 
conformity to changes of mean wavenslope would be the condition 
of maximum motion ; the limit on the side of small stability is of 
course to be found in the well-understood danger of capsizing from 
excessive crankness. 

The ordinary curve of stability furnishes a ready means of 
viewing the stability of a ship, under given conditions, in relation 
to forces tending to incline her. Fig. 176, chap, xv., represents (as 
an interesting illustration of the principles involved), a portion 
of the statical curve of stability of the late ship, Captain, and, 
as we said, the dynamical stability exerted during the inolinatiixi 
of the ship from one angle to another is represented by the 
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corresponding curvilinear area. It follows* that when a steady 
breeze is keeping the ship at an inclination of 7^ if the wind 
slowly increases until she is inclined to an angle of 14°, the 
amount of dynamical stability expended during the further in- 
clination by the increase of wind will be represented by the 
area B F G, for the whole dynamical stability developed during the 
further inclination is equal to the area ABFE, of which the 
portion A B G £ is due to the original force of the wind, leaving 
the remainder as the result of the wind's increase. Next, if we 
suppose that the wind, instead of increasing slowly, suddenly 
springs up to the full force which we have been considering, the 
increase of work which it will perform upon the ship wUl be 
represented by the rectangle BHFG, and the ship will have to 
perform an equal amount of work in resisting this sudden increase 
of wind. This she can only do by inclining through a still 
further angle, and afterwards finding her way back again to the 
angle of 14°, at which the increased wind will ultimately keep 
her steady. It is easy to see how much further she will go ; for 
what she has to do is clearly to exert an excess of work equal to 
the excess of work which the wind has exerted, and which is 
represented by B H F. She will therefore incline to such an 
angle that FIJ shall be equal in area to BHF. We thus see 
why a reserve of dynamical stability is necessary, and how it is 
called into play by a sudden increase of wind — a mere gust or 
squall often lasting quite long enough to produce upon an un- 
stable ship all the effects of a permanent increase of wind. 

Let us now, as an instructive example of the use of such 
curves, compare the cases of the Captain and Monarchy both 
sailing under a steady breeze at a permanent inclination of 14^ 
This is a rather large inclination, but it is selected for two 
reasons: First, it is an angle at which the righting leverage of 
the Captaim was slightly greater than that of the Monarch, and 
secondly, 14° is the angle at which the Oaptavn was actually 
sailing a few hours before her loss. With both ships steadily in- 
clined at H'' then, let us now suppose the wind to suddenly increase 
in a gust or squall, suflGiciently to heel the Monarch over con- 
siderably further, and to keep her, say at 20**, during the con- 
tinuance of the squall, or until the sail is shortened. Let us 
now see what happens to the Monarch. Fig. 210 shows us. The 

* Many of the remarks which follow are reproduoed from Nawd Science^ vol. i., 
^ted by the author. 
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force of the wind springs suddenly from A B to A H, and drives 
the ship over to an angle of 26°, by which time the total extra 
dynamical " wind-work " (so to speak), represented by B H J K 
has found its equivalent in the resisting work represented by 
B I K, the portion B F J K being common to both, and B H F 
equal to F J I. But the extra wind-work having thus been 
absorbed by the stability, the ship now finds herself under the 
action of a force of stability, represented by E I, which is con- 
siderably greater than the force of the wind (A H or E J), and 
she will consequently be forced back to the angle of 20**, where 
the force of the wind and of the stability will exactly balance 
each other. As a matter of fact, the stability will force her back 
beyond this position until the excess of stability is absorbed, 
and then the wind will drive her back again beyond 20^ but 
to a less extent ; and so on^ the ship oscillating for a time about 
the balanced position — 20** — and at length steadying herself 
there. It will be observed, however, that, even when over at 
nearly 26**, she still has a reserve of stability of considerable 
amount, represented by the area of the figure I L M. 

Next, let us see what happens to a ship like the Captain under 
precisely similar circumstances — assuming, for convenience, that the 
weights of the two ships (which only differed by about 4 per cent.) 
are identical, and that the relative ordinates of the diagrams (or 
levers of stability) therefore represent the stability in foot-tons in 
each case. As the same force of wind holds the two ships at the 
same angle, where the righting forces are about alike, we may also 
assume that the increase of wind will affect both ships equally. 
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Hence we may consider that B I E, Fig. 210, which represents the 
extra work done upon the Monarchy represents also the extra work 
which will be imposed by the wind upon the Captain, and will be 
deducted from the reserve of work, or dynamical stability, which 
she possesses before the squall springs up, and which reserve is 
represented by the area, BLM,* Fig. 211. But this is not equal in 




amount to B I K ; the whole of B L M will therefore be absorbed, 
the ship will incline to an angle of 34}°, and still leave a small part 
of the wind's demand unsatisfied. With this unsatisfied demand 
pressing upon her, she will, of course, go on inclining still farther, 
her stability getting smaller and smaller as she goes, until at 54^'' 
she ceases to have any at all, and will then turn bottom upwards. 
Here we see that, although under slowly-increasing wind, free from 
gusts and squalls, the Captavn would have been safe, though inclined 
to an angle of more than 20"", she was unsafe even at an angle of 14'' 
if exposed^ as all ships are at sea in squally weather, to the sudden 
rising of the wind. This is why we see greater cause for alarm in 
considering the dynamical stability of such a ship than we had 
already seen in considenng the statical stability. 

Thus far we have considered the conditions of vessels upon the 
assumption that the level of the sea is uniform ; or, in other words, 
we have considered "smooth-water" circumstances only. It now 
becomes necessary to observe that the existence of waves must 
make a very considerable difference. Probably the simplest (though 
not the most exact) way of looking at the subject is to consider that 
a ship inclined under canvas is affected by waves in the same 
manner and degree as she would be afiected by them if inclined to 
the same extent by any other means, and that under this aspect the 
effect of setting canvas upon a ship, and thus inclining her to a 
given angle, will simply be to diminish the angles through which 

* BM should not be qnite parallel to the boae-line, on account of the duninution 
of the wind's moment as the ship inclines. 
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she can roll with safety by that amount. If, for example, we 
should^ for the moment, consider the angle at which a ship attains 
her maximum stability to be the limit of the angle through whidi 
she can roll with safety, from the upright position to either side, 
whether with or without sails, then that angle, diminished by her 
greatest inclination under a given spread of canvas and given force 
of wind (allowing for gust), will be the limit through which she can 
roll with safety under that spread of canvas and that force of wind. 
The angle of maximum stability for the Captain was 21'' ; that for 
the Mona/rch, 40°; that for the Vanguard, 44|°. When sailing 
under a steady breeze, capable of inclining Ihem at 7"* in smooth 
water, and not allowing for gusts, these ships would therefore (on 
the suppositions laid down) have respectively the following limits of 
safe rolling : — 

Captom,, .... 21° - 7" = 14" 

M(yjmrch, 40- - 7° = 33° 

Vanguard, .... 44f ° - 7^ = 37^ 

When sailing under a wind that would incline them 14° in smooth 
water (again neglecting gusts), they would have these limits 
respectively reduced by 7°. 

We here have presented, in a mournful light (although not 
nearly the worst light), the danger of low freeboard in sailing ships. 
The Captain's 21° of maximum stability compare badly enough 
with the Monarch's 40° under any circumstances, seeing that she 
was intended for sailing; but when we come to reduce these 
respective amounts to an equal extent, as we undoubtedly must do 
when the ships are equally pressed by canvas, and consider the 
remainders left for safety, we see that the high freeboard ship has 
nearly three times the amount of stability possessed by the Captain, 
This was the normal condition of these two rigged ships at sea, and 
the stability remaining in her when inclined under sail (and not the 
stability with no sail spread) was the capital, so to speak, with 
which the Captain was to purchase immunity from squall and 
storm and from the action of the waves of the sea. 

The view just presented of the effect of canvas upon a ship 
sailing among waves is not strictly correct, for severalf reasons- 
First, there is no sufficient reason for limiting the extreme aggre- 
gate inclination to the angle of maximum stability; secondly, the 
angle through which waves will cause a ship to roll is usually less 
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when she has canvas spread than when she has none ; thirdly^ the 
mean angle of inclination — abont which position the ship may be 
supposed to roll to either side — ^will be greater in waves than in 
smooth water under an equal force of wind ; and fourthly, the modi- 
fications of motion resulting £rom causes of this nature will change 
the ship's relation to the waves, and to the wave-periods, and thus 
modify the forces impressed upon her. 

To the first point we shqll recur hereafter. As to the second — 
that a ship with canvas spread will roll less in waves than she would 
roll imder similar circumstances without canvas, is obvious, and a 
matter of common experience. Even if no wind blows, the sails will 
act as huge atmospheric keels, so to speak, diminishing the rolling 
motions in the same manner as bilge keels below water diminish 
them. This action is obviously &vourable to a ship the stability of 
which vanishes at moderate angles. But the third of the modifying 
causes just enumerated — ^the increase of the mean angle of inclina- 
tion — is increased by the action of the wind upon the sails, as may be 
easUy shown. First, let us suppose the ship, with her sail spread, 
to be set imif ormly oscillating by the waves, with no wind blowing. 
The resistance of the air upon the canvas will obviously be the same 
as she moves to either side, and the vessel will oscillate about the 
upright position as the mean position. Next, suppose the air to 
move from left to right, and to have a velocity equal to the mean 
velocity of the sails, the consequence will be (not quite exactly, 
but very nearly) that the sails will experience no resistance in 
moving fix)m left to right, and a greatly increased resistance in 
moving from right to left. The ship will therefore move further to 
the right of the upright position than to the left of it^ and the oscilla- 
tions will consequently take place, not about the upright position, but 
about a mean position, which will be inclined at an angle to it, and 
on the right side of it. The same is evidently true in various degrees 
whatever be the force of the wind. That the angle of inclination of 
this mean position in waves will be greater than that produced by 
the inclining force of an equal wind on the ship in smooth water, 
arises from the £Etct that the force of the wind varies with the square 
of the velocity, and not as the velocity itself. If we suppose, for 
example, that the velocity of the wind is represented by 12, and that 
of the sails by 4, then the relative velocities of the wind and sails in 
the opposite directions respectively will be 8 and 16; and the forces 
of the wind upon the sails moving from the wind, the sails at rest» 
and the sails moving against the wind, respectively, will be propor- 
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tional to 64, 144, and 256, respectively. The decrease of force on the 
sails due to their moving away from the wind will therefore be pro- 
portional to 80 (144-64), and the increase due to their moving back 
against it will be proportional to 112 (256-144). The resultant 
effect will obviously be to increase the mean angle of inclination. 
While, therefore, the effect of the wind is on the one hand to 
diminish the angle of rolling of the ship under canvas, on the other 
hand its effect is to lay her over to a greater angle than she would 
incline to in smooth water, and compel her to make her diminished 
oscillations about that position. What is the precise relation between 
these two effects, or how far the fourth cause above referred to — ^the 
change of the wave-action which results — tends, in combination with 
them, to modify the simple aspect of the subject which we have 
given, we have not attempted to investigate. 

We now revert to the question of the limit to which a ship 
may be safely inclined by the joint action of the wind and waves, 
to the consideration of which we promised to recur. In our com- 
parison of the Oaptain and Monarch we for the moment assumed 
the angle of maximum stability to be that limit. It will be obvious, 
however, that a ship will not necessarily be capsized because she is 
driven over to that angle ; on the contrary, she may with safety be 
laid over much further, imder favourable conditions. This subject 
is dealt with in one of the published reports of the late Admiralty 
Committee on Designs, the following view of it being taken — ^it 
being necessary for the reader to observe that, as a ship is inclined 
by a given force of wind, the effect of the wind upon the sails 
gradually diminishes, and therefore the moments of the wind forces, 
set off to scale on a curve analogous to a curve of stability, will be 
represented by a curve gradually approaching the base, as we just 
now stated in a foot-note, and not by a straight line parallel to the 
base. Professor Eankine, who drew up the Committee's Report, 
writes as follows : — 

*' 1. The curve of stability of a ship being given with ordinates 
proportional to the righting moments at different angles of heel, con- 
ceive to be drawn a curve with ordinates proportional to the moments 
of pressure of the wind, of an altitude such that the segment cut off 
by it from the top of the curve of stability shall cover an angle equal 
to the angle of vanishing stability required in order that the ship 
may be safe against the heave of the waves alone. This curve of 
moments of wind will divide the curve of stability into three ares; 
and the angle covered by the arc cut off at the commencement of the 
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curve of stability will be the limit which ought not to be exceeded 
by the greatest angle of heel produced by the wind alone, allowing 
for the dynamical effect of a sudden squall. The angle of steady 
heel ought not to exceed about one-half of the before-mentioned 
angle. 

" 2. From the limiting angle of steady heel may be deduced, by 
the help of the curve of stability, the greatest safe steady heeling 
moment of the wind pressure, and thence the greatest safe pressure 
of wind with a given spread of canvas. 

"3. As an elementary means of performing the construction men- 
tioned in paragraph 1, conceive the diagram showing the curve of 
stability to be wrapped on a cylindrical surface, so that the points 
marked 0° and 90° on the base-line of the diagram shall be at the 
two ends of a diameter of a cylinder; draw the projection of the 
diagrams on a plane traversing that diameter and the axis of the 
cylinder ; then through the point marked 90°, draw a straight line 
by trial, so as to cut off from the top of the new diagram a segment, 
covering an angle equal to the angle of vanishing stability required 
for safety against the heave of the waves alone. The interval from 
the point marked 0° to the commencement of that segment will 
correspond to the greatest angle of safe heel by a squall ; and half 
the ordinate at the commencement of the segment will represent, 
very nearly, the greatest safe leverage of the moment due to the 
steady pressure of the wind. That leverage multiplied by the dis- 
placement will be the required moment. 

" 4. The following are examples : — 

" I. The Captain, with 6 J feet freeboard — 
" Angle of vanishing stability required for safety against the heave 

of the waves alone, say 39° 

" Top segment cut off from curve in diagram begins at 9° 

(Being the greatest safe heel by a squall when rolling 

in the trough of a long swell.) 

" Half the lever of stability at that angle, . . . 0*23 foot. 

" Displacement — say 7,700 tons ; therefore greatest safe moment of 

pressure of wind . . . 7,700 x '23 = 1,771 foot-tons 

= 3,967,000 foot-lbs. 

'' Moment of all plain sail, with a pressure of 1 lb. per square foot 

= 2,500,000 foot-lbs. 
" Greatest safe pressure of wind, when all plain sail is set 
= 1 59 lb. on the square foot 
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'' II. The Monarch at 24 feet 3 inches draught — 
" Angle of vanishing stability required for safety against the heave 

of the waves alone, say 89'' 

'' Top segment cut off from diagram of stability begins at . 27^"" 

(Being the greatest safe heel by a squall when rolling in a 

trough of a long swell.) 

''Displacement — 8,306 tons; therefore greatest safe moment of 

pressure of wind . . . = 8,306 x 74 = 6,146 foot-tons 

= 13,768,000 foot-lbs. 

** Moment of all plain sail, with a pressure of 1 lb. on the square 

foot =2,540,000 foot-lbs. 

''Greatest safe steady pressure of wind when all plain sail is set 
=6*42 lbs. on the square foot. 

"Summaiy of the comparative stability of the CapUim and 
Monarch : — 

Ca^ijava. Moruirch. 
"Least safe angle of vanishing stability 

without canvas, say, . . • • 39*" 39"" 

Greatest safe angle of heel by a squall, 
when rolling in the trough of a long 

swell, 9° 27^ 

Greatest safe moment of steady pressure 

of wind (f t.-tons), • . . , 1,771 6,146 

Greatest safe pressure of wind on all plain 

sail (lbs. on the sq. ft.), . . 1-59 542" 

The Committee, having considered the preceding paper, approved 
of it generally, subject to the following observations : — 

"I. As a means of comparing together two given designs of 
ships with respect to maigin of stability under canvas, the method 
above described is valid. 

"IL Hence, it appears that a heel of 4^"* under canvas gave only 
the same margin of stability to the Captain, that a heel of 13}° 
gives to the Monarch 

*TIL The absolute value of 39"" is assumed for the least safe angle 
of vanishing stability without canvas, because of its having been the 
smallest value of that angle found to be sufficient by the Scientific 
Sub-Committee in their reports on unmasted ships. It does not 
take account of the steadying effect of friction, or of bilge-keels, or 
of canvas. 

"lY. The estimate that the greatest safe moment of steady 
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pressure of wind is only one-half of that corresponding to the 
greatest safe angle of heel by a sudden squall probably errs on the 
safe side ; because it leaves out of account the diminution of the 
pressure of the wind due to the velocity with which the ship yields 
to it in rolling. 

" V. The Committee are not prepared to say that the Mona/rch 
may not be safely sailed at an angle of steady heel greater than 13|°. 
They consider that she will be a perfectly safe ship when managed 
according to the ordinary rules and usages of seamanship." 

Diagrams from which Figs. 212 and 213 have been reduced are 



F%g.n2. 




F«e 



F%g.21S^ 




appended to the above report of the Admiralty Committee. The 
lettering upon these diagrams is our own, for further use presently, 
C H indicating the angle marked by the Committee as the " greatest 
safe heel by a squall," when tiie ship is rolling in the trough of a 
long swell. 

Exceptions were taken to the foregoing report. The first 
objection was that it fixes a definite angle as the limit of a ship's 
range of stability when not under sail, although no satisfiEU^tory 
means of determining such a limit exists. It is quite true, in 
our opinion, that no such means have yet been laid down with 
exactness, or with a sufficiently close approximation to the truth 
to justify a designer in fixing a much lower limit to safe rolling 
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without sail than other considerations point to. But this objection 
can scarcely be opposed with fairness to the method of the Com- 
mittee (although it may to some of its applications), for the method 
may be sound, although the means of fixing the limiting angle of 
wave-rolling may remain undetermined. The Committee's mode 
of estimating the combined effect of wind and waves has been 
objected to, even accepting the angle of wave-rolling as fixed. 
The objection is founded on the assumption that if the curve from 
A to H C (Fig. 212 or 213), is sufficient to provide for the effect of 
sail, under both breeze and squall, then aU the remainder of the 
curve, except such as the steady breeze demands, is available 
to resist the roll caused by the waves or heave of the sea ; and 
the objection is that, in the Committee's method, resistance to the 
squall is provided twice over — ^viz., in both ends of the curve. 
This objection is no doubt valid, for the cause of the extreme 
heel to HC will already have ceased before even the inclination 
to H is reached. Further, as a ** radical objection to the whole 
method " of the Committee, it has been said that, '' the two actions, 
of the sea and the wind, must generally go on together, and extend 
over the same portion of the curve of stability, so that it appears 
improper to devote one portion to the gusts of wind and another 
to the heave of the sea. It would be more nearly consistent with 
the conditions of a ship under sail and rolling in waves, to suppose 
her to be rolling in the worst waves she is likely to meet, and to 
suppose her sails struck by a squall at that part of her roll at which 
the gust would be most dangerous." In illustrating this view, the 
case of a ship ^assumed to be rolling to leeward imder the in- 
fluence of waves alone," has been taken, a state of things which 
presumes that no wind is blowing, although the "worst waves" 
are supposed to be running, the object being to bring into view 
the worst possible effects of wind upon the canvas ; and also the 
case of a ship rolling among waves with a steady pressure of 
wind, the power of which suddenly becomes doubled at the worst 
part of the roll. This latter case is represented in Fig. 214, 




Digitized by 



Google 



Chap, xvin.] imrf of safe iNctiNAtioN. 



34d 



xvhere E B is the wind-curve for the steady pressure, J K and H C 
are the extremes of the roll before the power of the wind is in- 
creased, and J G E is the wind-curve for the suddenly increased 
intensity which is assumed to take place when the ship is in the 
position J K. *' The gust will cause the roll to be lengthened, 
say to the position D F, the area H G E F being equal to the area 
J K C G; and in this case the ship will be safe so long as the area 
H G L F is greater than the area J K C G." This is, no doubt, a 
very instructive way of treating the question, although not by any 
means free from objection, because the curve of stability has 
reference in all such methods to the inclination of the ship to the 
wave-surface, while the wind-curve has reference to her inclination 
to the horizon. This difficulty, however, can, we think, be pretty 
satisfactorily overcome by a process which we will endeavour 
briefly to describe. We may suppose that between the squalls 
the vessel rolls as she would do were she without canvas; by 
Professor Bankine*s method we can determine approximately the 
angle to which she rolls — to the horizon, as well as to the wave- 
surface. Let us for illustration suppose she would roll, as the 
Devastation was estimated to roll, among waves with a maximum 
slope of 36° — ^viz., 16"* to the horizon and 2r^to the wave-slope. 
Fig. 216 shows the positions she would occupy at the two extremes 







of a roll without the action of the wind, these positions occurring 
on the steepest parts of the wave, and the ship keeping time with 
the waves. Suppose now the wind blowing from left to right, and 
to strike the vessel when she is at the extreme of her roll to wind- 
ward. It is evident that, instead of rolling to the position E' F, 
she will go over to some position beyond it, as G H, in order to 
absorb the work stored up by the action of the wind on the sails. 
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We may also fairly assume that the period of the roll is not 
materially altered by the action of the wind, although the range 
is increased, and that the extreme position still occurs about the 
mid-height of the wave. The position, H G, can be found as 
follows:— In Fig. 216, AB and CD mark the positions of the 




extreme rolls without canvas, 21'' to the wave-slope, xy^Xiy^ mark 
the same positions of the ship, but with respect to the horizon — 
viz., 15**. The vessel would, by the action of the waves alone, 
have rolled to C D, expending an amount of work, O C D, equal to 
O A B, which would be stored up as w« viva as she passed the 
upright position ; consequently, when she reaches C B, she has stiQ 
to expend work equal to the area xy^ x^ y^, due to the wind. She 
therefore continues her roU to the position HG, which is deter- 
termined by the condition that the area C D G H shall be equal 
to X y, x^ 2/i, plus the area x^^ y^, x^ y^, due to the wind through a 
range yi2/2> equal to the additional range CH (Fig. 216), or the 
angle E' G, Fig. 215. 

In the case of a ship liable to sudden squalls, but with a steady 
pressure of wind between them, the principles involved are identical 
with the preceding, except that the rolling between the squalls 
cannot be treated as that of a mastless ship. The extreme of the 
roll to windward would still be the worst position in which the 
squall could strike her, but it is impossible to determine with any 
degree of accuracy, in the present state of our knowledge, what 
the extent of that inclination might be expected to be. Could we 
determine that, it would only be necessary to draw the wind-curve 
representing the force of the squall above that of the steady wind- 
pressure, and to measure the area between the two wind-curves for 
the stored-up energy, instead of taking it to the base-line, as in the 
former case. 

Let us now consider the matter, having regard to the quantitative 
values of wind-pressures in relation to the stability of ships. And, 
first we will take the case of a sailing vessel of 1,600 tons^ whose 
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stability has already been discussed in a previous chapter.* Her 
displacement at a mean load draught of 20 feet 1 inch is 3,400 tons. 
The area of her plain sail, i.e,f the courses, topsails, and topgallant sails 
on each mast, together with the jib and foresail, is 23,517 square 
feet, the total area of all her sails being 38,472 square feet. In order 
to determine the resistance to heeling offered by her stability with 
any given pressure of wind, it is necessary to assume a certain 
condition of stowage ; we shall assume her to be laden with a cargo 
of such a density, and so stowed, that the common centre of gravity 
of the hull and cargo is 3^ feet below the metacentre at the load line 
given above, viz., 20 feet 1 inch. Her curve of stability for this 
assumed condition is represented in Fig. 217, in which the curve, B, 



Figjm. 




shows the lengths of the arms of righting levers from 0® to 100°. 
The angle at which the deck-edge becomes immersed, 18°, is indicated 
by an ordinary dotted line, and that at which her maximum stability 
is reached, 47^"*, by a different kind of dotted line. From this curve 
of stability we can readily find, in the manner previously described, 
the exact angle of heel at which the ship would be held over by any 
given steady pressure of wind upon the sails. Assuming all plain 
sail to be set, a steady pressure of wind upon the beam equal to a 
force of one pound upon each square foot of sail would keep the 
ship inclined at an angle of 5**, because the moment obtained by 
multiplying the area of the sail set by the pressure of wind per 
square foot, and by the distance of the centre of effort of the sail 
above the centre of lateral resistance, would there be exactly equal 
to the moment of stability tending to restore the ship to the upright 
position. It must be understood that in this and in similar cases 
we assume the sails to be braced round in a position exactly per- 

* Chapter vii., fogd 125, «hip B. 
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pendicular to the direction of the wind, i.e.f exactly ^^fore and aft" 
With the same sail set a pressure of two pounds to the square foot 
would keep the ship inclined to an angle of 9^ somewhat less than 
twice as great an angle as that to which she was inclined by a 
pressure of wind of exactly one-half the force ; this is, of course, 
partly owing to the fact that the sails are less square to the direction 
of the wind in the more inclined position. To keep her inclined at 
an angle of 47^ degrees, i,e., her angle of maximum stability, with 
the same sail set, a pressure of 17*6 pounds per square foot would be 
required, nearly equal to the force of a hurricane. Although the 
assumption of such a force of wind would be inconsistent with those 
of carrying all plain sail, and of smoothness of water, still it is 
instructive to consider what an enormous pressure is necessary to 
heel the ship over to her angle of maximum stability. The very 
greatly increased effect upon a ship of the sudden application of a 
given pressure of wind, instead of a giudual application of the same 
pressure, has already been shown. The pressure which, applied 
suddenly to this ship when in the upright position, would throw her 
over upon her beam-ends is represented in Fig. 217 by the curve, 
NOP, which is a curve of wind-pressures drawn in a manner 
previously explained, so that the area, M O N, is equal to the area 
of that portion of the stability curve comprised above the portion, 
O P, of the line, NOP. K this same pressure of 10 pounds on the 
square foot were to be applied gradually and steadily, instead of 
suddenly, it would incline the ship and keep her over to an angle 
corresponding to the point, O, where the line, NOP, intersects the 
curve of stability, B, i.6., an angle of about 33°. 

In Fig. 217 we also illustrate the case of another sailing vessel 
of 800 tons, whose stability has also been discussed, in a previous 
chapter.* Her displacement at a mean load draught of 17 feet 
3 inches is 1,775 tons. The area of her plain sail is 10,983 square 
feet, the total area of all her sails being 17^331 square feet Her 
curve of stability, marked D, was calculated on the assumption that 
her stowage was similar to that in the previous case, i.e., such as to 
give her a metacentric height of 3J feet Her deck-edge becomes 
immersed at an angle of 17 degrees, as indicated, and her angle of 
maximum stability is reached at 50 degrees. 

The wind-curve, N'O'F, drawn so that the area, MO'N', is 
equal to the area, P O' F (continued), determines the pressure of 

* Chapter vii., page 125, ship D. 
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wind which, applied suddenly to the ship when in the upright 
position with her plain sail set, would be sufficient to capsize her. 
If this same pressure, of 21'4 lbs. on the square foot, were to be 
applied gradually and steadily, instead of suddenly, it would incline 
the ship and keep her over to an angle corresponding to the point 
0', where the line, N' O' F, intersects the curve of stability, D, i.e., 
an angle of about 39 degrees. 

In what has been said of the last two examples, we have assumed 
the ships to have been acted upon by the wind when floating in 
still water. When we consider their action amongst waves, we find 
that the effects of wind-pressure previously shown may be greatly 
modified, for the reason that the righting power of a ship amongst 
waves depends upon her inclination to a normal to the effective 
wave-slope, instead of upon her inclination to the vertical, while the 
pressure of the wind upon the sails has to be considered with 
reference to her inclination to the vertical, as is the case when the 
ship is in still water. Another question to be taken into account is 
the relative periods of the ship and of the wave, because, if that of 
the ship be less than that of the wave, the ship will roll away from 
the slope of the wave, and if greater, she will roll towards it. 

In Fig. 218 we show a vessel rolling towards the wave-slope. 




She is supposed to be rolling through an angle of 20 degrees on each 
side of the normal to the wave-slope, the latter being inclined at 
8 degrees to the vertical ; in this case her greatest angle to the 
vertical is 12 degrees. In Fig. 223 the ship is shown rolling away 
from the wave-slope, her period being less than that of the wave. 
In this case her greatest angle to the vertical is seen to be 28 

23 
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degrees. Fig. 219 represents a curve of stability for this vessel jtto- 
duced as a n^ative curve on the left of O P, which corresponds to 
the upright position of the ship. The ordinates marked AB and 




C D, mark the extreme angles of roll of the ship, corresponding to 
the positions A B and C D, in Fig. 218. The curve, x^^ Xo x^ repre- 
sents a pressure of wind of 2 lbs. per square foot, having the direction 
indicated by the arrows in Fig. 218. Assuming the wind to strike 
the ship suddenly when inclined to the position A B, the work done 
by the wind on the sails during the roll from this position to that of 
CD, would be about the same as that done during a roll from 12 
degrees on one side of the vertical to 12 degrees On the other side, 
in still water. If we ignore the reduction of the wind-pressure due 
to the rolling of the ship, this work would be measured by the area, 
•^i Vi ^2 Vv This, however, as can be easily seen, admits of con- 
siderable error.* 

''In the case of a ship rolling from 12 degrees on the windward 
side of the vertical to 12 degrees on the leeward side in 5 seconds, 
with the centre of effort of the sails 70 feet above the axis of 
rotation, the mean velocity of the sails at this point would be about 
73 feet per second." The speed of a wind of 2 lbs. per square foot 
is known to be 30 feet per second. " The relative velocity of the 
wind and the sails is therefore 22*7 feet per second, or about }ths 
only of the actual velocity of the wind ; and as the wind-pressures 
vary nearly as the square of the relative velocity, the moment of the 
sails may be taken to be reduced to about one-half on account of 
the velocity of the sails away from the wind. 

" This reduction is obviously still greater when the ship rolls 
away from the wave-crest, because her movements are quicker and 
the relative velocity is therefore less. The method adopted above is 
only a rough approximation, as will be seen from the following 
considerations : — 

* The pangraphs which foUow are quoted from the lioyd'e Report on *' MisliDg," 
before referred to» 
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'^ 1. The velocity of the ship in her angular motion is not 
uniform. 

*'2, Owing to the wind-pressures varying as the square of the 
relative velocity, it is not exact to take the motion of a centre of 
effort fixed in its height from the deck, as representing in effect the 
motion of the whole of the saila 

" The variation in the angular velocity for a still-water roll can 
be ascertained, neglecting resistance from the curve of stability, in 
the following way*: — 

''In Fig. 220, AD E is the curve of statical stability, A B G is 




the corresponding curve of dynamical stability, and GHE is a 
curve whose ordinates to the base, F G, give the angular velocity at 
any point. The straight line, L M, drawn so as to make the rectangle, 
F G L M, equal to the area, F K H G, will give the mean velocity. 
The variation of the wind-pressures due to the velocity of the sails 
varying in proportion to their height above the axis, and the conse- 
quent change in the height of the resultant of those pressures, are of 
not less importance than the variation of the angular velocity of the 
ship. As the ship rolls away from the wind, the pressures per 
square foot on the upper sails must be less than on the lower ones, 
and conversely, when the ship rolls up towards the wind, the 
pressures on the upper sails the greater. To find the height of the 
real centre of effort at any instant during the roll, if ^«; be the 
angular velocity of the ship, V the velocity of the wind, and y the 
height of any unit of area above the axis, and if ^ be the height of 
this centre of effort, we have — 

I (V COS. — wyYydy 
9 = ^ 



nVcos. Q — wy)^dy. 



* For pMrtiottUrs see TransaUions qf JnatitvHan of Kaval ArchUeets, vol. xii., 
page 95. 
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" The value of g will obviously be a maximnm when the vessel 
is passing the upright towards the wind, and a minimum when m 
the same position, but moving in the opposite direction. In this 
position = 0, and the equation becomes — 

\(J -wyfydy 

9 = 

J(V- wyfdy; 

and from it the range through which the centre of effort rises and 
falls can be determined, when the velocity of the wind and the 
angular velocity of the ship are known. 

'' The extreme angle of roll on the leaward side to the position, 
O H (Fig. 218) can be found by making the area of the stability 
curve comprised between G H (Fig. 219) and the axis, O P, equal to 
the whole work done by the wind in the roll of the ship from 12 
degrees on the windward side to the extreme angle of inclination on 
the leeward side corresponding to the inclination, 6 H, to the wave- 
normal. Thus the area, C D G H, will be equal to abont half the 
area, x^y^x^y^, where the distance between GH and x^y^ corre- 
sponds to the wave-slope. The corresponding case in still water 
would be represented by Figs. 221 and 222, and in rolling from 
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A B to C D, the work accumulated by the wind on the sails would 
be the area, x^ y^ x^ y^ less a reduction for the angular velocity of 
the ship, and the position, G H, would be found by making C D GH 
equal to about one-third of the area, x^ y^ ^zVy 

" When the vessel rolls away from the crest, it will be clear that 
the lee-roll will be taking place when the crest of the wave is 
passing the vessel, instead of when the hollow is passing the 
vessel, as in the former case. This is represented by Fig. 223, 



Fig,223, 




where the angles of slope and the vessel's inclination to the normal 
remain the same as before. The work done by the wind in the roll 
from A B to C D will in this case be measured by a proportion 
found to be one-fifth of the area, x^ yi x^ y% (Fig. 224) which shows 



F%g,SSJ^ 




00>^ 



the action of the wind in a roll from 28 degrees windward to 28 
degrees leeward of the vertical And if G H in the same figure 
represent the position to which the vessel ultimately rolls^ then the 
area> C D G H, will be equal to about one-fifth of the area, x^ y^ x^ y^ 
where x^ y^ is 8 degrees, or the wave-slope, beyond G H, as before." 
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It will be seen, from the above, that although there is very little 
difference in the extreme angle of leeward roll to the wave-normal, 
which the vessel reaches whether rolling towards the crest of the 
wave or away from it, there is a difference of 15^ degrees in the 
extreme angle to the vertical, between the two conditiona 



Digitized by LjOOQIC 



CHAP. XIX.] 859 



CHAPTER XIX. 

Importance of Determining Longitudinal and Vertical Positions of Centre of Gravity — 
Method of doing same — Method of Determining Position of Centre of Gravity 
when the Vessel is Afloat — Precautions to be Taken — Account of Experiment 
Performed by the Author — Calculation of Position of Centre of Gravity from 
Drawings of Ship— Taylor's Stability Indicator. 

It will have been repeatedly made clear throughout the course of 
this work that, although the fonn and the immersion determine 
very important elements which enter into the stability of a ship, 
there can be no determination of that stability^ and no estimate 
formed of its amount, unless and until the position of the centre 
of gravity is either known or assumed. It remains, therefore, for 
u^ to consider by what means the position of a ship's centre of 
gravity can be determined. In order to fix its position accurately, 
we must obviously ascertain its height, its fore and aft position, and 
whether it lies or does not lie on the longitudinal vertical plane 
about which most ships are symmetrical, or supposed to be. The 
last of these conditions may usually be assumed, and seldom need 
be made a matter of calculation ; but it is of great importance in 
designing a ship to determine its longitudinal, or fore and aft 
position very approximately, and to provide for it being in the 
same vertical as the centre of buoyancy, in order that the trim 
of the ship may be that which the designer intends. But more 
important even than this, is the correct determination of the 
height of the centre of gravity, for upon this depends, as the reader 
well knows, that transverse stability of the ship which transcends 
all other elements in vital interest. 

The centre of gravity of a ship, or of any other body, being 
the common centre of gravity of all its parts, it is manifest that 
its position can be ascertained, by first ascertaining the weight 
and the centre of gravity of each part, and thence deducing 
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the common centre of gravity. If the weight of each part be 
multiplied by the perpendicular distance of its centre of gravity 
from a given plane, the products thus obtained be all added 
together, and their sum divided by the aggregate weight of the 
parts, the quotient will be the distance of the centre of gravity 
of the whole ship from that plane. As the plane may be any- 
where, and anyhow placed, it follows that if we take in succession 
a horizontal and a vertical transverse plane, and proceed with 
reference to each as just stated, we shall obtain respectively the 
vertical height and the fore and aft position of the ship's centre 
of gravity. This principle was fully understood by the old writers 
on naval architecture — Pfere THoste, Bouguer, Don Juan d'Ulloa, 
Chapman, and others. 

But in the days of wooden ships, the specific gravities of the 
timber entering into them differed so considerably, and methods 
of detailed calculation were so crude, or so imperfectly applied, 
that the position of the centre of gravity calculated as above 
described could not be relied upon, and consequently an ex* 
perimental method of ascertaining its position after the ship was 
built and floated, was sought for, and devised, the nature of which 
we shall presently observe. In these days of iron ships, when 
but comparatively little timber enters into their construction, 
the centre of gravity can be ascertained by calculation with much 
more exactness, although there still remains the difficulty of dealing 
with the undevelopable surface of the ship's skin plating, the great 
variety of her fittings and equipments, the weights and centres 
of gravity of which usually can be but imperfectly ascertained, &a 
This difficulty is not, however, insurmountable, especially by those 
who have the advantage of large experience, and of accumulated 
information, and the calculation of the centre of gravity of a new 
ship, from the particulars of her design and specifications, is a 
common practice of the best class of naval architects. In fact, 
a naval design cannot be prepared in a trustworthy manner without 
a large resort to this class of calculations in the case of ships of 
war, and of other ships in which the disposable weights to be 
earned by the completed ships are small j for in such cases both 
the trim and the stability of the ship are determined in tho 
drawing office. In the case of cargo ships, where so much 
disposable weight remains to be dealt with after the ship is 
built, engined, and equipped, such calculations are not usually^ 
pressed so far; but even with them^ as more or less homogeneous 
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cargoes have often to be carried^ the designer should determine 
beforehand by calculation^ approximately, the position of the centre 
of gravity. When designing a vessel of a known type this need 
not be done ; the data may be taken from a vessel of like type 
which has had the exact position of the centre of gravity deter- 
termined in the vertical direction by experiment, the necessary 
modifications being made. 

When a vessel is afloat^ the vertical position of the centre of 
gravity may be determined with exactitude by a well-known 
method, which depends in principle upon an elementary doctrine of 
mechanics. 

All the practice of the question resolves itself into merely 
moving a weight and measuring an angle : and even the latter is 
not practically necessary at the ship, the measurement of two sides 
of a right-angled triangle, which, of course, determine the angle, 
being all that is necessary. It is not usually quite so easy as it 
may at firat sight seem, however, to perform an actual experiment 
upon a large ship ; because, in the first place, it requires the transfer 
of many tons of weight to incline her to an appreciable angle ; then, 
again, there are many things on board a ship when in progress that 
form no permanent part of her, or of her fittings, and these have to 
be -accounted for; again, there are many things that do belong to 
her, which are often not on board at the time convenient for the 
experiment; there are also the disturbing operations of work in 
progress; and, finally, as it is necessary to cast off during the 
experiment all the lashings of the ship (excepting a bow and stem 
hawser, or both), a very little wind suflices to disturb the ship and 
embarrass the operation. By carefully performing the experiment, 
however, and by duly accounting for the several items to be placed 
into the vessel to complete her, and for those requiring to be taken 
out, an exact measurement of the vertical position of her centre of 
gravity may be obtained. 

The principle upon which the experiment rests is a simple one. 
We know that if any one of a system of heavy bodies be moved 
through any distance in a given direction, the centre of gravity of 
the whole system will move in the same direction, and through a 
distance which bears the same ratio to the distance traversed by the 
moved body, as the weight of that body does to the total weight of 
the system. 

In Fig. 225, let G represent the centre of gravity of a ship and 
of all weights on board ; W L, the water-line, and B the centre of 
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buoyancy. Let w represent a weight on the deck which is to be 
moved through a distance, d, to produce the necessary inclination. 
If w be moved from one side to the other, it will cause the vessel to 



Fif;,22. 




incline through an angle, 0, which may be accurately measured. 
Let W^ Lj be the new water-line, and Gj the new position of the 
centre of gravity. Then, if D = the total weight of the vessel and 
all on board, we have — 

D X GGi = w X d; 

Q Gj being drawn parallel to the line joining the two positions of 
the centre of gravity of the movable weight, w^ before and after it 
has been moved. But we have G Gj = G M tan. Q ; and therefore — 



and 



D X GMtan. e = i(;d; 



D tan. 6 



In practice the weight, w, is so small, as compared with the whole 
displacement, that the point, M, or the intersection of the verticals 
through the consecutive centres of gravity, is the metacentre, or 
sufficiently near it for all practical purposes. But the height of the 
metacentre, M, above the centre of buoyancy, and therefore its true 
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height, can readily be calcnlated from the drawings of the vessel ; 
and thence, setting down the value of GM, we determine the 
position of the centre of gravity. 

Should the weight, ^v, be sufficient to incline the vessel to any 
lai^e angle, the intersections of the verticals through the original 
centre of gravity and the new centre of gravity may be found as 
follows *: Draw B R parallel to the inclined water-plane. Let v be 
the weight of water equivalent in volume to either of the wedges of 
immersion or emersion. From g and gfj, the centres of gravity of 
these wedges, let fall perpendiculars on the new water-line, W^ Lj, 
and let h represent the distance along W^ Lj between these perpen- 
diculars. Since, so to speak, the wedge of displacement has been 
shifted through a distance, h, due to the transfer of the weight, vj, 
from one side of the ship to the other side, the centre of buoyancy 
of the vessel must have moved in the same direction through a 

distance, yr, as we saw in a former chapter ; but 



and 



BR = BM sin. e = (GM + B G)sin. 0; 



GMsin.0 = GK = GG^ cos. = -^- cos. 0. 



D 
Therefore, 

T> Tk ^ V "^d cos. . T> i-« • a 
B R or g- = ^ h B G sm. ; 

and 

hv ^ wd COS. d 



BG = 



Dsin. e 



From this equation the distance, BG, can readily be found, and 
being set off from the centre of buoyancy, will determine the centre 
of gravity. 

In performing the experiment at the ship great care has to be 
observed that the ship is cleared of all free- water ; and all articles 
likely to shift during the experiment should be secured, as it is most 
important that only the weights that are to be used and accounted 
for should be moved during the operation of inclining. A fine day 
should be chosen, with the water calm. The ship is attached to the 

* See Mr. Barnes' Paper on " Experiments on Board H.M, Ships in 1855-67," in 
voL hf Transactions o/InstUuiUm qf Naval Architects, 
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shore by bow and stem hawsers, which will not affect her inclination, 
in a position head or stem on to the wind, should there be any, 
and plumbed, or made vertical, as nearly as possible. Battens are 
placed at the principal hatchways, usually two or three at the 
middle-line, and plumb-bobs hung therefrom. At a distance of 10 and 
sometimes 20 feet from the point of suspension, horizontal battens 
are fixed, so that the horizontal shift of the plumb-bob, due to the 
inclination, may be accurately measured. We will give the actual 
experiment as performed by the Author on H.M.S. Prince Consort, 
careened in Eeyham Basin, with 70 tons of ballast. At the time of 
the experiment the ship was fitted with her armour and machinery 
complete ; she was also masted, had her lower yards crossed on the 
gunwale, and her lower and topmast standing rigging in place. She 
had other weights on board, the amounts and positions of all of 
which were carefully ascertained, but into the details of which it is 
unnecessary to enter here. The draught of water at the time 
was: forward, 19 feet oj inches; aft, 23 feet Q\ inch, which gave a 
mean draught of 21 feet 3 inches. The displacement to this line 
was 5,126*3 tons; the corresponding centre of buoyancy, 8141 feet 
below this line ; and the height of the metacentre above the centre 
of buoyancy was 17'238 feet. The first experiment consisted in 
moving 20*718 tons of ballast from port to starboard (on the main 
deck), through a distance of 33*4 feet, and 4*6134 tons of fire-bars 
(which happened to be stacked upon the deck) through a distance, 
in the same direction, of 45*583 feet. This produced a horizontal 
traverse of the plumb-line bobs of \Ql% inches in a length of 20 feet 
— the measurements being taken in two different hatchways, 200 
feet apart, in this case, to ensure accuracy. 

The next experiment consisted in moving the above-mentioned 
ballast and fire-bars to their original position, and in addition 46*132 
tons of ballast from starboard to port through a distance of 36*4 
feet. This produced an inclination of precisely 12 inches in 20 feet. 

Substituting these quantities in the equation, G M = |v— — ^ , we 

obtain the following results : — 

FEET. 

Centre of gravity below metacentre, - - - 6*53 
„ above centre of buoyancy, - 10*7 

„ above the then water-line, - 2.7 

These distances were calculated independently from the two separate 
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experiments before described, and were found to differ only by y^th 
part of an inch. 

At the time of the experiment the equipment of the ship was 
incomplete, the guns, coals^ provisions, ammunition, &c., having to 
go on board ; and the articles before referred to as forming no part of 
the equipment, to be taken out of her. A detailed calculation of the 
whole of these weights was made, and their effect in altering the 
height of the centre of gravity determined. This effect was found 
to be that the centre of gravity was lowered 7'75 inches when the 
ship was completed for sea, and when her mean draught of water 
was 25 feet 5i inches, her displacement 6,696 tons, her centre of 
buoyancy below the new water-line 9*98 'feet, and the height of the 
metacentre above the centre of buoyancy 13*84j feet. Consequently, 
we have when the ship is thus ready for sea, and immersed to her 
load-line, the following results : — 

FEET. 

Centre of gravity below metacentre, - - - 6*01 
„ above centre of buoyancy, - 7*83 

„ below the load water-line, - 215 

and we therefore thus obtain the exact vertical position of the 
centre of gravity.* 

With respect to the longitudinal position of this point, it is 
evidently in the transverse vertical section which contains the 
centre of buoyancy, and therefore is obtained directly from the 
drawings of the ship, and we thus obtain the full determination 
of the centre of gravity. 

It is not within the province of this work to enter into the 
details of calculating the centre of gravity of a vessel complete, by 
means of estimating the weight and centre of gravity of each item 
forming part of the vessel's hull, equipment, &c., as previously 
described in this chapter. It may be stated, however, that these 
calculations are made direct from the drawings of the vessel before 
they leave the designer's hands, and it may be repeated that great 
experience and care are necessary throughout the work in order to 
deduce trustworthy results. Each item of the vessel's hull, equip- 
ment, &c., is calculated separately, and its weight and the distance of 
its centre of gravity from two planes of reference, are obtained. From 
these are calculated its moment relatively to the planes of reference. 

* For a Paper by the Author on this subject, from which the above figures, &o., 
are taken, aee the Traruactions qfthe InstktaUm qfNavcU ArchiUcts, voL v., 1864. 
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These planes are usually the load water-plane, and that of the mid- 
ship ordinate. The several items are summarised in tables, and the 
total weight and moments obtained, and thence the distance of the 
centre of gravity from each plane of reference.* There are, how- 
ever, elements of uncertainty existing in calculations of this descrip- 
tion, even when the greatest pains are taken. In using pamt, 
cement, white and red lead, &c., for example, some builders are more 
heavy-handed than others with these items, and the estimate for each 
item has to be based on known weights of similar materials placed in 
certain ships. Similar approximations have to be made for cabin 
bulk-heads, mess-tables, &c., and these will of course again depend oa 
the accommodation requisite. It has been found in practice that 
there are almost always some items not taken into account at all, or 
incorrectly estimated, and it is therefore usual to add a smaU per- 
centage to these estimated weights (from 2 to 5 per cent, on the 
total) to cover such deficiencies. To limit error, however, these cal- 
culations are made independently by two persons. 

So many examples of the heights of centres of gravity in actual 
ships have been given in former chapters of this work that no 
additions need here be made to them. 

Mr. Alexander Taylor, MJ.N.A., has invented and applied to 
several vessels an apparatus which he designates a Stability In- 
dicator, but which " does " he says, " exactly the same work as is 
done in an ordinary inclining experiment." It is intended to be 
fixed permanently in the ship, and to be employed under suitable 
conditions for determining the height of the centre of gravity for 
various displacements and dispositions of cargo. Its essential 
principle consists in the employment of two tanks of given volume, 
placed one on each side of the ship, and connected by a pipe, in lieu 
of iron ballast or other shifting weights. 

• In Mr. Mackrow'fl very handy and useful Namd ArckUecVs and Shipbuilders 
Pocket-Book (pp. 159-61) are given Rules and Tables for determining the position of 
the centre of gravity of the bottom plating of a ship's huU when of uniform thickness 
throughout. 
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